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ABSTRACT. This paper deals with the non-destructive evaluation of surface oxidation of gear steel using magnetic 
Barkhausen noise profiles analysis. Martensitic specimens are subjected to tempering at various temperatures in a 
muffle furnace. Tempering induced changes result in Barkhausen profile height increase and peak centers shift to lower 
fields. Single peak profiles are associated with specimens tempered up to 500 °C. Double peak profiles are seen with 
specimens tempered at 600 °C and 700 °C. Single peak profiles are observed after removing the oxide layer. The 
utilization of MBN method for this purpose is based on the difference in the inherent magnetic properties between the 
degraded surface layer and the sub-surface unaffected bulk. The observations are discussed in the light of established 
models of Barkhausen noise. 


Introduction. The manufacturing processes for gear components include heat treatment operations 
to achieve surface characteristics for components to increase wear resistance. Heat treatments 
include carburizing and induction hardening which introduce a hard layer at the surface and 
maintain a soft interior. Recently Ovako 667 steel was developed for low cost manufacture of 
wear-resistant elements. This type of steel could be fully hardened by air-cooling from the austenite 
region. Another feature is that the material is resistant to over- tempering. 

When a ferromagnetic material is magnetized by a varying magnetic field, the local changes in the 
magnetization induces voltage pulses in a search coil placed on the surface which are known as 
magnetic Barkhausen noise [1]. Magnetic Barkhausen noise (MBN) is mainly associated with the 
irreversible domain wall movement and refers to the abrupt discontinues changes in the 
magnetization rate that result from domain walls overcoming various types of obstacles in their 
path. Obstacles include grain boundaries, voids and precipitates [2]. The sensitivity of MBN to 
microstructural inhomogeneities makes it potentially useful as a non-destructive testing technique. 
Also, the assessment of microstructure and mechanical properties after initial heat treatment as a 
quality control measurement and their subsequent degradation during service such as exposure to 
high temperature [3]. In steels, microstructural defects like grain boundaries, inclusions and 
dislocations promote both mechanical and magnetic hardening, increasing the area of hysteresis 
curve and reducing permeability. This happens because the same defects which pin dislocations 
also may “pin” domain walls while moving under the effect of a time varying excitation field [4]. 
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In case carburized and decarburized steels a hardness gradient is present [5-9]. This can cause two 
MBN intensity peaks to appear at different field strengths. The reason is that each peak originates in 
a material layer of different hardness. The variation in ferromagnetic material properties can be 
correlated to different parameters derived from the MBN signal profile generated during the 
magnetization cycle [10]. The aim of the study is to investigate the magnetic Barkhausen noise 
response from iron oxide layer formed at the surface of martensite tempered at elevated 
temperatures as a function of weeping magnetic field. 

Materials and Method. The composition of the stock material is shown in Table 1. In the present 
work, bars (10x10x120 mm) machined from the stock were austenitized in vacuum to prevent 
surface oxidation and decarburization of the specimens. Martensitic specimens were tempered in a 
muffle furnace at 500, 600 and 700° C for 1 hour to produce different degrees of oxidation. The 
details of the MBN apparatus is shown elsewhere [13]. In this experiment, the magnetizing 
frequency used was 1 Hz to enhance the MBN signal to noise ration and maintain a low 
magnetization rate. 


Table 1. Composition ofOvako 677 steel 


Element 

C 

Mn 

Ni 

Cr 

Mo 

Si 

S 

P 

Wt% 

0.67 

1.48 

0.11 

1.03 

0.25 

1.46 

0.007 

0.016 


Results. Figure 1 shows half-cycles MBN profiles of a quenched specimen and quenched and 
tempered at 500°C specimen. 



Magnetizing current, A 


Fig. 1. Half -magnetizing cycle Barkhausen profile from specimen tempered at 500 ° C. 
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Martensite 
tempered at 



Magnetizing current, A 


Fig. 2. Half-magnetizing Barkhausen profile from the specimen tempered at 600 0 C. 


The specimens oxidized at 600 and 700 °C show MBN profiles appear to consist of two 
overlapping peaks (Figs. 2 and 3). It seems reasonable to assume that the MBN profiles reflect the 
composition gradient at the skin depth of the specimens, which are the iron oxide at the surface and 
the steel at the subsurface. Figure 4 shows that the second peak at higher field from the oxidized 
specimen fits with MBN profile of the cleaned specimen which implies that the oxide layer is thin 
and does not attenuate the Barkhausen emission from the bulk material. After removal of the oxide 
layer, the specimen tempered at 700 °C shows a remarkable increase in the MBN emission (Fig. 3) 
compared to that from the oxidized surface. 



Magnetizing current, A 


Fig. 3. Half -magnetizing Barkhausen profile from the specimen tempered at 700° C. 
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This indicates that the oxide layer is able to attenuate the MBN signals from the bulk material. 
Barkhausen profiles of the quenched and tempered specimens without oxides are shown in Fig. 4. 


Quenced and 



Magnetizing current, A 


Fig. 4. MBN profiles showing tempering induced changes. 


Discussion. Although MBN has been attributed to a number of mechanisms, most current thinking 
associates it with the irreversible movement of domain walls. Theoretical models highlighting the 
connection MBN and the irreversible component of magnetisation M m - have been reviewed by Jiles 
14 . A basic assumption is that the intensity of emission is proportional to the differential 
susceptibility y jn -= dM m /dH, where H is the magnetic field. This is illustrated schematically in Fig. 
5, where the Min—// hysteresis loop is shown in relation to MBN emission for a complete 
magnetisation cycle. The amplitude of emission is greatest when the slope of the Min—// curve is a 
maximum, and smallest at points approaching saturation. The MBN characteristics observed for the 
different microstructures (Fig. 4) are consistent with the theory. If the hysteresis loop becomes 
narrower, with steeper sides, the peak intensity of emission will increase and the position of the 
peak will shift towards zero field. The converse will occur if the hysteresis loop becomes broader 
with a smaller maximum slope. In the experiments, peak position (Fig. 4) shifted to lower values as 
the micro structure changes from martensite to ferrite-cementite microstructure. 
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Fig. 5. Magnetic hysteresis loops and the corresponding MBN signals [14]. 


It is widely accepted that the Barkhausen noise signal is strongly dependent on the number of 
pinning obstacles met by domain walls during the magnetization process. The peak amplitude is 
thus strongly sensitive to the phase proportion, whereas the position of the peak is usually linked to 
the nature and the strength of the obstacles. The discontinuous jumps of Bloch walls are due to their 
local pinning by different obstacles such as inclusions, precipitates, grain boundaries, and 
dislocation tangles. The MBN increases with the number of these pinning obstacles. A shift of the 
peak to the high value of the magnetic field is also observed when the influence of these obstacles 
on Bloch walls increases. Because the magnetic structure is directly linked to the nature of 
metallurgical state and hence its differential susceptibility, each phase has its inherent magnetisation 
saturation and hence a distinctive MBN response [15, 16]. This is consistent with the present 
observations on the oxidized and non oxidized specimens. The differential susceptibility of iron 
oxide layer is different from that of ferrite and cementite structure and hence this results in two 
magnetization responses (MBN) relative to the applied sweeping field . 

Summary 

1. Iron oxide layer results in a split of the profile into two peak’s profiles revealing the iron oxide 
and the bulk material. 

2. Iron oxide layer at the surface of the specimens attenuates the MBN signals. 

3. Magnetic Barkhausen noise technique is very sensitive to microstructural gradient at the surface 
and the subsurface bulk. 
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ABSTRACT. The study, was carried out by developing the alloy using the foundry route of melting, alloying, and 
casting. The produced test samples were machined to produce test specimens which were subjected to precipitation 
hardening treatment. The test specimens were for impact and hardness test to inference the response of the developed 
alloy to age hardening treatment. The ageing temperature was 190°C, and the ageing time was from 1 -5 hrs. The 
control specimen was not age hardened and when compared with the age hardened specimens, the tested mechanical 
properties of the age hardened specimens were better than the control specimen. The hardness was seen to increase, 
with ageing time peaking at 3hrs of ageing to a value of 38.34 HRB, dropped and rose after 4hrs of ageing and 
continued to increase, thereby prompting curiosity. The toughness had a steady increase as the ageing time was 
increased, which clearly showed that the developed alloy responded to age hardening treatment. 


Introduction. A lot of aluminium-based alloys have been developed and characterized as can be 
seen in B.S. Aerospace Series, section L (aluminium and light alloys). Specification of the 
aluminium-based alloys is clearly stated unfortunately the specification for this research work could 
not be sighted however, close compositions were seen. According to the wrought aluminum alloy 
designation system, alloys of these series (Al-Si-Mg) are designated 6xxx. Aluminum - Magnesium 
- Silicon alloys are heat treatable [2, 5, 11]. Solution treatment followed by either artificial or 
natural ageing allows considerable increase in yield-strength (3-5 times). Ductility of the alloy 
decreases as a result of the heat treatment. Hardening of the alloys from this group is achieved due 
to precipitation of the phase Mg-Si occurring during ageing [5], The phase has a fixed ratio between 
the elements content (valence compound), therefore amount of magnesium and silicon in 6xxx 
alloys is balance according to this ratio or with an excess of silicon. Alloys of this series possess 
high mechanical strength combined with good formability and corrosion resistance. Excess of 
silicon enhances effect of precipitation of the alloys but decreases their ductility because of 
segregation of silicon in the regions of grain boundaries. This adverse effect of silicon may be 
diminished by addition of chromium and manganese depressing recrystalization during solution 
treatment. Temperature of artificial ageing of 6xxx alloys is 320 - 360°F (160 - 182°C). 
Aluminum - Magnesium - Silicon alloys (6xxx series) are used in aircraft and automotive 
applications, in architectural applications and as structural materials [2], 

Aluminium alloys used in both cast and wrought forms may be precipitation hardened if of suitable 
composition. Age -hardening as it was then called, was infact discovered in some aluminium-based 
alloys at the beginning of the century and subsequently developed for use in military aircraft during 
the First World War. The extent of the formation of coherent precipitates at ordinary temperatures is 
limited so that strength attains a fairly low maximum value in a few days and this process used to be 
called ‘age-hardening’. At higher temperatures the formation of coherent precipitates proceeds 
further and so the strength continues to increase. However, a point is reached where the thermal 
activation is such that tiny non-coherent particles of 6 begin to form in accordance with phase 
equilibrium. Other wrought aluminium alloys which can be precipitation hardened are those 
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containing small amounts of magnesium and silicon. These form the compound MgiSi the 
solubility of which, like that of CuAb, increases considerably with temperature [11]. 

Pure aluminium is relatively soft and weak, it has a tensile strength of no more than 90N/ mm 2 in 
the annealed condition-and for most engineering purposes is used in the alloyed form. The strengths 
of many aluminium-base alloys can be further increased by precipitation hardening to produce a 
strength / mass ratio of the same order as for high-tensile steels. The greater relative volume of 
aluminium alloy involved for a specific force-bearing capacity means that greater flexibility in 
design is possible. The objective of this research is to develop another aluminium alloy from the 
6xxx series (Al-Mg-Si) and determine its ageing characteristics in terms of effects on its hardness 
and toughness properties. It’s already established that there is a relationship between hardness and 
tensile strength for most metallic materials although it may not be a direct proportional relationship 
[1, 11]. In like manner there is a relationship between tensile strength and toughness of a material, 
this can be observed in stress-strain curve where the area under the curve is proportional to the 
energy required to fail the metal. This energy is equal to the energy required to fail the same 
material under toughness or impact test. By implication the toughness of a material can be inferred 
from the area under the curve of its stress-strain plot [5]. 

Materials and Method. 

Materials. The materials used for this project included the following: aluminium cables which were 
procured from an electrical company in Uyo, pure silicon and magnesium were acquired from Zaria 
and other materials like, salt (NaCl), sand, clay and water were locally sourced in the University of 
Uyo and Uyo town. 

Equipment. The equipment used during the research included; melting furnace, round metal 
mould, impact tester, Hardness tester, centre lathe, hack saw, Bench vice, crucible pot, electric 
furnace with 1200°C peak capacity, furnace pan and tong, venier caliper, electronic measuring 
scale, and stop watch. 

Method. Aluminum cables known to posses 99.8% purity, silicon powder, industrial salt (NaCl), 
and magnesium were used to produce Al-2.00Mg-2.66Si wrought alloy. The Foundry route was 
used for the production. Metal moulds, charge preparation and calculation were all carried out 
before melting in the crucible furnace where it was possible to stir the melt for homogeneity. The 
melt was poured to produce four test samples of 20.6 mm dia x 302 mm. These were used to 
produce test specimens for solutionising and ageing treatments before they were subjected to 
hardness and toughness tests. Details of the work procedure is as presented below: 

Charge Calculations. Total quantity of the developed alloy required for characterisation = 1.4kg 
(1400g). 

But percentage of the alloying element required for the production of the wrought alloy was 
calculated as follows: 

The percentage of silicon = x 100 = 2.66% 

r ° 1400 

28 

The percentage of Mg used = x 100 = 2.0% 

The total weight of the cast samples was 1400g and the amount of Si and Mg, used were 37. 2g and 
28g respectively. 

Therefore 37.2+28.0 = 65. 2g 

Subtracting 65. 2g from total cast material the balance will be 1334.8 g i.e (1400-65.2) 

Total amount in grammes of A1 used = 1334. 8g. 

Preparation of the mould: 
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Fig. 1. Side view and bottom view of the steel pipe used in the construction of the metal moulds. 


Fig. 1 shows a 302 mm length x 22.6 mm diameter pipe before the pipe was divided into half. 
Round and flat file was used to remove built up and sharp edges from the surface of the cut to 
maintain a smooth surface. This pipe was divided in this manner so as to enable the easy removal of 
the solidified alloy after pouring. Flat sheet metal was welded to each half of the pipe using electric 
welding. The two halves were brought together again to make one piece, binding wire was used to 
hold it together and clay was used to seal the opening at the joint. The moulds prepared in this way 
were dried and ready for use. 

Melting and Casting. 

The charge as calculated above was transferred to the crucible furnace, where the aluminium was 
first charged and allowed to melt before the addition of the magnesium and silicon alloying 
elements. Industrial salt (NaCl) was sprinkled to the melt and vigorously stirred to obtain a 
homogeneous melt before pouring into the already prepared moulds. The castings were allowed to 
cool before they were removed from the moulds. 

Specimen Preparation. 

The sample test bars were as shown in Plate 1, they were machined to produce standard test 
specimens for hardness test and toughness test. The hardness test specimens were 20mm x20mm 
while the toughness test specimens were prepared according to ISO Standard for V-Charpy impact 
test. Plate II shows the prepared specimens. 



Plate 1. Sample test bars of Al-2.00Mg-2.66Si Alloy. 
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Plate II. Impact and hardness test specimens before being subjected to ageing process. 


Ageing Treatment. The test specimens shown in Plate II were subjected to ageing treatment with 
the exception of the control specimens. The specimens for ageing treatment were first solutionised 
at 500°C using the furnace shown in plate III. The test specimens were then quenched in warm 
water. The quenched specimens were removed and dried before precipitation treatment at 190°C in 
the same furnace shown in plate III. The ageing time of the test specimens ranged from 1 hr to 5 hrs 
in steps of lhr. After the ageing treatment the test specimens were ready for mechanical properties 
testing. 



Plate III. The furnace used for precipitation treatment. 
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Plate IV. Removal of specimen after each hour of ageing time. 


Hardness Testing Procedure. In this experiment test pieces were in round shape as shown in the 
plate IV below: 



Plate V. Hardness specimen before undergoing hardness test. 

The test pieces were placed on the table of the testing machine, the wheel was rolled to bring into 
contact the test piece and the ind enter under a minor load of 9.8 kg, which took up the “slack” in the 
system while the dial indicator was set to zero. The major load was then applied; the indicator made 
about 2 revolutions before becoming steady, and the hardness value was directly read on the 
indicator. The machine used had an indenter steel ball (1.6 mm) and Rockwell Hardness B -Scale 
with minor load 98N (9.8kgf) and major load 980N (lOOkgf) were selected. The hardness machine 
identity was Karl Frank 6MBH, WEINHEM BIRKENAH, type - 38506 and werk-Nr-21289. 

Impact Testing Procedure. A Notch-bar test piece of standard geometry was mounted horizontally 
on the anvil of the machine which was struck by a fast moving weighted pendulum with a velocity 
of 5.24 m/s, while the energy absorbed in breaking the specimen was measured in joules and read 
directly from a dial indicator. It measured the relative toughness of the material, which indicated the 
material capacity to absorb energy and deform plastically before fracture. The machine capacity 
was 300 J scale-Charpy with test temperature being room temperature; velocity of pendulum was 
5.24 m/s, and the equipment was made by Avery-Denison, England. 

Results and Discussion. 
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Results. The results of the research are displayed in Tables 1-3 below. The variation of the hardness 
and toughness of the material with ageing time is also shown in figs. 2-3. 


Table 1. Result of the hardness test. 


Ageing Time 

Average Hardness Value 

0 hr (unaged) 

36.50 

1 hr (aged) 

36.00 

2 hrs (aged) 

35.95 

3 hrs (aged) 

38.34 

4 hrs (aged) 

34.00 

5 hrs (aged) 

39.33 



Fig. 2. Hardness variation of the developed Al-2Mg-2.66Si alloy with ageing time. 


Table 2. Result of impact test. 


Ageing Time 

Energy absorbed (J) 

Type of specimen 

lhr 

8j note: blow hole noticed in the 
sample 

Standard v- note (square shape) 

2 hrs 

28j 

Standard v- note (square shape) 

3 hrs 

21j 

Standard v- note (square shape) 

4 hrs 

28j 

Standard v- note (square shape) 

5 hrs 

38j 

Standard v- note (square shape) 

Control (Unaged 
specimen) 

9-5j 

Standard v- note (square shape) 


Table 3. Ageing time versus toughness. 
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Ageing Time 

Toughness 

0 hr (unaged) 

9-5j 

1 hr (aged) 

8j 

2 hrs (aged) 

20j 

3 hrs (aged) 

21 j 

4 hrs (aged) 

28j 

5 hrs (aged) 

38j 


40 


35 


jg 30 
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o 
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w 20 
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0 1 2 3 4 5 

Ageing Time (hours) 


Fig. 3. Toughness variation of the developed Al-2Mg-2.66Si alloy with ageing time. 


Discussion. The objective of this research is to develop a wrought aluminium alloy of the 
composition Al-2Mg-2.66Si and to determine whether it has ageing characteristics. This objective 
has been implemented and the burden of proof lies with the results generated from the mechanical 
tests carried out on the developed alloy. The results are interesting as discussed below and should 
elicit more research work on the alloy from the materials science and engineering research world. 

Analysis of Hardness Test Result. Table 1 shows the result of the hardness test and Fig. 2 shows a 
graphical representation of the variation of hardness and the ageing time at constant temperature 
(190 °C). The hardness value of the unaged specimen was 36.50HRB this value dropped gradually 
to 35.95HRB at 2hrs of ageing. This softening is normal because of the precipitates being formed 
and rearrangement of atoms. Immediately after 2 hrs of ageing the hardness started increasing and 
peaked at 38.34HRB this pattern fits in with previous works which showed the curve peaking at 
3hrs and then the hardness droping with further ageing. The hardness in this case actually dropped 
to 34.00HRB at 4hrs of ageing but suddenly started rising and rose to 39.33 at 5hrs of ageing. It is 
possible that the hardness will continue to increase beyond the 5hrs of ageing. Unfortunately the 
work terminated at 5hrs it is suggested that further research work should be carriedout which should 
go beyond the 5hrs used in this work to actually establish the ageing time relationship with the 
hardness of the developed alloy. The line trend of hardness -ageing time relationship is very 
interesting and could mean that at longer ageing time; higher hardness values may be obtained. 
Essien and Udo [2] have observed that the behaviour of the hardness-ageing time curve to rise, fall 
and start rising again is not uncommon with ageing, it is possible for the hardness to decrease, and 
is normally linked to the nature of precipitate that has been formed at a particular time. The 


MMSE Journal. Open Access www.mmse.xyz 

19 


Mechanics, Materials Science & Engineering, July 2016 - ISSN 2412-5954 


formation of Mg 2 Si precipitates is normally associated with the alloy system under consideration. 
Coherent and non-coherent precipitates will exhibit different hardness values. Non-coherent 
precipitates are normally associated with discontinuities at the interface with the matrix [9]. Their 
formation therefore normally results in decrease of hardness of the material. Ihom, et al. [7] agreed 
with the above explaination but further added that the ageing process is a difussion controlled 
process and is controlled by this equation. 


D = Doe Q/RT 


( 1 ) 


Where D is the diffusion rate; 

Do is the diffusion co-efficient; 

Q is the activation energy required to move an atom; 

R is the gas constant and T is the temperature in Kelvin. 

At higher temperatures, the movement of solutes is faster because the activation energy required is 
met quickly. Also time is required for the atoms to diffuse to new position A; that is why the 
distance travelled by the atoms is a function of diffusion coeficient and resident time of the aged 
alloy (X = si D 0 t) . According to the equation the extent of interdiffusion X increases with the square 
root of time t. Therefore if a longer ageing time is applied it may lead to over-ageing, which means 
the hardness cannot continue to increase indefinately but must reduce after some time [7, 9, 10]. 

Impact Test. The essence of the impact test was to determine the effect of age hardening on the 
developed alloy as would manifest in the toughness of the material with increased energy 
absorption of the specimens before failure (fracture). The result and the pattern as the ageing time is 
increased is shown in Tables 2-3. Fig. 3 shows the toughness variation of the developed Al-2Mg- 
2.66Si alloy with ageing time. The graph clearly shows that as the ageing time was increasing the 
material toughness was also increasing. There was a drop in toughness value at lhr of ageing and 
the reason was as explained in Table 2. There was a blowhole in the test specimen which reduced 
the true value of the toughness of the material, because of the presence of the blowhole underneath 
the specimen the energy absorbed before fracture was drastically reduced. The other specimens 
were defect free and so gave more realistic results. The toughness kept increasing with ageing time, 
however, previous works have shown that there comes a time when over ageing occurs and 
thereafter both the hardness and toughness reduces [5, 8]. It therefore means that toughness cannot 
continue to increase indefinately with ageing time. The developed alloy from the toughness-ageing 
time curve has clearly demonstrated that it has responded to precipitation hardening treatment, and 
it is therefore an age hardening alloy, longer ageing periods may be employed to see the extent of 
improvement of this property. There is a correlation between toughness of a material and its tensile 
strength that is why the area under a stress-strain curve can be used to inference the toughness of a 
material. When the area is small it means the toughness of the material is low the energy absorbed 
by the material before failure is low, if however, the area under the curve is large it means the 
material is a tough material and must absorb a substantial amount of energy before failure [5, 8]. 
From the preceeding it therefore means that the tensile strength of the developed material was 
improved alongside with the toughness of the material as the material was aged at different time 
intervals. 

Summary. The research work titled “Development and Determination of the Age Hardening 
Characteristics of Al-2Mg-2.66Si Wrought Alloy” has been extensively considered and the 
following conclusions drawn from the work: 

i) the work developed an alloy of the composition Al-2Mg-2.66Si a wrought alloy that was 
precipitation hardened at various intervals 
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ii) the hardness test results of the age hardened alloy at various periods revealed that the developed 
alloy responded to age hardening 

iii) the impact results of the age hardened alloy specimens clearly showed that the developed alloy 
responded to age hardening, as the ageing time was increasing the toughness of the developed alloy 
was also increasing, and 

iv) the developed alloy exhibited an interesting characteristics as the tested mechanical properties 
kept increasing with increase in ageing time necessitating the suggestion that further work should be 
carried out on the developed alloy with ageing treatment covering twelve hours. 
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ABSTRACT. Monolithic Ti-6A1-4V and Ti-6A1-4V composited with vapor grown carbon fibers (VGCFs) were 
fabricated by powder metallurgy (P/M) route in this research. Spark plasma sintering (SPS) subsequent by hot extrusion 
was applied in order to fabricate a full-density and high strength composite materials. A severe plastic deformation 
during hot extrusion resulted in a dynamic recrystallization (DRX) in a-Ti grains. Dynamic recrystallization was 
observed in a low deformation temperature region, which yield point of material was also observed in the stress-strain 
curve. Furthermore, the addition of VGCFs encouraged the dynamic recrystallization during hot extrusion. Ti64+0.4 
wt-% VGCFs shows the highest tensile strength of 1192 MPa at the end part of the extruded rod where the temperature 
of material was lower compared to the tip and middle part during extrusion. Additionally, the improvement in tensile 
strength was contributed by solid-solution strengthening of carbon element originated from VGCFs in a-Ti matrix. 

Introduction. Ti-6A1-4V alloy (Ti64) is the most well-known among Ti alloys, and used in many 
industries. High specific strength, good corrosion resistance and biocompatibility promoted a 
widely use of Ti and its alloys such as in aerospace and automobile industries, or medical devices 
and prosthesis [1, 2], Many researchers studied the effect of hot working on microstructure and 
mechanical properties of wrought or cast Ti64. A. Momeni et al. studied the effect of deformation 
temperature and strain rate on micro structure and flow stress of wrought Ti64 under hot 
compression test [3]. Ti64 specimens, which experienced a hot compression test at 1273 and 1323 
K, exhibited a large recrystallized a-grain with low flow stress on the microstructure. This 
correlated with the results proposed by T. Seshacharyulu et al. and R. Ding et al. for the cast Ti64 
[4, 5]. G.Z. Quan et al. studied the modelling for dynamic recrystallization in Ti-6A1-4A1 by hot 
compression test. The result shows that a flow stress decreases with the increasing of deformation 
temperature. The high deformation temperature promotes the mobility at the boundaries for 
annihilation of dislocation, and the nucleation and growth of dynamic recrystallization [6]. H.Z. Niu 
et al. studied the phase transformation and dynamic recrystallization (DRX) behaviour of Ti-45A1- 
4Nb-2Mo-B (at-%) alloy. The results show that the DRX modes were strongly depends on 
deformation temperature, and a decomposition of lamellar structure along with the DRX of y and 
B2/() grain occurred at low forging temperature [7], D.L. Ouyang et al. studied the recrystallization 
behaviour of Ti-10V-2Fe-3Al alloy after hot compression test. They reported that a partial grain 
refinement related to incomplete DRX was observed even after a large strain of 1.6, and an 
increment of strain resulted in an increasing of volume fraction of recrystallized grain. The full 
grain refinement accompanied by the completely DRX was developed at lower temperature of 1223 
K by severe deformation [8]. The dynamic recrystallization behaviour of Ti-5Al-5Mo-5V-lCr-lFe 
alloy was reported by H. Liang et al. The DRX always occur when the store energy in a material 
reaching the critical value. During hot deformation, the increase of flow stress caused by dislocation 
generation and interaction resulted in an improvement of strength of Ti alloys. The sample 
deformed at 1073 K exhibited higher tensile strength compared to sample deformed at 1153 K 
because more dislocations were generated [9]. There are many reports related to dynamic 
recrystallization of Ti alloys but no report in dynamic recrystallization behaviour of Ti64 composite 
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with VGCF, and its effect on tensile properties of composite material was found yet [10, 12]. The 
objective of this research is to study the texture of Ti64 and Ti64 composites fabricated by spark 
plasma sintering, and subsequently hot extruded. The effect of dynamic recrystallization on tensile 
properties of monolithic Ti64 and Ti64/VGCF composite materials were investigated through this 
research. The samples cut from the end and middle part of extruded rod (extruded temperature 
lower than 1243 K) show a DRX structure which many of small nucleated grains were observed. 
Tensile sample obtained from the part that experienced extrusion at low temperature exhibited a 
high tensile strength because a large amount of defects was generated in a sample. 

Experimental procedure. Ti-6A1-4V atomization powder (Osaka Titanium Technology Co., Ltd. 
TILOP64-45) with a spherical shape and diameter of 45 pm (fig. la), and vapor grown carbon 
fibers (Showa Denko K.K.,VGCFs™) with 8 pm in length and diameter of 150 nm (fig. lb) were 
applied in this research. The chemical composition of Ti64 powder was listed in Table 1. Ti64 
powder was mixed with cleasafe oil (0.15 g) by table milling equipment for 3.6 ks with rotation 
speed of 90 rpm and subsequently mixed with VGCFs by rocking milling for 7.2 ks. Rocking 
milling was performed for long time in order to provide a uniform distribution of VGCFs on 
powder surface. The Ti64 composite materials were fabricated in three compositions such as 0, 0. 1 
and 0.4 wt-% of VGCFs. The Ti64/VGCFs mixed powder was poured in the carbon container, 
which has an inner diameter of 42 mm. The inner wall of container was sprayed with boron nitride 
to prevent a reaction between Ti64 powder and carbon container during SPS. The monolithic Ti64 
and mixed Ti64/VGCFs powder were pre-compacted by hydraulic hand press under pressure of 20 
MPa before sintering. The green compacts were consolidated by spark plasma sintering (Syntech 
CO. SPS103S) at 1273 K with heating rate of 0.54 K/s for 1.8 ks, and the pressure of 30 MPa was 
introduced to a green compact under vacuum atmosphere of 5 Pa. Afterwards, the sintered billets 
were preheated in a horizontal image furnace at 1323 K for 0.6 ks under argon atmosphere before 
hot extruded into 12 mm in diameter rod by 200 ton press machine (THK Slidepack FBW3950R 
1200L) with an extrusion speed of 6 mm/s. The sintered billets and extruded specimens were cut for 
microstructure observation. For extruded rod, the samples were cut from three positions which are 
shown in fig. 2. The samples were ground with SiC abrasive paper, polished with AI2O3 colloidal 
and etched by Kroll etchant (FEO:HN03:HF = 100:5:1) for microstructure observation. For EBSD 
analysis, the specimens were polished with Si02 colloidal by vibratory polisher. The 
microstructures observation and phase analysis of sintered and extruded specimens were performed 
by optical microscope and scanning electron microscope (JEOL JSM6500F). The grain size and 
texture were analysed by electron back-scatter diffraction (EBSD) method. The tensile samples 
were machined from three positions in extruded rod (fig. 2) with 20 mm in gauge length and 3 mm 
in diameter. The universal tensile test machine (Autograph AGX 50 kN, Shidmazu) was applied for 
tensile test with strain rate and cross head speed of 5 X 10 4 s" 1 and 6 mm/min, respectively. 



Fig. 1. SEM micrograph of (a) Ti-6Al-4V atomization raw powder, (b) Vapor grown carbon fibers 
(VGCFs). 
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Table 1. Chemical composition of Ti-6Al-4V atomization raw powder (wt-%). 


Material 

A1 

V 

Fe 

C 

o 

N 

H 

Ti 

Ti-6A1-4V 

6.12 

4.48 

0.03 

0.01 

0.13 

0.014 

0.006 

Bal 


Middle (2) 


■End (3) 

Low temperature deformation 


-Tip (1) 

High temperature deformation 


Fig. 2. Micro structure observation positions in extruded rod. 


Results and discussion. The microstructures of Ti64 and Ti64+0.1wt-%VGCFs after SPSed 
including texture information such as pole figure (PF), inverse pole figure (IPF) and intensity of 
each plane direction are shown in fig. 3. The monolithic Ti64 that was SPSed at 1273 K, which is 
above P transus temperature (1243 K) shows a large prior P grains of 170 pm (separated by yellow 
dash line) and a-lamellar colonies inside p grain (fig. 3a). The microstructure evolution was 
explained by the change of allotropy at 1243 K from a (hep) to p (bcc) during heating followed by 
precipitation of a-lamellar phase inside grain and along the grain boundaries of prior P during 
cooling. On the other hand, Ti64+0.1wt-%VGCFs shows a different microstructure structures 
compared to monolithic Ti64 (fig. 3b). The microstructure of Ti64+0.1-wt%VGCFs consisted of a- 
lamellar and a-equiaxed which formed during cooling from p region to a+P region, and a+P region 
to a region, respectively [13, 14]. This microstructure evolution was also observed in Ti64+0.4- 
wt%VGCFs. The difference in micro structure between monolithic Ti64 and Ti64/VGCFs 
composite material was explained by an effect of a stabilizer of carbon that increased P transus 
temperature of composite material. Crystal orientation of Ti64 and Ti64+0.1wt-%VGCFs after 
SPSed was shown in fig. 3c and 3d, respectively. The random crystal orientation was observed in 
both materials including Ti64+0.4wt-%VGCFs, which was similar to cast alloy [15]. 
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Fig. 3. SEM micrograph of (a) Ti64 and (b) Ti64+0.1wt-%VGCFs with attached pole figure (PF) 
and inverse pole figure (IPF) of(c) Ti64 and (d) Ti64+0.1wt-%VGCFs. 


The microstructure of Ti64 and Ti64+0.4-wt%VGCFs observed from different positions in extruded 
rod in transversal direction by optical microscope were shown in fig. 4. Henceforth, monolithic 
Ti64, Ti+0.1-wt%VGCFs and Ti+0.4-wt%VGCFs will be name as TO, T0.1 and T0.4, respectively. 
Figure 4 shows a microstructure of T0-1 and TO. 4-1 cut from a tip of extruded rod (A-X represents 
a sample name, in which A is a material and X is a position in extruded rod showed in fig. 2). A 
fine a-lamellar and a-equiaxed structure compared to SPSed sample was observed in extruded 
sample due to an effect of plastic deformation. The size of a-lamellar colony and a-equiaxed 
observed in TO and T0.4 at position 2 and 3 (fig. 4b-4c and 4e-4f) was finer compared to sample 
obtained from position 1 (fig. 4a and 4d). This phenomenon was also observed in TiO.l as well. A 
large additional amount of VGCF in Ti0.4 resulted in a carbide phase formation, its periodic 
formulae was evaluated by EDS as Ti 6 C 3 . 75 - 
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Fig. 4. Optical microstructure ofTi64 (a) TO-1; (b) TO-2; (c) TO-3 and Ti64+0.4-wt%VGCFs (d) 
TiO.4-1; (e) TiO.4-2; (f) TiO.4-3 in transversal direction. 


Figure 5 shows crystal orientation, pole figure (PF) and inverse pole figure (IPF) from three 
positions in TiO rod analyzed by EBSD. Figure 5a shows a crystal orientation of TiO-1, which was 
extruded at temperature higher than p transus (1243 K). This sample exhibited a strong intensity in 
[0001] direction which parallel to extrusion direction, and a grain size of 16 pm was observed. TiO- 
2, which was extruded at temperature lower than P transus (1173 K), shows some small nucleated 
grains on micro structure with a decreasing in intensity in [0001] direction. This sample shows a 
grain size of 10 pm, which was smaller, compared to TiO- 1 (fig. 5b). For Ti0-3, this position was 
extruded at temperature lower than 1 173 K. A very small grain size of 1 .3 pm and a large amount of 
nucleated grain was observed, grain morphology was changes from a-lamellar to a-equiaxed. The 
intensity in [0001] direction was decreased compared to TiO-2. These results indicated that a 
dynamic recrystallization (DRX) was occurred in Ti0-3 sample (fig. 5c). The important factor that 
induced a DRX during hot extrusion was a deformation temperature, which different at each 
position in extruded rod. The deformation temperature will control a stored energy in extruded 
material [16]. Ti0-1 was extruded at highest temperature compared to other position (over p transus 
temperature), deformation at high temperature in a p phase region lead to an insufficient stored 
energy for DRX. The stored energy in TiO-2 (fig. 4b) was higher than Ti0-1 because more defects 
such as dislocation and stress was generated in a material deformed at low temperature compared to 
high temperature [17]. Similarly, a large amount of dislocations was generated in a material after 
cold deformation. This phenomenon was clearly observed in Ti0-3, a high degree of DRX resulted 
in a random crystal orientation. 
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Fig. 5. Crystal orientation, inverse pole figure (IPF) and pole figure (PF) in transversal direction 
of (a ) TiO-1 ; (b ) TiO-2; (c ) TiO-3. 


Figure 6 shows a crystal orientation, PF and IPF of extruded Ti composited with 0.1 wt-%VGCFs. 
Ti64 with 0.1wt-%VGCFs shows a nucleation of new grain in a high extruded temperature position 
(fig. 6a). The grain morphology of Ti0.1-1 was different from TiO-1 because microstructure of 
Ti+0.1wt-%VGCFs was a-equiaxed after SPSed. An average grain size of Ti0.1-1 was 2 pm after 
extrusion but not uniform. The microstructure of Ti0.1-1 composed of prior a-equiaxed grain and a 
small nucleated grain, which indicated that DRX was not completed due to low stored energy. The 
small nucleated grain was ceased to growth during cooling, and a final microstructure was non- 
uniform. A DRX was easier to observe in samples mixed with VGCFs compared to monolithic Ti64 
because an interstitial solid solution of carbon in Ti64 matrix acted as a defect, which increased a 
stored energy when material was deformed [16]. TiO.1-2 shows a similar grain morphology, grain 
size and intensity in [0001] direction to Ti0.1-1 (fig. 6b). However, Ti0.1-3 shows a uniform grain 
size of 1.5 pm, and intensity in [0001] direction was decreased compared to TiO.1-2 (fig. 6c). The 
uniform grain size and a random crystal orientation indicated that Ti0.1-3 exhibited higher DRX 
degree compared to TiO.1-2 [18]. 
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Fig. 6. Crystal orientation, inverse pole figure (1PF) and pole figure (PF) in transversal direction 
of (a) TiO.1-1; ( b ) TiO.1-2; (c) TiO.1-3. 


Figure 7 shows a crystal orientation, PF and IPF of extruded Ti composited with 0.4wt-%VGCFs. 
Ti64+0.4wt-%VGCF shows a similar microstructure to Ti64+0.1wt-%VGCF that a small nucleated 
grain and prior a-grain with a size of 2 pm was observed in TiO.4-1 and TiO.4-2 (fig. 7a and 7b). 
For TiO.4-3, a uniform grain size of 1.5 pm was observed after nucleated grain growth, and a lowest 
intensity in [0001] direction among three samples was detected (fig. 7c). From crystal orientation, 
PF and IPF results, a DRX was strongly depended on a stored energy in a material. The stored 
energy was increased by decreasing of deformation temperature or an effect of solid solution of 
carbon. A. LUCCI et al. reported that an addition of various substitution alloying elements to Cu in 
a low content enable to induced a dynamic recrystallization after deformation by increasing a stored 
energy in a material [19]. 

Tensile properties of Ti64, Ti64+0.1wt-%VGCF and Ti64+0.4-wt%VGCF obtained from different 
position in extruded rod were listed in table 2. For all materials, the lowest and highest of 0.2%YS 
and UTS was obtained from tip and end of extruded rod, respectively. During hot extrusion, 
position 1 was extruded at highest temperature (the first part to be extruded) compared to other 
position resulted in a low shear stress, and small amount of dislocation was formed in material. The 
flow stress was decreased by increasing of deformation temperature [3]. Samples that were obtained 
from position 2 and 3 show an increasing in tensile strength and yield strength compared to position 
1 instead of decreasing because of dislocation removal by an effect of DRX. This was implied that 
shear stress generated by hot extrusion induced a DRX, and simultaneously generated a new 
dislocations at grain boundary during DRX. The size of new grains were very fine (fig. 4c and 4f) 
then a considerable amount of dislocations was formed in material resulted in an improvement of 
tensile strength with a traded off of elongation. Ti64 composite with VGCFs exhibited higher 
tensile strength compared to monolithic Ti64 obtained from same position because an effect of solid 
solution strengthening of carbon [20]. 0.2%YS and UTS of Ti64+0.4wt-%VGCFs was small 
decreased compared to Ti64+0.1wt-%VGCFs for sample obtained from same position due to a 
large amount of brittle carbide phase formation (fig. 4). 
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Fig. 7. Crystal orientation, inverse pole figure (IPF) and pole figure (PF) in transversal direction 
of (a) TiO.4-1; (b) TiO.4-2; (c) TiO.4-3. 


Table 2. Tensile properties ofTiO, TiO.l and Ti0.4 obtained from different position in extrusion rod. 



Ti64 

Ti64+0. 1 wt-%VGCF 

Ti64+0.4wt-% VGCF 

Position 

UTS 

0.2% YS 

Elongation 

UTS 

0.2%YS 

Elongation 

UTS 

0.2% YS 

Elongation 


(MPa) 

(MPa) 

(%) 

(MPa) 

(MPa) 

(%) 

(MPa) 

(MPa) 

(%) 

1 

990 

943 

15.2 

1127 

1087.0 

17.7 

1191 

1069 

10.9 

2 

1121 

1002 

12.9 

1166 

1165 

18.1 

1150 

1150 

9.1 

3 

1131 

1092 

9.4 

1190 

1170 

12.0 

1192 

1192 

7.4 


Stress-strain curve of TiO, TiO.l and Ti0.4 extruded material obtained from different positions in 
extruded rod was shown in fig. 8. For monolithic Ti64, TiO-1 and TiO-2 shows ductile behaviour that 
stress-strain curve exhibited no yield point. On the other hand, TiO-3 obtained from DRX region 
exhibited a yield point in stress-strain curve with highest UTS of 1130.8 MPa (fig. 8a). This is 
because a considerable amount of dislocation formed in a part that extruded at low temperature. In 
the case of TiO.l, yield point was observed in TiO. 1-2 and TiO. 1-3 (fig. 8b and c). From a principle, 
yield point was developed in a material that gained a sufficient shear stress, resulted in a permanent 
displacement of atom [9]. This was occurred in sample which experienced a deformation at low 
temperature such as the end part in extruded rod. For Ti64/VGCFs composite material, yield point 
was observed in samples obtained from position 2 because interstitial solid solution of carbon 
provided an additional shear stress in material [20]. Ductility of TiO. 4 was much lower than 
monolithic TiO and TiO.l due to a formation of large amount of Ti 6 C 3.75 brittle intermetallic phase. 
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Fig. 8. Stress-strain curve of extruded materials obtained from different positions (a) TiO; (b) TiO.l; 
(c) Ti0.4. 


Summary. The high stored energy in monolithic Ti or Ti composites was obtained when material 
experienced a deformation at low temperature or by an effect of solid solution of carbon, resulted in 
a DRX. The improvement of tensile strength of TiO, TiO.l and TiO. 4 was obtained by DRX 
followed by dislocation formation during hot extrusion. The details are mentioned below. 

1. The dynamic recrystallization (DRX) was occurred in sample that extruded at low 
temperature resulted in high stored energy in material. The small recrystallized grain was observed 
as evidence. 

2. The solute carbon atom from vapor grown carbon fibers (VGCFs) in Ti64/VGCFs 
composite materials acted as a defect that provided additional stored energy in material during hot 
extrusion, and facilitate a DRXed. 

3. The formation of dislocations at grain boundary during DRX at low deformation 
temperature which many small nucleated grains were formed resulted in improvement in yield and 
tensile strength. The increased value was small but systematically occurred for all samples. 
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ABSTRACT. The rod model of the resonant vibro-impact module with an electromagnetic drive is considered. 
Construction’s design implemented an asymmetrical elastic characteristic by one flat spring with two absolutely rigid 
intermediate supports. Eigenfrequency is defined for corresponding location intermediate supports based on the finite 
element method. Stress-strain state of the elastic element is graphically represented at the expense of static displacement 
of local mass. Contact task is considered and contact force between the flat spring and cylindrical support is calculated. 
Also, contact stiffness is determinate. The parameters of volumetric stress state of the contact, calculated analytically 
and by modeling in SolidWorks Simulation are shown. The dynamics of the vibro-impact rod system with kinematic’s 
disturbance is modeled. Contact and equivalent stresses during operation of the vibro-impact rod system are determined. 


1. Introduction. Vibro-impact systems are the basis of technological machines and processes of 
environments with challenging physical and mechanical characteristics. This is due the presence 
challenging modes as imposing the main and sub-harmonic oscillations, acceleration polyfrequency 
range by asymmetry of displacement of the operating mass. The resulting polyfrequency system 
generates wave processes, resonance phenomena and power conversion in environments more 
effective than harmonic movement law of worker mass. So, the use of frequency vibro-impact 
processes and systems is almost justified and promising. However, this requires challenging 
practical solutions for the implementation of nonlinear systems and special theoretical analysis to 
evaluation the relevant modes. 

2. Analysis of recent research and literature. The application of structural nonlinearities is most 
appropriate among to the known practical solutions for the implementation of vibro-impact systems 
[1, 2]. A few practical solutions are in patents [3-6]. The feature of such systems functioning is the 
emergence of sub- and superresonance modes with different multiplicities orders [7, 8]. 
Implementation of such is possible by matching of the system parameters and power options [3]. 

3. Aim of the article. The main objective for developing the new vibration module is providing 
regulated resonant harmonic and vibro-impact modes. Proposed to implement it by resetting the 
stiffness properties of a flat spring relative to its base design. The task of reducing the complexity of 
operations for the implementation of the various modes as a practical matter is pursued. This is not 
enough in presented solutions [3-6]. 

Adjustable asymmetrical resilient characteristic (fig. 1) will be implemented by the flat spring with 
presented functional condition: 

p c iy(t)> y(t) + A> 0 

r stiff ness\y^)\ ( C/; y(t) + (c 7/ - C/ )A, y(t) + A< 0 • u; 
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/ 

Fig. 1. Renewable characteristic of stiffness element. 


Implementation of the regulated modes is carried out by a constructive influence on the stiffness 
characteristic. It is supposed that the following conditions: c I — const, a c n — var, A— var, — — 

c i 

n c — 1; 2; 3. 

4. Problem statement. Implementation of vibro-impact systems by movement limiters is 
accompanied by contact phenomena. That is confirmed in subsequent works [9-12]. It should be 
noted that the elastic elements are an important hub of the resonant vibration machines. Strength 
characteristics along with the task of rigidity must be complying. Therefore, the lack of integrated 
techniques for analyzing stress-strain states in the implementation of the vibro-impact modes is a 
problematic. 

5. Research materials. Resonant vibration module designed by the two-mass oscillation system 
with active land reactive 2 masses, which are connected by one flat spring 3. Active mass 1 is 
designed as a frame with an horizontal grooves for hard fixing brackets 4. Brackets 4 have vertical 
slots for adjustable cylindrical rods 5. Two core 6 are placed on the active mass 1. The reactive 
mass 2 contains anchors 7. The resonance module can be the basis for creating of the vibratory 
technological machine. Module also can be used as a stand for dynamic testing. 
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This structural implementation allows to use one a flat spring 3 to implement the basic harmonic 
mode in the lower frequency region by stiffness coefficient c ; . Cylindrical shafts 5 are mounted in 
vertical grooves of brackets 4 and are used as adjustable intermediate stops for flat springs 3. Using 
the horizontal grooves changes the location of the intermediate support along the flat springs. 
Accordingly is changes stiffness coefficient c n . The appropriate gap A between flat spring and 
intermediate stops set by using the vertical grooves. So, adjustable asymmetric piecewise linear 
characteristics of a flat spring and adjustable oscillations modes with different amplitude and 
frequency spectrum will be realized. 

With appropriate settlement schemes, which describe asymmetric transverse stiffness change 
according to (1), also taking A= 0, the stiffness coefficient c n is a necessary to define with the 
stress-strain state analysis. 

For the analysis of rod systems appropriate to use finite element method [13]. Finite-element 
scheme of the vibration system in vibro-impact mode based on flat spring implemented on fig. 2. 

The standard matrix of nodal reactions (transverse forces and bending moments) of one finite 
element rod has the form [13]: 



f R t ) 


- 12 A 3 
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-12 A 3 
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where EJ - is a bending stiffness of the rod. 
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Fig. 3. Operation scheme of the vibro-impact system. 


Bending rigidity EJ of a flat spring is calculated to realization of the necessary natural frequency 
coqi — yj cjm of the harmonic oscillation mode for scheme I: 
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EJ = mL 3 co OI 2 / 192, (3) 

where m — m i m 2 _ j s rcc [ ucec [ ma ss of vibrating system. 

Finite-element scheme during movement in a negative direction is based on these boundary 
conditions: 


(Vo = OW y x = 0 \ ry 2 = var\ / y 3 = 0 Wy 4 = 0\ 
yp 0 - 0/ \<Pi = var)’ \cp 2 = var)’ \cp 3 = varj’ v<p 4 - 0J 


The system with 10 degrees of freedom obtained in general form by using the division by 4 rods 
finite elements: y ; , y i+1 i q) L , cpi +1 - according vertical movement and angles of rotation of the rod 
nodal’s points (i = 0 ••• 4). According to general stiffness matrix of a rod (2) are formed stiffness 
matrix with dimension 10 x 10 of finite elements rods in the global coordinate system in accordance 
with the boundary conditions (4). 
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The resulting stiffness matrix of finite -element rod system: 


( 5 ) 
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Free oscillations equation of a rod system is written in matrix form: 

M x X + C 04 x X = 0, (7) 


where, X = column(y 0 , (p 0 , ... ,y 4 , <p 4 ) - nodal’s displacements vector of the finite element; 
M = diag(0, 0,0,0, m, 0,0, 0,0,0) - diagonal matrix of local masses inertial parameters; 
Cq 4 — system’s stiffness matrix. 

Based on the determinant for the frequency equation 


det(— M x H 2 + C 04 ) = 0, 
is defined natural frequency of bending vibrations: 


( 8 ) 


w o II 


6Ej(ll+4l 2 ) 
m (b + ^2)^2 3 ’ 


(9) 


Reduced stiffness coefficients of rod systems according to the formulas (1) and (9) have the next 
forms: 


_ 192 E] _ 6 £ 7 ( 1 1 + 41 2 ) 

C/ ~~ L 3 ’ C// ~~ (h + Wh 3 ’ 


( 10 ) 


Thus, obtained parametric dependence of the system’s stiffness coefficient as function of Z 4 . 
Stiffness coefficients ratio, taking into account Z 2 = ^ — Z 4 has a view: 


c n _ i 2 (i— 1,51a.) 
ci ~ (l- 2 q) 3 ’ 


( 11 ) 
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The eigenfrequencies ratio is n (x) — — ^ — Jn ~ c . 

w 0 1 v 

By the condition of multiplicities of natural frequencies of the rod systems 

= 2 , ( 12 ) 

formulas for positioning intermediate supports are the next 

Zi = 0.275L, l 2 = 0.225L. (13) 


For verification must be ly + I 2 — 0.5 L. 

Stress-strain state analysis. The vector of nodal displacements for statically loaded rod system 
type II can be determined from the relationship: 


Y = Cor 1 X P, 

where P - vector of external loads reduced to nodes. 
Nodal’s displacement vectors each finite element-rod: 
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(15) 


The vectors of nodal reactions each finite element defines by matrix expression (2). The hogging 
line of each finite element-rod is based on the known forms functions at nodes single displacement 

[13]: 
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(16) 


MMSE Journal. Open Access www.mmse.xyz 
39 


Mechanics, Materials Science & Engineering, July 2016 - ISSN 2412-5954 


y 34 W 
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The resulting displacement and flex curve of a rod system II are determined by the following 
dependency: 


y(x) = 


( y 0 iO)> o<x<i 1 , 

I yi 2 W, i 1 <x<i 1 + i 2 , 
j y 2 3 W- ^1 T I2 < X < ly + 2 Z2 , 
vy 34 W. ^1 T 2/2 < x < + 2 / 2 , 


(17) 


Resilient condition of the rod evaluated by the bending moment, transverse force, normal and 
tangential stresses: 


M 00 = EJ ^y(x), <2(x) = E] ^y(x), cr(x) = r(x) = <2(x)S; 


bl 


(18) 


where S max — bh 2 /8, / = bh 3 /12, W — bh 2 /6 - geometric characteristics of the flat spring’s 
cross-section; 

b i h - width and thickness of the flat spring. 

The vector of nodal loads is presented with concentrated force with peak value F, acting at the local 
oscillating mass. Diagrams of deflection line, angle of rotation, transverse forces and bending 
moments will be obtained by solving of the equations (14)-(18). The value of the maximum bending 
stresses are determined by the known formulas and given for appropriate settlement schemes: 


_ MmaxI _ 

v-maxl — w > ® maxll 


Mmaxll 


W 


(19) 


where M maxI = — , M maxII = [Z 12 \ 4 = 2 are maximum bending moments in dangerous 

sections for consideration rod systems. 

The maximum shear stress is acting on the central section of the rod: 


_ 15F 

T maxi — T maxi I ~ ^ ■> 


( 20 ) 


The equivalent (von Mises) stress: 
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O, 


eq 


= 1 


(7 2 _1_ At 2 

u max ' ^ L max 


( 21 ) 


Research results. Analysis of stress-strain state of the rod systems offered to implement by static 
displacement of local mass y m . The value of renewable forces is set by effected displacement for 
the corresponding settlement schemes with formulas: F, = c,y m , F n — c n y m . System parameters 
for analysis: co OI — 314 rad/s, co OII — 628 rad/s, m = 20 kg, L = 0.5 m, E = 2.05 x 10 5 MPa, 
b = 0.080 m, R = 0.006 m, EJ — 1.284 x 10 5 Nm 2 , - 0.113 m, l 2 — 0.137 m, h — 9.79 x 
10~ 3 m, C/ = 1.972 x 10 6 N/m, c n — 7.888 x 10 6 Ai/m. Taking y m = 0.24 mm received: a eql — 
23.2 MPa, (J eq ii — 59.5 MPa. Diagrams of stress-strain state for half flat springs in scheme II (x = 
0. . shown on the fig. 4. 
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Fig. 4. Theoretical dependence of stress-strain state of elastic half-length rod. 


Determination of contact stress. Determination of contact stress is exercise on Hertz formulas by 
value of reactions at intermediate supports (transverse force) [11, 14]. The cylindrical support 
reaction is the sum of transverse forces in the rod’s nodes: 


Qi — I [^oi] 3 + [^12] i I — 


F ii{h 2 +4l 1 l 2 +^h 2 ) 
2ii(Zi+4i 2 ) 


( 22 ) 


The pressure in contact zone is calculated by the formula [14]: 
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_ _ 2.Q i 

Pmax 


(23) 


l~Ml 2 . 1~M2 2 

where, t = K ty [Q[, K t — — El 1 £z , b - length of contact (width of flat spring); 

2R 

R - radius of intermediate support; 

li 1 Ta p 2 - Poisson's ratio of materials in contact. 

Vectors of volumetric stress state determined as [14]: 


° x ~ Pmax (vi+t(y ) 2 

_ i 

^ - -Pmax Vl+ ^ (y)2 , 

Oz ~ ~^RiPmax(jJ i ^(y ) 2 l&GOl)- 


where, &(y) = y/t. 

The main stresses are identical accordingly to axial components: 


°I — G x , °2 — ff z> °3 — Gy 


(25) 


The maximum shear and equivalent von Misses stress presented graphically (fig. 5) by the formulas 
for volumetric stress state [15]. Tangential and von Misses stresses: 


_ 01-03 
L max 0 9 


Gy on Mises 



- G 2 Y + (ff 2 - G 3 ) 2 + ( 0-3 - (Jy ) 2 ] . 


(26) 

(27) 


The maximum value of these stresses with static displacement y m — 0.24 mm at £ b (y) = 0.786: 
r max — 104.3 MPa, <J vonMises — 194.7 MPa. Also received Qy — 1.66 kN. 
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Distance from the contact surface y, [mm] 



Distance from the contact surface y, [mm] 


a ) 


b) 


Fig. 5. The ratio of stress to the contact pressure (a); value of von Mises and shear stresses relative 
to the distance from the contact (b). 


For comparison the results of the stress-strain state analysis of half flat spring in SolidWorks [8] 
with symmetrical scheme are conducted (fig. 6). A condition as no penetration between flat spring 
and cylindrical support is applied in the setting of contact task. The results for the curve of 
deflection and von Mises stress are an enough to near with the theoretical values (fig. 6, b and c). 
Also the contact force is set as 1.7 kN (fig. 6, a). 
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Fig. 6. Design model of stress-strain state (a), deflection curve (b) and von Mises stress (c) 
parametric changes regarding of the half long of the flat spring. 


The procedure of nonlinear analysis is done with the setting as bouded contact for the flat stress. 
The maximum stress in the contact zone is 195.5 MPa. This value is almost identical to the 
theoretical result. 




a) b) 

Fig. 7. Diagrams of contact stresses (a - flat section, b - the value of along the parametric length of 
the spring). 


The pliability of intermediate supports is caused by relative displacement A c of flat spring and 
support at the contact zone. Determined by the following expression [15]: 


A c = 0.83 



+ 



(28) 


The stiffness coefficient in the contact point c y — Q i/A c . The resulted formula has a simplified 
view for contact with materials steel and steel: 
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a c= 


2 


1 


(29) 


c y = 0.8i\j QyRE 2 . 


(30) 


The last formula allows to consider the contact stiffness in intermediate support on implementation 
of vibro-impact modes. In this case, parametric contact stiffness is depending from the contact force 
through the instantaneous movement of local mass y m . For y m — 0.24 mm contact stiffness is 
c y — 6.1 x 10 7 N/m. 

Dynamics of stress-strain state. The resulting static characteristics can be used for dynamic stress 
state analysis of the vibro-impact system with kinematic’s disturbance of local mass (fig. 8). 

The characteristics of local mass movement takes in the foim y(t) = y rn sin(314t). Contact force 
depends of the instantaneous movement of local mass according to conditions of the system: 


Given a parametric dependence c y contact stiffness from the contact force Q i, confirmed their 
nonlinearity in the fig. 9. 



(31) 


/ / // / 

Fig. 8. Kinematic ’s disturbance scheme of the vibro-impact rod system. 
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Fig. 9. Dependence of the stiffness coefficient of intermediate support of the magnitude of the 
contact force (by the displacement y(t) of local mass). 


The equivalent bending stress is determined by the conditions of the rod system operation: 


|<W/(0,y(0 < o,' 


(32) 


Depending in time the equivalent stresses for bending and contact presented at the fig. 10. They 
have asymmetrical pulse character, caused by implementation of the vibro-impact mode scheme. 



Fig. 10. The time dependence of bending (a) and contact stresses (b) in vibro-impact rod system. 


Parametric dependents of calculated stress values from the instantaneous displacement of local mass 
y(t) are shown in fig. 11. Contact stress is nonlinear from displacement in time. 
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Displacement, [m] 

Fig. 11. Parametric dependence von Misses and contact stresses in the vibro-impact rod system. 


Summary. The construction of resonance module capable to operate in a harmonious and vibro- 
impact modes is made. Formula of the bending rigidity of flat spring to implement the given the 
asymmetric elastic characteristic is obtained by finite element method. A value and character of 
stress-strain state of the flat spring analytically is determined. The result is approved by modeling in 
SolidWorks Simulation. Contact stiffness in intermediate cylindrical support in contact with a flat 
spring is determined. Dynamics for example of the kinematic disturbance is considered and built a 
parametric characteristic of equivalent stresses. 
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ABSTRACT. An increased energetic efficiency will make it possible to decrease the factory operating costs and hence 
to increase productivity. The centrifugal pumps are largely used because of their relatively simple operation and of their 
purchase price. One analyses thorough requirements imposed by the pumping plants is decisive.lt is important to keep 
in mind the fact that the pumps consume approximately 20% of energy in the world. They constitute the possibility for 
the most significant efficiency improvement. They can reach their maximum effectiveness only with one pressure and a 
given flow. The approach suggested makes it possible to adapt with accuracy and effectiveness of system output of the 
industrial process requirements. The variable speed drive is one of best and effective techniques studied to reach this 
objective. 

The appearance of this technique comes only after the evolution obtained in the field of power electronics systems 
precisely static inverters as well as the efforts made by the researchers in the field of electric drive systems. This work 
suggested is the result of an in-depth study on the effectiveness of this new technique applied for the centrifugal pumps. 


1. Introduction. Due to their operating closer to the optimum, variable speed pumping plants are 
reliable: energy saving, maintenance intervals saving and hence stop costs reduction. According to 
the structure of the user, it is also possible, by the intermediary of a speed regulation, to reduce the 
number of the pumps size. The complexity of a centrifugal pump drive makes its study and design 
difficult as well as during its normal operation. To overcome this difficulty, one generally carries 
out simplifications: linearization of some characteristics, addition of inertias of all the moving parts 
to that of the engine, etc. in function of the objectives of modelling, these simplifications can give 
satisfactory results[3]. With the aim of reducing the costs and risks of bad operations in the 
evaluation phase and training of complex systems, the use of data-processing tools for digital 
simulation seems a justifiable intermediate stage between the theoretical study and the tests on real 
installations. Pump centrifuges P-102. b P-102. a several tools (specialized or not) for simulation are 
used in the field of the machines electric and of the power electronics [4] [5]:ATOSEC5, EMTP, 
SPICE, SIMNON, MATLAB, etc. [3]. 2. Modelisation of the System of Pumping.Figure 1 
presents prone pumping plant the "of study»; unit of ammonia NH3 of the Asmidal factory - 
Annaba - Algeria and more precise the centrifugal pumps P-102 intended for fed the units of nitric 
acid, acid nitrate and of acid phosphates in product ammonia "to see figure 1". 
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Fig. 1. diagram of the pumping plant of ammonia. 


2.1 Mathematical modelling of the centrifugal pump. 


Generally, the manufacturers do not give the characteristics of the pumps physical parameters 
performances H = F ( Q ) is offered. Thus; knowing speed, the load height, and reference flow; it is 
possible to determine the system characteristics; the following relations can be used: 


1000 


= 


{B® 


s \ 3/4 
' gH 


K N e P 


Q = K sp N{D f J 


C r 0.3 + 3.9 x 10 (m) y^e modelling characteristic diagram of the centrifugal pump equations 
system is presented in figure 2. [8] 



Fig. 2. Structure of the centrifugal pump unit. 


2.2 Modeling of the squirrel cage induction motor. The drive is designed as an integrated block 
of which the goal is the optimal conversion of the electric power into mechanical energy and 
hydraulics by taking into account the performance criterion defined in the specifications. The 
modelling of the principal parts of the suggested pumping system (converter - engine - pump) are 
gathered and presented in figure 3. 
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Fig. 3. Modelof the pumping system. 


3. Results of the system simulation. 

3.1 Simulation of the system with constant speed. The figure.4 takes the stator current curve in 
transient state and permanent modes as well as the magnetic flux of the centrifugal pump drive 
motor with load and with no-load in the d- q plan. During the no-load, it can be noticed that flow is 
inversely proportional to the stator current; the introduction of the load "pumps centrifuges" does 
not present any remarkable evolution, always flow is inversely proportional to the stator current. 


Courants statoriques dans les axes (d,q) 



Temps (s) 


flux dans les axes (d,q) 



Fig. 4. Current stator and magnetic flux according to axes' (D, Q) in no-load and load (load 
applied at the moment T = 2s). 
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Fig. 5. Variation the motor speed: pump Flow corresponds at a speed of 2500 rev/min. 


Figure.5 illustrates the variation of the pump revolutions number according to the flow. For a flow 
equal to 31 m 3 / h, the number of revolutions takes a value equal to 2500 rev/min., at the time "t = 2 
s" time of introduction of the load "the centrifugal pump" generates a reduction in the number of 
revolutions of the drive motor. On the other hand one records an increase in the values of the motor 
torque (electromagnetic torque) for the same time "t=2 S" as it is shown in figure. 6. 


Couple moteur 




Fig. 6. Motor torque and angular velocity of the engine in a no-load and load ( load applied at the 
time T = 2s). 
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Courants statoriques 



Temps (s) 


Fig. 7. Motor stator current with no-load and load ( load applied at the time T = 2s). 

Figure 7 shows that the motor torque is inversely proportional to the motor revolutions number; 
whereas the above mentioned torque is proportional to the motor stator current as shown in the 
figure 8.d' where the two curves take the same form except that one records an increase in the 
current amplitude of line beyond that time "t = 2 s". 


Courant de ligne (fonctionnement a vide) 



Fig. 8. Current of line (no-load and load). 
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Fig. 9. Voltage made up of the 3 phases (operation under load). 


Both figures.9 and 10 respectively represent the voltage waveform made up and simple of the three 
phases of the motor operating in load. 


Les tensions simples 
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Fig. 10. Simple voltage of the 3 phases ( operation under load). 


3.2 Simulation of a variable speed systemThe second part of simulation includes a new system 
because of the introduction of a variable speed control system; this technique can offer substantial 
cost saving in the electric power system when necessary flows or pressures variations were done in 
the system. Figure 11 shows that the flow and the number of revolutions take the same form 
according to time; in which the increase in flow causes the increase in the motor speed and its 
reduction generates the reduction of the latter (figure 11). 

It can be noticed that there is a great improvement in the parameters compared to figure 5 
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D6bit 




Fig. 11. Motor speed variation and the pump flow against time. 


Couple moteur 



Vitesse du moteur 



Fig. 12. Motor torque operating with load in function of speed variation. 


Figure 12 shows that the torque is always inversely proportional to the motor speed 



Fig. 13. The motor Stator current operating under load with speed variation. 
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The stator current results from this variation speed is shown in Figure 13; this current is 
proportional to the motor torque evolving with the variation of the pump flow. This proves that this 
technique is likely to improve the energy effectiveness of the centrifugal pump and to reduce the 
energy losses, as illustrated by this load profile of Figure. 14 


Profils de charge 

Profils de charge 1 1Q , , , , 

110 I . . . . 1 . . 



Duree Duree 


Regular Irregular 

Fig. 14. Load profile of the pump operating at variable speed. 


Summary. From an economic point of view, it is often more judicious to adapt the flows desired by 
the implementation of a variable speed drive.With a continuous speed variation, the consumption of 
energy is adapted to the needs and there is no energy dissipation. 

The wear of the pumps, the bodies of throttling and the installation decreases, since the installation 
functions only in the necessary operation. The motor is definitely under loaded; and the pump has 
the possibility of starting smoothly and of the unfavourable hydraulic reactions is avoided. This 
intelligent method makes it possible to prolong the lifespan of the pump and the installation as a 
whole and increases the availability of the installations. 

In general, the results obtained confirms the reliability of modelling carried out, the possibility of 
optimization of the system and minimization of the energy losses. 

These satisfactory and clear results show that the use of the variable speed drive in centrifugal 
pumps is an optimal solution in spite of its complexity and its relatively high price. 
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ABSTRACT. In 1972, V. Gallina and M. Omini of the Polytechnic of Turin proposed a phenomenological model for 
the thermal diffusion in liquid metals, explaining the isotope separation as provoked by a thermal force which is arising 
when a temperature gradient is established in the material. Here, we discuss this thermal force and its statistical origin 
from the bulk. We will see that it can be considered as a force of the form F = - S grad T, that is as a thermal/entropic 
force obtained from the derivative of the Helmholtz free energy with respect to the volume. 


Introduction. With the works of Ludwig Boltzmann, physics and thermodynamics started 
recognizing the stochastic and probabilistic aspect of natural processes. Besides introducing a 
fundamental equation widely used for thermal and charge transport [1-5], Boltzmann linked the 
second law of thermodynamics to the disorder of thermodynamic systems, proposing a fundamental 
relation between entropy S and probability through the formula S = I<b In W (kn is the Boltzmann's 
constant and W is for Wahrscheinlichkeit, that is “probability” in German). 

The Boltzmann formulation of entropy was fundamental for the “doctrine of energy and entropy” 
that rules the thermodynamic world [6], a doctrine where the energy is deterministic and the entropy 
is favouring randomness. In this framework of natural systems governed by energy and entropy, 
forces can arise from the Helmholtz free energy A = U - T S , where U is the internal energy, T the 
temperature and S the entropy. Such as the pressure, the mechanical force divided by a surface, is 
coming from the derivative of internal energy U with respect to the volume, the same derivative of 
the product T S is giving rise to the thermal and entropic forces. These are forces which are coming 
from the statistical nature of the system, rather than from a particular microscopic interaction 
existing in it [6] . 

Entropic forces had been proposed and used in [7,8] for the Brownian motion and for the elasticity 
of polymers. For the Brownian motion, the force is in the form of a diffusional driving force or 
radial force, which has a mean value <F,> = T<dS/dr>, where r is a radial distance [9]. We can 
understand this mean value considering its dimensionality: the force is an energy - here given by the 
product TS - divided by a length. However, besides the entropic force which is coming from a local 
variation or gradient of entropy, we can have also a force in which it is appearing as the gradient of 
temperature T multiplied by an entropy, that is F = - S grad T. A thermal force of this kind is used 
for the magnetic flux structures in superconductors [10,11]. In these references, this force is also 
considered as an entropic force. 

In the following discussion, we will show another example of such thermal force, which is 
concerning the isotope separation in liquid metals driven by a thermal gradient. It was proposed in 
1972, by V. Gallina and M. Omini of the Turin Polytechnic in a phenomenological model for the 
thermal diffusion in liquid metals [12], In their study, the authors aimed giving a formula for the 
isotope separation in a liquid metal, separation which is observed when a temperature gradient is 
established in the fluid [13]. In fact, the approach and the related model proposed in [12] is more 
general: it embraces completely the problem of thermal diffusion in fluids. 
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The focus of authors was in investigating the force that is moving atoms through a liquid when 
there is a thermal gradient in it. In a good approximation, this force has a simple expression: F= - 
kn grad T, where T is the temperature. In this paper we will see that it can be consider as the 
thermal/entropic force F = - S grad T. [10,1 1]. It means that this is one of the two partners of a pair 
of forces coming from the derivative of T S with respect to volume, the other member being the 
entropic force F = - T grad S. 

Let us start discussing the thermal force appearing in [12]. 

The thermal force. The central part of Reference 12 is discussing the force responsible for the 
drift velocity of particles in a temperature gradient. This drift of particles, appearing when a thermal 
gradient exists, is an experimental fact. It appears in observed effects and named as 
thermodiffusion, thermophoresis, thermomigration or Ludwig-Soret effect [14]. This phenomenon, 
which we find in mixtures of particles where the different types of particles exhibit different 
responses to the temperature gradient, has a number of practical applications. In fact, due to the 
different behavior, the particle types can be separated. Several recent papers on isotope separation 
in silicate melts for instance, are evidencing the present interest on this subject [15-18]. 

In a first approximation, a particle with radius r in a solvent has a drift velocity w = F/(4nrjr) [12]. 
t] is the coefficient of shear viscosity of the solvent. F is the force drifting the particle. To give an 
expression of this force, in [12], the authors evaluated first the net force acting on an atom of a solid 
lattice when it is subjected to a thermal gradient. Each atom of the lattice is a scatterer of thermal 
waves (phonons). In the second quantization, the displacements of waves are considered as 
quasiparticles, the phonons, having energy and momentum. If we consider an atom of the lattice, we 
can imagine it in a local oscillatory motion. It becomes a phonon scatterer, exhibiting a cross- 
section <j(q,q’) for an elastic scattering in which a phonon having wave vector q is deviated into a 
phonon of wave vector q'. In fact, this approach would be true only for an impurity scattering: in a 
perfect lattice, we need at last three phonons involved in scattering processes. However, Gallina and 
Omini are showing in [12], that using the general theory of phonon-phonon interactions, the same 
result is obtained. 



Fig. 1. An atom of the lattice as a scatterer, with transferred momentum equal to h(q - q'j. 

In the diagram of Fig.l, we can see that the momentum transferred to the atom is h( q - q'j, where h 
is the reduced Planck constant. 

Adding the contributions of all the scattering processes, which are occurring in unit time, we have 
the force imparted to the atom by the thermal vibrations. The result is: 


F = 


h ^ „ l 

q q 


( 1 ) 
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In (1), N is the total number of atoms, v g the group velocity, X q the mean free path and g q the 
deviation from the Bose-Einstein equilibrium function. Since g q is proportional to the mean free 
path in the relaxation-time approximation [5], we have a result independent of the phonon mean- 
free path. Therefore, in this approximation, the net force turns out to be simply F= - kn gradT . 
This force has no real effect if the atom belongs to the solid lattice, because this force is simply 
transmitted to the centre of mass of the crystal. In a liquid, where the atom is not bound to any 
particular site of the system, the force becomes a driving force, moving the atom towards the cold 
end of the sample [12]. 

Are we justified in using this force for an atom in the liquid, since it has been deduced for a solid? 
[12]. In the reference, the authors are giving specific arguments for a positive answer. First, we have 
a phenomenological argument: the thermal force only depends upon the atomic specific heat c = 
3kB, and this is a quantity which is presumed to be almost unaffected by the solid-liquid transition. 
Second: consider an atom O in the cage of its neighbors. Imagine we have 27 atoms surrounding O. 
Since the atom can move isotropically toward any of its 27 surrounding, the probability of one of this 
atoms of moving toward O is i/27. Thus the atom O, at a certain instant, has the probability p = 1/27 
of being struck by one of its neighbors. The time required for an interaction with its /-neighbor, is U 
= a/vi, where a is the nearest-neighbor distance and v, the speed of /-atom. 

After some passages, we can find that the mean force acting on O is [12]: 


<F 0 > = 


1 x ' lJIVj 1 x ' 

Z . a Z^ 


3k B Tj 


U; 


a 


( 2 ) 


In (2), Uj is the unit vector from O to /-neighbor. T\ is the temperature of the /-neighbor. 
Moreover, 7] =T 0 + a Uj ■ VT . Therefore, if we have a statistical environment which is isotropic, 
we can average on the solid angle: 


<Fo 


> = 


— — — f dO. 3k B a ( Uj ■ VT)dj = —k B VT 
aZ4j J 


( 3 ) 


Let us consider again a particle moving in a solvent; if no other forces are present, the drift velocity 
is given by: 


— 4jrr/rw — k B VT =0 


— > w = — 


47TT] r 


( 4 ) 


As the authors are remarking, this force has not to be considered as due to a potential gradient, that 
is, to an external action; it is a statistical force, originated from the bulk of the material, which 
accounts for the possibility of an atom of making a random walk in the liquid. 

To have (3), an atom which is vibrating at temperature T has an energy 3knT. This is true in the 
approximation of an atom considered as an Einstein harmonic oscillator. However, this energy has 
to be modified when an anharmonicity exists [12]. 
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Role of surfaces. Summing the thermal force over all the atoms of the sample, we should have F= 
- N /cb grad T . For I grad 71 = 1 °C/cm and 7V=10 23 , we have F ~ 100 N. Why do we not observe 
this force? [12]. Let us see how the authors answered. In the case of a solid, we can have that on the 
wall which is at higher temperature, there is an excess of phonon pressure with respect to the wall at 
lower temperature. This extra pressure gives rise to a force directed along grad T, which is exactly 
counterbalanced by the resultant of the thermal forces. In the case of a fluid, we can see that atoms 
at the surface of the material give different pressures; there is a force on surfaces which is equal and 
opposite to the thermal force [12]. 


Wall 


x 


///////////V////////// 


o o 

Liquid 


O 

L. J 

a 


o o o 


Fig. 2. Atoms at the surface of liquid. 


For a liquid, let us take an atom of the liquid near the wall (Fig. 2). It makes a random oscillation in 
a cage of the order of the atomic volume a 3 . The atom oscillates. If t is the period of the oscillation, 
we can write v x t ~ 2a, where v x is the average velocity normal to the wall. Whenever the atom 
arrives at the wall, we assume an elastic reflection. The transferred momentum is 2mv x . If n is the 
number density of atoms in the liquid, the total number of atoms facing the wall with surface £ is 
naZ. Then the force on the wall is: 


2mv „ 2 ^ , rj, 

naZ- = nZmv x = nZk B l 


2 1 / 2 2 2 ' 

where mv x = ^m\y x + v y +v z J= k B T 


y z 


)- 


T,-T 0 


F surface= n S k B T l ~ n 2 k B T 0 = nZL k B - 1 ^ = N k B VT 


(5) 

(6) 


In (6), we have that an unbalanced force on surfaces exists. However, the bulk thermal force 
balances this surface force. It happens when the two walls at different temperatures have the same 
surface 27. If we have different surfaces, we need to consider the role of the lateral surface, in order 
to have a net force equal to zero. The conservation of momentum tells us that the net force must be 
zero. 

Thermal and entropic forces. Let us consider the Helmholtz free energy A = U - TS, and its 
derivative with respect to the volume V. Then, let us multiply this derivative by the surface 27. We 
can consider a generalized force as F = 27 dA/dV = 27 dU/dV-Z S dT/dV - T 27 dS/dV. The first term 
is the pressure multiplied by the surface, that is, the mechanical force. 

In the case that we assume the volume variation dV as equal to 27 dx, we have a force F given by 
three terms, F = Z p - S dT/dx - T dS/dx. Then, besides the term containing the pressure, we have 
the two thermal/entropic terms. 
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Is the thermal force F = - N kB grad T previously discussed the term - S dT/dx ? The Boltzmann 
constant has the dimensions of an entropy S', therefore, dimensionally [19], we have the thermal 
force F = - N kB grad T as F = - S grad T, and a thermal/entropic force of this kind was used for 
the magnetic flux structures in superconductors [11,12]. However, we can find a more convincing 
reason for a positive answer in [20]. In this paper, the Debye model is used instead of the Einstein 
model. In the case of a phononic assembly, the bulk force is [20]: 


Fph, cliff 


-3 Nk B VTx 


r \3 

T | | -0 d /t 

Jo 


y 4 e y (e y -1 )~ 2 dy 


(7) 


If we are at low temperatures, the entropy S can be considered as S= C/3, where C is the heat 
capacity [21]. In a Debye model [19]: 


V v -1 Y z dy 


( 8 ) 


Then, the thermal force (7) given by Omini in [20], seems coincident with a thermal/entropic force, 
in the abovementioned approximation. In fact, using (8) in (7), we have: 


F ph,diff — -SVT 


(9) 


Also in the case of Eq.3, we can repeat the same observation given above on heat capacity and 
entropy and have a force F= - S grad T. 

However, besides having the force F= - S grad T, when we derive the Helmholtz energy we can 
have F= - T grad S too. It means that in the cases discussed in [12] and [20], this entropic force 
could exist. It is possible because entropy is depending on temperature, and temperature is a 
function of the spatial coordinates. Therefore a gradient of entropy exists and consequently an 
entropic force. Since this force could be written as F = - T (dS/dT) grad T, its effective role in the 
system requires a further evaluation. 
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ABSTRACT. A simplified approach to determine the impact on a space-debris object (a target) from the ion thruster of 
a spacecraft (a shepherd), which was proposed before in the context the ion beam shepherd technology for space debris 
removal, was considered. This simplified approach is based on the assumption of the validity of the self -similar model 
of the plasma distribution in the thruster plume. A method for the calculation of the force impact using the information 
about the contour of the central projection of the object on a plane, which is perpendicular to the ion beam axis, was 
proposed within the framework of this model. The errors of this method, including the errors caused by an inaccuracy 
of its realization, are analyzed. The results of the analysis justify the admissibility of the application of the specified 
approach within the self-similar model of the plasma distribution. The preliminary conclusion has been made that this 
simplified approach can be used to control the relative motion of the shepherd - target system as well. This conclusion is 
based on the results of the simulation of the system motion, when the “real” value of the thruster impact is calculated by 
the direct integration of the elementary impacts over the target surface and the value of the same impact used in the 
control algorithms is determined using the information about the contour of the target. A number of factors such as the 
orbital motion of the system, external perturbations, and the attitude motion of the shepherd were neglected in the 
simplified model which was used for the simulation. These factors and errors in the interaction model are necessary to 
consider during a more detailed analysis of this approach. The analysis of the calculation errors presented in this paper 
can be used during implementation of the ion beam shepherd technology for active space debris removal. 


Introduction. The technology for the removal of large debris from the low-Earth-orbit called ion 
beam shepherd is presented in the papers [1], [2], This technology provides space debris de-orbiting 
due to the impact of the ion plume of the electric thruster (ET) of a spacecraft (a shepherd) located 
in close proximity to space debris object (a target). A certain distance between ion beam shepherd 
(IBS) and the target must be maintained to provide effectiveness of the impact of the ion beam. The 
ion beam impact can be determined by integration over the surface of a target when the mechanism 
of the ion interaction [3] with an elementary area of the surface and its relative position are known. 
This approach can be used for modeling of the system motion but not recommended to apply in a 
control loop due to its computational costs and the incomplete information about the position and 
shape of the target. A simplified approach to calculate the impact from the ion beam on the target, 
based on the information about the contour of its central projection on the image plane of the IBS 
camera was proposed in [4, 5]. The central projection of the target on the reference plane, which is 
perpendicular to the beam axis, is considered within the framework of this approach instead of its 
surface. This paper justifies the application of this approach to control the relative motion of the 
shepherd - target system by analyzing errors of the determination of the plasma beam impact on the 
target 

Calculation of the force impact by the direct integration over the target surface. The model of 
the interaction of the ion beam with a space debris object, as well as the model of the ion plume 
should be considered for the calculation of the impact from the ET force on the target. 
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Neglecting the sputtering of the target material, the escaping ions from the target surface, and the 
electron pressure, the elementary force dF s transmitted to the target can be calculated as follows 
[6]: 


dF s = mmi(- v ■ u)civ , 


(1) 


where m - is the ion mass; 

u - is the vector of the ion velocity; 

d.s - is the elementary area of the surface, which location will be characterized by the radius 
vector p s of its midpoint; 

v - is the unit normal vector to the element of the surface; 
n - is the density of the plasma. 

The force and torque transmitted from the ion beam to the target can be calculated by the 
integration of the elementary forces from equation (1) over the exposed surface S 


F srf = -f dF v , M srf = .fp v xdF v . 
s s 


( 2 ) 


There are ion beam models for the near and far regions of the plasma plume [7]. The far region of 
the plume presents the main interest in the context of the non-contact space debris removal, because 
this is where the plasma interacts with the target. Models with different degrees of complexity and 
accuracy were proposed for the description of the far region of an ET beam [8]. The so-called self- 
similar model of the beam is chosen for this study. Taking into account the fact that the Mach 
number at the beginning of the far region of the beam is much greater than 1, the character of the 
plasma distribution approaches to a cone. The plasma density can be determined for this case using 
the self-similar model at an arbitrary point as follows [8]: 


n = 


D 2 ^ 

n 0 R 0 

2 “ eX P 
z tg -« 0 v 


z 2 tg 2 a 0 j 


(3) 


where r , z - are radial (distance from the midpoint of the surface element to the axis of the beam 
cone) and axial (the distance from the vertex of the cone along the axis of the beam) coordinates of 
the point; 

R 0 - is the radius of the beam at the beginning of the far region (at the exit of the ET nozzle, 
z = R 0 / tg 2 a 0 ); 

n 0 - is the plasma density at the beginning of the far region; 
a 0 - is the divergence angle of the beam. 

Axial u 7 and radial u r velocity components of the plasma ions can be represented as follows: 


MMSE Journal. Open Access www.mmse.xyz 
65 


Mechanics, Materials Science & Engineering, July 2016 - ISSN 2412-5954 


u z =u z o - const, u r =u z0 r/ z. 


(4) 


where u z0 is the axial component of the ion velocity at the beginning of the far region. 

The target surface is divided into elements for determination of the integral force ®srf transmitted to 
the target by the ion beam. After that, the coordinates of the surface elements and the unit normal 
towards them are set with respect to the target reference frame (RF). Then the coordinates of the 
surface elements and their normals recalculated with respect to the IBS RF, or more precisely, to 
whose origin that is at the cone vertex of the ion beam. We can assume for simplicity reason that 
this RF coincides with the IBS RF. The elementary force is determined for each element of the 
surface using the equation (1) and taking into account its "visibility" from ET side and its position 
inside or outside of the beam cone. The integral force is determined using the expression (2). 

Calculation of the force impact using the contour of the target. The simplified approach [5] for 
determination of the impact from the ion plume uses the information about the contour of the 
central projection of the target. According to this approach the force applied to an element of the 
surface is approximately equal to the force acting on the central projection of this area on a plane 
that is perpendicular to the axis of the beam cone, for a example the plane of camera sensor placed 
next to the ET This assumption is explained by the fact that the cone cross-section increases with 
the square of the distance from the vertex of the cone and the plasma density decreases in inverse 
proportion to the square of the distance from the vertex of the cone. 

The equation that determines the force dF CT transmitted through the element of the surface can be 
written as follows: 


1] T - (5) 

(6) 

where T - is the transposition symbol; 

dcr - is the elementary area of the target projection on the camera image plane; 
e u - is the unit vector of the direction of the ion velocity u ; 
x c , y c — are coordinates of the point in the camera RF; 

/ - is the focal length of the camera. 

The full force F cnt transmitted from the ion plume to the target is calculated by this expression: 


dF ff = mn c u“e u d<7 , u c =u z0 


\xjf 
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(7) 


where £ is the part of the image plane of the camera which is bounded by the contour. 

Analysis of the errors caused by the simplified calculation method. Let us make a more detail 
analysis of the assumption about the equality of two elementary forces from the ion plume used in 
the simplified method. The first force acts on an element of the target surface and the second one is 
applied to the central projection of this area on a plane, that is perpendicular to the axis of the cone 
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beam. First, we restrict ourselves to the case when the area d.v of the target surface is perpendicular 
to the direction of the ion beam. The equations (1), (3), (4) can be rewritten for this area as follows: 


dF v = 7?///u 2 e (( d.s' , u 2 = z/: 0 (l + tg 2 #). 


( 8 ) 


n = m 


n 0 R 0 

' 2 eX P 

z ~ tg a 0 
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tg 2 e 
tg 2 «0 , 


dx = z 1 (tg#/ cos #)d#i<^ , 


(9) 


where 9 - is the angle between the direction of the beam distribution and the axis of the ion beam 
cone; 

(p - is the azimuth of the direction of the ion distribution, e u = e u (9, <p) . 


The equations (8), (9) show that value dF v = dF v (9, <p) is a function of variables 9 and (p , and 

doesn't depend from the coordinates of the element z of the surface. The "visible" area of the 
surface element varies in the case of its arbitrary orientation depending from the inclination angle of 
the element to the plane that is perpendicular to the direction of the ion beam. This variation of the 
area is taken into account in the equation (1) by the factor (-v-u), that is equal to use the 
orthogonal projection of the area on the defined perpendicular plane. However, we do not deal with 
the orthogonal projection during the calculation of the force impact using the target contour but 
with the central one. In other words, a contour error is added during the calculations. Let's consider 
the following example on Fig. 1 to evaluate this error. 
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Fig. 1. Analysis of error caused by the replacement of the orthogonal projection by the central 
projection. 
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We consider a part of the beam cone in the form of a small cone with the vertex angle a and name 
it elementary cone. Fig. la shows a cross-section of the cone by a vertical plane. The elementary 
cone "cuts" the element of the surface in the form of an ellipse (the segment AB in Fig. la). We 
assume that the plane of the ellipse is inclined to the plane which is perpendicular to the axis Q of 
the elementary cone at an angle [) . The area S cone of the perpendicular cross-section of the 
elementary cone passing through the midpoint M is the area of the central projection of the surface 
element on plane of this section. We also define the ratio k s of the area S cone to the area 5 body of 
the surface element. The difference between the value of this ratio and the value of cos 
characterizes the error of the application of the equations (8) and (9). We introduce the so-called a 
coincidence coefficient defined by the function: k coiD = 1 — (k s — cos /?) / cos J3 . 

The analysis of this function is not presented here due to its cumbersome, but it still shows the 
following: the independence of the coincidence coefficient of from the distance from a surface 

element to the cone vertex; this kind of error appears only when the values of () are close to 90° ; 
the acceptable results can be achieved by reducing the cone vertex angle a even when values of /? 

are close to 90° . Fig. 1 illustrates these conclusions by graphs of the variations of the coincidence 
coefficient from the following variables: the coordinate C, A (Fig. lb); the cone vertex angle a 
(Fig. lc); the inclination angle /) (Fig. Id). One of these variables is varying while the other two 
variables are fixed in these graphs. 

Analysis of the errors caused by the implementation of the simplified approach. Another kind 
of errors of the simplified approach can be caused by an inaccuracy of the camera placement. 
According to the approach the camera must be located so as its focal point coincides with the vertex 
of the imaginary cone of the ET beam. This requirement is difficult to meet from the engineering 
point of view and it is worth to consider an offset of the camera from the position which stipulated 
by the simplified method. 

To analyze this offset we introduce the camera RF O c x c y c z c , whose origin O c is on the camera 
optical axis. The plane x c y c coincides with the plane of the camera sensor. The axis z c is directed 
towards the target. 

We consider the vector d , which connects the vertex of the imaginary cone of the beam and a point 
P of the target. In the ideal case of the camera placement, the coordinates of the projection point P 
on the plane of the camera sensor that included in the equation (5) are defined by following 
relations: 


= f 



y c = f 


4 cam) 

d< cam) ’ 


(10) 


where x c , y c — are the coordinates of the projection point in the camera RF, the subscript indicates 
the component number of the column r/ <caml corresponding to the vector d . 

Let us consider the case where the camera is mounted with a small offset relative to the ET beam. 
The target contour obtained using images from the camera with such offset is different from the one 
with the ideal placement of the camera. We will illustrate this considering the example of the 
contour determination. 

The target is a circular cylinder. The height of the cylinder is 2,6 m . The diameter of the foundation 
of the cylinder is 2,2 m . The geometric center of the target is located on the axis of the beam cone 
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on a distance of 7 m from its vertex The line 1 in Fig. 2 shows the contour corresponding to the 
case when the focal point of the camera coincidences with the vertex of the imaginary cone of the 
beam and the line 2 depicts the contour for the case when the camera offset is 0,2 m . 



Fig. 2. Contours of a target projection. 


A method to correct coordinates of the contour points obtained using the equations (10) were 
proposed in [9] for the case when the cameras focal point is placed with offset from the imaginary 
vertex of the beam cone at the X and y along O c x c and O c y c axes, respectively. According to this 
method, the coordinates can be corrected as follows: 


r ■*' corr r 

= x c -f , y c =y c -f 


y 


do 


where x r co " , >; con are the corrected coordinates of the point of the target projection; 

z nom - > s the nominal distance between the geometric center of the target and the vertex of 
the beam cone. 

Line 3 in Fig. 2 shows the contour corrected according to the equation (11) for the case when 
z nom = 7 m . This figure shows that the corrected contour is almost identical to the one for the no 
offset case (line 1). 

The possibility to use the simplified approach to control the shepherd-target relative motion. 

The preliminary assessment of the possibility to use the simplified approach to determine the beam 
impact for the control of the shepherd-target relative motion is made on the basis of the simulation 
results. The "real" value of the beam impact is calculated by direct integration over the target 
surface and the values of the beam impact that used in the control algorithm are determined using 
the information about the target contour. The confirmation of such possibility is an indirect 
justification of the simplified approach for the calculation of the impact on a space debris object. 

A simplified model of the motion was used for the preliminary evaluation where a number of 
factors were not taken into account, such as: 

- the orbital motion of the IBS and target; 
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- external perturbations; 

- the IBS attitude motion. 

We start describing the reference frames that are required for a full model and then will apply the 
simplifying assumptions introduced above. The following reference frames are used: 

Ox () y () z l} is the inertial RF, the origin 0 is located in the center of the Earth, axis Oy 0 is directed 
towards the north pole of the Earth, axis Oz 0 is the midpoint of the spring equinox; 

z, , Ex, y 3 z 3 are the orbital reference frames of the IBS and target, respectively, the origin of the 

RF S and T are located at their centers of mass, axis z is directed along the radius vector 
connecting the center of the earth and the center of mass of the IBS or the target, axis x is in the 
orbital plane and directed towards the orbital motion; 

Sx 2 y 2 Z 2 , Tx 4 y 4 z. 4 are the body RF of the IBS and the target respectively, the axes of which coincide 
with main central axes of inertia. For the ideal orientation of the IBS and target, these RF are 
parallel and coincide with the appropriate orbital reference frame. 

We will also refer to this reference frames by zero, the first ,..., the fourth according to the 
subscripts which are used in their notation. The transitions matrixes from v -th RF to // -th RF are 

denoted like Ijf , v, /u = 0, 1, . . ., 4 . 

The IBS attitude position is determined by the following rotations of its body RF relative to its 
orbital RF on the angles: pitch (around the y axis), roll (p 2 (around the x axis) and yaw y/ 2 
(around the z axis). In order to avoid singularity of the kinematics relations for the case of the 
uncontrolled motion of the target, the attitude position of the target is more convenient to describe 
by four parameters of Rodrigues -Hamilton [10]. The parameters A 0 , A, , A 2 , A3 is used to specify 
the position of the body RF with respect to the orbital RF. 

The dynamic equations of the attitude motion of the IBS and target is used in the Euler form [11]: 


where J xoc , J iy , J K are the moments of inertia of the IBS and target with respect to their principal 
central axes; 

M vx , M iy , M K - are projections of external torques acting on the IBS ( v = 2) and target ( 
v = 4). 

These dynamic equations are supplemented with the kinematics relations: 



( 12 ) 


0 ) 2x = <p 2 cos 1// 2 + 1 9 2 cos (p 2 sin i// 2 + a> 20 cos <p 2 sin i// 2 , 
co 2 = $2 cos cp 2 cos \ff 2 - (p 2 sin yj 2 + <z > 20 cos <p 2 cos y / 2 , 
co 2 _ = i// 2 - i9 2 sin (p 2 - C0 q sin cp 2 . 


(13) 
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co 4x — 2(A 0 A l — A^Aq + A 2 A 3 — A 3 A 2 ), 

■ <o 4y = 2(A 0 A 2 — A 2 A () + A } A 1 — A 1 A 3 ), ( 14 ) 

©4, = 2 (AqAj — AjAq + A{A2 — A-,A^), 

(p 2 = co 2x cos y/ 2 - co 2 sin y / 2 , 

■ i 9 2 = (co 2x sm\j/ 2 + co 2y cosy/ 2 ) I cos (p 2 -a> 0 , ( 15 ) 

\f/ 2 = <x> 2 , + (co 2x sin y/ 2 + co 2y cos yj 2 ) tg <p 2 , 

2 A 0 = —((o 4x \ + <x> 4y A 2 + co 4z A 3 ), 

2A l = co 4 x Aq — co 4 Ay + co 4 _A 2 , 

( 16 ) 

2l 2 (^4yAf) C0 4 _A^ 5" 

2A 3 = co 4 _Aq co 4x ?u 2 4- co 4y A^, 

where o\ x ,o\ y ,o\ 7 are the projections of the angular velocities of the IBS and target to their body 
RF, v = 2, 4 ; 

a) 0 - is the orbital angular velocity. 

The components T^ -1 , v = 2,4 of the transition matrixes from the body RF to the corresponding 
orbital ones are given by: 



c9 2 cy/ 2 + s9 2 s(p 2 sy/ 2 
c(p 2 sy/ 2 

- s9 2 cy/ 2 +c9 2 s(p 2 sy/ 2 


-c9 2 sy/ 2 + s9 2 s(p 2 cy/ 2 
ccp 2 cy/ 2 

s<9 2 si// 2 + c9 2 s(p 2 cy/ 2 


s& 2 c(p 2 
-sip 2 , 
c9 2 ccp 2 _ 


^ + A 2 _^ 2_^2 

+ A o ^3) 
2(A^A^ — AqA^) 


2(A l A 2 — AqA^ ) 


Aq + A 2 ' 






2(A^A^ + AqA^ ) 
2(A 2 A^ — ) 

a 2 +^-a 2 -a. 2 


( 17 ) 


( 18 ) 


where cy and sy are cos y and sin y , respectively. 

As mentioned above, the orbital motion ( co 0 = 0 ) is neglected in this study and it is assumed that 
Ox 0 y 0 z 0 is the inertial RF and the axes of reference frames Ax, >’, Z, and Tx 3 y 3 z 3 are parallel to the 
corresponding axes of Ox Q y 0 z 0 , and for the ideal orientation of the IBS and target their body RF 
coincide with the corresponding orbital one. The RF for this case are shown in Fig. 3, where p , d , 
R are the radius vectors of a point P in the corresponding reference frames; r ST is the radius 
vector of center of mass (CoM) of the target in the IBS body RF; r 5 , r r are the radius vectors of 
CoM the IBS and target in C%y 0 z 0 RF. 
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P 


P 


Figure 3. Reference frames. 


With these assumptions the following equations are correct: 



(19) 


where the variables with superscript in parenthesis refer to the column of the vector projections to 
the axes of RF with the appropriate index. 

These relations are necessary to determine the impact of the ion plume on the area of the target 
surface with the conditional center at a point P . The attitude angles and Rodrigues -Hamilton 


during the modeling of the system motion. Due to the accepted assumptions, the values of the 
components r s , r T , are calculated integrating the following equations: 


respectively; 

m s and m T - masses of the IBS and target. In this way, according to accepted simplified 
model, the system motion is described by the equations (12) - (20) under the condition eo 0 = 0 . 

In the absence of external perturbations on the system, the force impact on the target is created only 
by the ion plume from the shepherd ET. This impact slows the orbital velocity of the target and 
allows to de-orbit it faster. The IBS concept assumes that two ETs are installed on the IBS. The 
second thruster is necessary to compensate the impact on the IBS motion from the main one, 
directed towards the target. However, in order to the IBS and target remain in the same orbit, the 
result of the force action on CoM of the IBS has to be the same as the result of the force impact on 
CoM of the target. This condition can be achieved by adjustment of the thrust of the second 
compensating thruster. The algorithm to adjust the thrust Fe 2 of compensating ET was chosen in 
the following simple form: 


1 3 

parameters included in the matrixes V 2 , T 4 were determined integrating the equations (12) - (16) 



(20) 


where F { s 0) , Fj )] are the vectors of the resultant force F v , F r , applied to the IBS and target 
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Fi-2 - (> n s I m T ) ' ®cnt ®E1 > 


( 21 ) 


where F E1 is the thrust of the main ET. 

Assuming that the IBS attitude position is unchanged, this algorithm can be simplified as follows: 


where the letter x in the subscripts is used to denote the x-th component of the column, that 
corresponded to the thrust vector in the RF OxQy 0 z 0 or the body RF of the IBS. 

The algorithm to determine the target contour for solving modeling tasks is described in details in 
[5] and can be represented by the following steps: 

- Approximate the target surface by basic elements; 

- Project the central points of the surface elements on the image plane of the camera; 

- Calculate the contour of the target projection by solving the problem of the polygon 
construction, which covers a set of points projected on a plane. 

We assume that the origin O c of the camera RF coincides with the origin S of the body RF of the 

IBS and the z c axis is directed opposite to the axis x 2 of the body RF of the IBS. Then, the 

coordinates of the point P of the target is projected on the plane defined by the equations (10) or 
calculated using the relations (1 1) in the case of their correction. 

The components of column d (cdm> which are included in these equalities are given by 


where rj ai " is the transition matrix from the body RF of the IBS to the camera RF. 

Simulation results. The assumption was made for the calculations that the only forces from the 
main and compensating ETs act on the IBS. The line of action of these forces passes through CoM 
of the IBS. 

The following values of parameters were used during the simulation. 

Parameters of the ETs are the following: the radius of the beam at the beginning of the far region 
R 0 = 0,0805 m; the plasma density at the beginning of the far region n 0 = 4,13 - 10 15 m 3 ; the 

divergence angle of the beam a 0 = 7° ; the axial component of the velocity of the plasma ions 

u z o =71580 m/s ; the ion mass m = 2.18- 10"“ 5 kg . 

The IBS parameters were chosen as follows: the matrix of inertia is 

diag(1283,4; 1379,5; 169,3) kg -m 2 ; the mass is 500 kg. 

The following parameters of the cylindrical target were used: the mass is 1000 kg ; the height is 
2,6 m ; the diameter is 2,2 m . The inertia matrix of the target was calculated according to the 
formulas for the moments of inertia of a hollow cylinder. 

The distance of 7 m from CoM of the IBS to the target along the axis z of the camera RF was 
chosen as nominal. The focal length of the camera is 0,2 m . 


Fe2_x ~ ( m S / /7 V ) ' ^7 znt_x ^E1_jc> 


( 22 ) 



( 23 ) 
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The simulation results show that the difference between the nominal and the calculated distance 
from the target to the IBS is less than 1 sm after 800 s of the simulation when the initial location of 
CoM of the target is on the beam axis. The figures presented bellow show the results of the 
simulations for the case when the initial location of CoM of the target is 1 m away from the beam 

axis, the initial attitude position of the target is defined by the angle of 45° about the axis y of the 
body RF of the target, the camera offset from its nominal position is 0,2 m along the abscissa axis 
of the camera RF. 


xIO ' 3 



Fig. 4. The force acting on the IBS. 


Fig. 4 and Fig. 5 show the graphs of the forces acting on the IBS and target, respectively. Ideally 
these graphs should coincide with each other up to the scale. The variation of the target position 
(Fig. 6) from the nominal one for 800 s of the simulation is no more than 5 sm (this variation is 

denoted as S°r x in the figure) for the ideal camera position, and does not exceed 8 sm for the case 
when the camera has the position offset. The variations that obtained through the simulation (i.e. the 
errors of maintaining the nominal distance to the target) are not significant, taking into account to 
the real control algorithms will use the information about the distance between the target and IBS or 
its estimation unlike the applied simple algorithm (21), which does not use this information. 


xicr 



Time, s 

Fig. 5. The force acting on the target. 



Time, s 

Fig. 6. The deviation of the target relative position. 
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Fig. 7 and Fig. 8 show the graphs of the torque acting on the target and the graph the angular 
velocity of the target , respectively. 



Time, s 

Fig. 7. The torque acting on the target. 



Time, s 

Fig. 8. The angular velocity of the target. 


Conclusions. The errors of the simplified approach [5] to determine the impact from the ion 
thruster of a spacecraft (a shepherd) on a space debris object (a target) within the context the IBS 
technology [1,2] has been analyzed. The approach is based on the information about the contour of 
the central projection of the target on a plane, which is perpendicular to the axis of the ion beam. 
The plane of the camera sensor, which is installed on the shepherd, has been considered as such a 
plane. The results of the error analysis justify the admissibility of the application of this simplified 
approach for the determination of the force impact of the ion thruster to the space debris within self- 
similar model of the plasma distribution [6] . The research results also allow to make a preliminary 
conclusion about the possibility to use this simplified approach for the control of the relative motion 
of the IBS- space debris object system. However, a more detailed analysis of this possibility is 
needed which require to consider the orbital motion, all range of acting disturbances, errors of the 
model of the interaction of the ion plume with the surface of the space debris object, and errors of 
implementation of the simplified approach. 
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ABSTRACT. Trends of modern engineering put forward higher requirements for quality bearings. This is especially 
true on production of bearings for special purposes with high speeds of rotation and resource. Much more opportunities 
in the technology management quality surface layers appear in the application of smoothing-strengthening methods, 
based on superficial plastic deformation. Working models of cutting lathes, grinders and tool smoothing sequence 
revealed the formation of operational parameters in the technological cycle of roller rings. The model of the dynamics 
of elastic deformation of the work piece tool helps identify actions radial force in the contact "surface - indenter." Using 
mathematical modeling resolved a number of issues relevant process. 


Introduction. Trends of modem engineering put forward higher requirements for quality bearings. 
This is due to the fact that the reliability and durability of the machine mechanical largely depends 
on the operability established in her bearings. Most of the mechanisms operating in roller bearings 
are subjected to loads that differ from the calculation. Due to the large number of operational 
factors and mechanisms of their random nature complicated forecasting bearing behavior in real 
conditions. This leads to a premature loss of the performance of the bearing. This is especially true 
on production of bearings for special purposes with high speeds of rotation and resource. 

During work bearing an intense local working surfaces wear rings. Tangent surfaces tend to acquire 
a geometric shape and roughness that best match specific operating conditions. During this 
emerging higher contact stresses, which can lead to leakage of thermal processes in the surface 
layer of the metal and reduce its physical and mechanical properties. In areas of maximum 
deformation of the surface layer of the metal contact stresses the rise to critical values. 

However, if during the forming roll surface to ensure optimum operational microgeometry profile 
and physical and mechanical properties of the surface layer, the reduced period of time grinding in 
and accelerate the acquisition of stable operating condition. Traditional technologies forming 
working surfaces bearing rings, does not fully ensure the rational combination microgeometrical 
characteristics and physical and mechanical properties of the surface layer of abrasive treatment 
after surgery. Analysis of manufacturing defects functional surfaces showed that ends traditional 
technologies do not provide a sufficient level of quality required for their manufacture through that, 
reduced roller wear resistance in general. Much more opportunities in the technology management 
quality surface layers appear in the application of reinforcing - processing methods, based on 
superficial plastic deformation, through the emergence of an enabling technological factors. 
Providing high performance characteristics of the working surfaces of rings by using roller-fixing 
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operations is an actual scientific and practical problem [1], 

Research results. Qualitative and quantitative assessment methods for forming mutual rotation 
surface details and operational requirements for surface rotation rings, served as the basis for 
modeling relationships structural and technological factors, processes of strengthening processing 
performance indicators. To evaluate the durability work surfaces rings used composite index J - 
intensity of wear that takes into account the impact of technological factors, material properties and 
performance rings. Dependin deduced grinding in mode: 


J., = 


\,2 Ra- 


il A Sm t 


3/2 


Hju, 


\l5 7 i{2ttWz y 


■o y 


2 n Hju q {v-/u 2 ) 


( 1 ) 


and the set mode: 


1,2* p 116 l 30(l-R 2 )-(2^RaWzH imx y /3 
P n A t 3l2 Hju 0 2n V E Sm 


( 2 ) 


where Ra - arithmetic mean deviation of surface roughness profile; 

n - the number of cycles, leading to displays of material destruction; 

X - coefficient taking into account the impact of surface residual stress on the process of 

wear; 

Sm - average step of roughness profile roughness; 

t p - the relative length of the reference line roughness profile; 

p - working pressure tangential surface; 

Hp 0 - surface micro hardness; 

Wz - the average height of the waves; 

//max - maximum height macro deviations; 

p and E - Poisson's ratio and modulus of elasticity of the material details. 

Analysis of theoretical and empirical relationships operational properties of details roller shown that 
they depend on the system parameters of quality of functional surfaces: 

A macro deviations - //max, H p \ 

A waviness - Wz, Wp, Smw ; 

A roughness - Ra, Rz , R max? Rp, Sm, tp', 

A subjectivity - Ra\ Sm ’; 

A physical and mechanical properties - oo (surface residual stresses); 

A hero (depth of surface residual stress); 

A Hpo, h„ (hardened layer depth); 

A I g (grain size); 

A pD (dislocation density). 

Working models processing blade, abrasive and ironed tool sequence revealed the formation 
operational parameters in the technological cycle of roller rings [2]. 
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Quality of the surface layer Operational indicators 



Fig. 1. Generalized model of communications quality parameters and performance indicators in the 
technological cycle processing functional surfaces. 


It was established that during the formation of edge cutting processing roughness depends on the 
initial roughness and fluctuations Rz original micro hardness of the surface layer Hp max , Hp mm . The 
average roughness pitch Sm depends on its initial value, from Rz and changes in the surface micro 
hardness Hp. Initial ironed have partial heredity and the next processing depending on the initial 
physical and mechanical parameters of the surface layer, namely micro hardness and depth of the 
residual stress (Hpo, hp, oo, hod). Formation of physical and mechanical properties of the surface 
layer during machining largely depends on their initial state. Based on the analysis of the impact of 
quality parameters of the surface layer of processing conditions established hereditary nature and 
effect relationship of quality parameters of the surface layer of performance (fig. 1). 

To analyze the performance of selected material length of profile at the level c surface roughness. 
Analysis of different profiles showed that the bearing capacity of the surface layer at a constant 
height Rnmx (Rz) and Ra value is greater, the less smooth height Rp (distance from the line 
appearances to the midline). Over the same values Rp and R max (Rz) bearing capacity of the surface 
of the greater, the larger parameter (Ra). With decreasing height R max microscopic parameters Ra 
and Rp decreases and increases carrying capacity. Established that the bearing capacity of the 
surface asperities depends on the parameter i? max (Rz), height Rp and smoothing of the arithmetic 
mean deviation of profile Ra. According constructed diagrams of distribution of equivalent stress 
(fig. 2) indenter different geometry configurations and on the basis of the calculations set optimal 
shape deforming element (fig. 2a). 
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Py = 200 H 






iV=200 H 



Fig. 2. Change the equivalent stress distribution diagram based on the shape of the indent er. 


Stress state in the contact details of the indenter is not determined by starting and plastically 
deformed as a result of pressing shape its surface. With this in mind when calculating the stresses 
arising details should be considered not only primary, but also formed curvature plastically 
deformed surface. In addition, the plastic deformation of the material parts diagrams equivalent 
stress within the curved deformable layer, reflecting the history of the load. As the flow 
deformation maximum yield strength increases and deeper until, until it reaches a position which 
meet peak loads. In the process of strengthening the cross section of the metal surface layer is 
usually fixed by this result, and micro hardness point alignment determines the limit plastically 
deformed layer depth is strengthening hr,. For the general case of contact bodies of arbitrary 
curvature main stress o x , <J y , a z planes perpendicular to the axes of which z normal to the contact 
surface, and x coincides with the main axis of the elliptical contact areas are defined as: 


< 7 . = 


+ 2-(L-K)-2ju 
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i 2 2 
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Cl Cl . 
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(3) 


where P y - radial load; 

a, b - axis elliptical contact in the axial and transverse sections respectively. 
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The main stress is expressed as a function of the ratio of semiaxes b and a fingerprint, the ratio z 
coordinates occurrence study point to the semi axes of the ellipse and the maximum pressure P y in 
the contact center. In the formula (3) for a x , c y appear Poisson coefficient fi and elliptic integrals of 

the first K (e, 0) = f and second race L(e, 0) = [ yl - e 1 sin 0 dO , which depend on the 

o sll-e 2 sin 2 0 o 

parameter 0 - arcctg z.l a and eccentricity of the ellipse e = yjl -(b/a)~ . For steel 100Cr6 the 

coefficient u=0,3, here you can define the number of values b/a and z/b, main (3) and equivalent 
stress (4): 


<7 


egu 



(4) 


After equating, according to Huber-Misses condition, medium shear stresses a egu to the yield 
strength of the material parts in the initial state, found coordinate z=h a limits plastically deformed 
layer: 


O’ j 


3 

2 



(5) 


The model of the dynamics of deformation of the workpiece elastic action tool helps identify radial 
force P y in the contact "surface - indenter". Design model (fig. 3) corresponds to the scheme axial 
cam mechanism, where 1 - body, 2 - moving the slider with the indenter 3, are pressed against the 
workpiece 5 with 4 spring stiffness c with power P y o=Qo=cYo through the nut section 6. Rated piece 
is shaped like a circle 7 of radius po. Actual section piece is presented as a wavy curve, which has a 
maximum height Wmax, corner step <p s wave, a nominal profile section 7 is the average m w line 
waviness 8, which determines the actual radius blank p{(p). 

In the calculation scheme envisaged action following forces: 

P y o = Qq - cY 0 - nominal power smoothing; 

P y = Q — the impact of the resultant force of the indenter to the surface in the contact area; 

my - inertia of moving parts of the tool; 

P y - reaction force on the workpiece indenter; 

P - burnishing resistance force; 

P - smoothing the resultant force; 

mg - the weight of the moving parts of the tool; 

TV, , 7V 2 — reaction forces on the bearings slider; 

F x , F 2 - slip-friction force occurring during driving slider; 
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r/Y - moment of resistance proportional to the velocity of the slider caused by the presence of 
cutting fluid. 



Fig. 3. The estimated combined scheme of smoothing surfaces of revolution which have deviations 
from rounclness. 


Using mathematical modeling resolved a number of issues: 

- Set the necessary conditions for sustainable harvesting and indenter contact no possibility of 
separation indenter and indenter occurrence of impact on the surface of the workpiece: 


f{cot) = f{cp) = p , 


(6) 


- Speed range defined smoothing (vmin, v ma x), within which the power will be stored in the 
smoothing Q acceptable range ( Q m m . <2max), which must endure in order to create quality parameters 
of the surface layer of the regulated reliability. 


G„ - AQ < Q 0 + cf {ax) + Mco 2 f"{cot) <Q 0 +AQ. (7) 


- Identified a number of additional conditions tool to select the optimal technological modes of 
processing, such as: 

a) Acceleration slider: 


y(t) = «J 2 f\(p) = oj 2 f\cot ) ; 


( 8 ) 


b) Jamming condition slider: 
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c) Equation of forced oscillations: 


Y + 2 nY + oj\Y = ■ 
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( 10 ) 


d) Factor of dynamism: 
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e) Vibration amplitude: 
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Experimental study of the effect of quality parameters of the surface layer on the wear resistance of 
working surfaces on strengthening rings roller-smoothed operations [3]. The influence of burnishing 
force P y in depth, width, height, and area roughness flows in cross section determined by means of 
test passes. Fragments studied surfaces and their indicators are shown (fig. 5). 


MMSE Journal. Open Access www.mmse.xyz 
83 


Mechanics, Materials Science & Engineering, July 2016 - ISSN 2412-5954 





Strengthening smoothing treatment 



HRC 68 Ra (min. ..max) 0,06. ..0,2 


Fig. 5. Analysis micro geometrical parameters of functional surfaces. 


Study parameters as rolling surfaces for surface plastic deformation operations performed by 
multivariate regression model that reflects the quantitative relationship between radial force 
burnishing ( P y ), supply (S), spindle speed (n), output parameters as the surface layer Rasou (mean 
deviation profile, original) Sm sou (average step of roughness profile, basic) and surface layer quality 
parameters (Ra, Sm, Hu), developed at the pilot plant. 


Influence of technological factors on the geometric parameters of micro-relief and durability 
investigated on samples of steel 100Cr6 accordance with our methodology. These samples were 
rough grinding operation, hardness 55. ..60 HRC, the initial surface roughness is Ra so u =0,5...0,7 
micrometers. 


The effect of technological factors (effort burnishing P y , radius deforming element R pr , filing tool S, 
speed spindle n) on the geometric parameters of the micro profile (depth h a , width b„ height sag h pn 
relative bearing area t p , the average step of roughness profile Sm, average arithmetic mean deviation 
of profile Ra), physical and mechanical properties of the surface layer (surface microhardness H p ). 
The results of experimental studies and mathematical modeling of the empirical dependence (13) 
(14) (15) parameters of the surface layer after burnishing combined modes of P y , S, n 
microgeometric al for strengthening operations using instrument one inventory elastic action. 


Ra = 2,761 • 0,0225 • P v + 7,01 • S - 0,0184 • n -1,255 • Ra sou - 0,0415 • Sm - 
- 0,000009 • P v • n + 0,00676 • P y ■ Ra sou + 0,000 1 8 ■ P y ■ Sm + 0,0277 • 5 • n - 0,178 • 5 • Sm + (13) 
+ 0,00744 ■ Ra sou ■ n + 0,000143 • n ■ Sm + 0,01492 ■ Ra sou ■ Sm + 0,59 • P y ■ S. 

Sm = -1 16,7 + 0,032 • P y - 106 • S ■ n + (- 0,275 • n)+ 35,5 • Ra sou + 

+ 5,787 • Sm sou - 0,00069 • P y -n + 429 • S ■ Ra soll - 23,3 • S ■ Sm sou + (14) 

+ 0,0896 • Ra sou -n- 2,1 18 • Ra sou • Sm sou + 3,17 • n ■ S - 0,00245 • n • Sm sou . 
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H/u = 3601 + 77,4 • P y - 39 10 • S - 2,04 ■ n- 1 1,93 • Ra sou - 41 ■ Sm - 0,019 • P y • n - 

- 1,75 ■ P y ■ Ra sou +10185-5- Ra sou + 100 • 5 • Sm + 0,032 ■ n-Sm+ (15) 

+ 16,4 • Ra sou ■ Sm - 626 • P y -S. 


Based on experimental and theoretical research built graphic options, depending on surfaces treated 
microgeometry mode burnishing P y , S, n enabling to optimize technological factors reinforcing- 
ironed operations for surfaces with predicted values of the parameters microgeometry surface layer 
and improved performance properties. 

Summary. In order to improve the performance of roller rings and reduce the cost of production 
offered in the technological cycle of the rings redistribute allowances for grinding operations 
processing and operation superfinish processing combined burnishing. 

Working empirical (13) (14) (15) and graphic dependences revealed that the reduction Ra 6 times 
reduces the intensity of wear surfaces also 6 times, reducing Sm 2,5 times the intensity reduces wear 
surface 4,4 times , an increase of 5 H/i increases the wear resistance of the surface 7,5 times (all 
other equal conditions). Thus, the most significant impact wear resistance surface microhardness 
Hfi, arithmetic mean deviation of profile Ra and the average roughness pitch Sm. 

Research roller burnishing strengthening treated for wear resistance were conducted in the 
following modes: F a = 21 kg/cm 2 , F,= 1 2 kg/cm 2 (axial and radial load, respectively); n=6000 
rev/min; Tio=229 hours. Found that through the use of reinforcing-ironed technologies durability 
surfaces bearing rings roller increases by 15-20%. Physical picture experimental fact increase the 
durability of functional surfaces after smoothing operations strengthens confirmed the reliability of 
theoretical positions. 

1. Contact the strength of bearing surfaces is provided not only by methods of thermal and 
chemical-thermal effects, but methods of rational combination of grinding and strengthening 
ironed-treatment as directed smoothing effect on surface asperities peaks, providing effect of the 
surface layer, and as a result reduce the period of grinding in contacting surfaces by 30% and 
increase the service life of 10%; 

2. According to the research highly developed technology combined grinding and strengthening 
ironed-processing surfaces bearing rings, providing an enhanced level of wear resistance roller by 
15-20% and reduces the cost of finishing operations by 12%; 

3. The mathematical model of burnishing tool one indentation elastic action on the basis of which is 
determined radial force in the contact "surface - indenter" P y =200 H. The conditions to ensure 
continuous contact of the indenter piece to piece band rotation - 400. ..600 rev/min that is the 
foundation of stability during the process of burnishing process design; 

4. Based on modeling the dynamics of the process of smoothing based strain gradient workpiece 
material reasonably geometric configuration deforming element (indenter) ellipsoid-type core 
radius R pi = 20 mm and the ratio of the length of the vertical axis (l a ) to the horizontal (lb) - I A), 6 3 
respectively and developed a design tool unit with the mechanism of P y . 
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ABSTRACT. Deterministic mathematical model of kinetostatics of wheel vehicle in terms of different modes of spatial 
motion in the context of curved route is proposed. Earth-based coordinate system is introduced which pole and axial 
orientation are determined by the convenience of route description as well as vehicle-related coordinates which pole 
axial orientation are determined within inertial space with the help of natural trihedral. Turn of the natural trihedral 
within inertial coordinates is described by means of quaternion matrices in the context of Rodrigues -Hamilton 
parameters. Rodrigues -Hamilton parameters are in matrix form in direct accordance with specified hodograph. 
Kinetostatics of wheel vehicle is considered in terms of spatial motion with an allowance for three-dimensional 
aerodynamic forces, gravity, and tangential and centrifugal inertial forces. In the context of spiral-screw lines 
deterministic mathematical model of wheel vehicle kinetostatics is proposed in the form of hodograph in terms of 
uniform motion, accelerated motion, and decelerated motion within following route sections: straight and horizontal; in 
terms of vertical grade; in terms of horizontal plane. Analytical approach to determine animated contact drive -control 
forces of wheel vehicle for structural diagrams having one and two support points involving of a driving -driven wheel 
characteristic is proposed based on kinetostatics equations. Mathematical model of wheel vehicle kinetostatics in terms 
of spatial motion is constructed on the basis of nonlinear differential Euler-Lagrange equations; it is proposed to 
consider physically implemented motion trajectories of wheel vehicles in the context of spiral-screw lines; hodograph 
determines spatial displacement; Rodrigues -Hamilton parameters determines spatial turn; Varignon theorem is applied 
to identify components of drive (control) force. The obtained results make it possible to solve a wide range of problems 
connected with dynamic design of wheel vehicles involving controllability, and estimation of dynamic load of both 
system and support surface. 


Introduction. In the context of uniform, accelerated, and decelerated motion, modes of front-drive, 
rear-driven, and four-wheel drive vehicle in terms of spatial curved route within junctions and turns, 
grades and straights, problems connected with estimation of dynamic load of structure and road 
surface [1,2,3] as well as stability and controllability [4,5,6] are topical. Solving of problems of 
dynamic design [7,8] of wheel vehicle help determine equivalent contact loads on supporting points 
taking into consideration characteristic of driver wheel, synthesize required control components, 
and identify relevant torque of driver wheel to provide desired motion mode of a vehicle in terms of 
specified route [9] . 

Problem definition. Inertial and geometrical parameters of wheel vehicle; configuration of 
supporting points taking into consideration characteristic of driver wheel for front-drive, rear- 
driven, and four-wheel drive vehicle; external force effect on a vehicle (gravity force and 
aerodynamic force); route geometry (straight, turn, grade, junction, manoeuvring); mode of a 
vehicle motion (uniform, accelerated, decelerated) are supposed as preselected. 

Equivalent contact driving force (internal resulting constraint reaction of support surface) providing 
desired mode of a vehicle motion in terms of preselected route should be identified. It is required to 
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distribute equivalent contact driving force on supporting points involving of drive wheel 
characteristic for front-drive, rear-driven, and four-wheel drive structural schemes of wheel vehicle. 

Mathematical model of wheel vehicle kinetics. Spatial deterministic mathematical model of wheel 
vehicle kinetics in the context of different modes of motion within curved route is based upon 
nonlinear differential Euler- Lagrange equations in the form of quaternion matrices [10]. In this 
context, weight-specified material point (m) with application of aerodynamic forces, gravity, inertial 
forces, and unknown contact driving forces (controlling forces) providing desired mode of motion 
in terms of predetermined spatial curved route is taken as dynamic model of a vehicle. 

Following coordinates (Earth-based coordinate system which pole and axial orientation are 
determined by the convenience of route description as well as vehicle-related coordinates which 
pole axial orientation are determined within inertial space with the help of natural trihedral) are 
introduced. 

In the context of the taken problem, definition mathematical model bears following simplifications: 
centre of vehicle masses coincides with a pole of related coordinates; matrix of inertia of a vehicle 
degenerates into zero matrix; that is gyrodynamics of a vehicle is not considered. 

Dynamics of vehicle advance is described with one quasivelocity ( V T ) being projection of a vector 
of linear velocity of vehicle mass centre on the tangent to motion trajectory (route) and two 
quasiaccelerations (W T , W n ): tangential ( W r ) and normal (centripetal) W n . 

In the context of the assumptions, Euler- Lagrange equations describing kinetics of wheel vehicle 
take the simple form: 
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+ ^R d - %■ 

C ld 
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where m - is vehicle mass; 
g - is gravity acceleration; 
q - is velocity pressure; 

S - is specific area; 

C u , C 2d , and C 3d - are aerodynamic coefficients; 

W T , and W n - are quasiaccelerations; 

A - is quaternion matrix in terms of Rodrigues-Hamilton parameters determining orientation 
of natural trihedron within Earth-based coordinate system; 

R d - is quaternion matrix determining orientation of aerodynamic axes relative to natural ones; 
N _ , N n , and N h - are driving forces. 

Mathematical model of vehicle motion within route section in the context of various modes. 

Spatial curve supporting trajectory-route as well as motion mode of a vehicle within the route is 
categorically determined in Earth-based coordinate system by means of hodograph [11]: 
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r{t) = ir l +jr 2 +kr 3 . 


( 2 ) 


where i , j , are - k basis vectors of Earth-based coordinate system. 

It is proposed to determine hodograph combined with physically implemented trajectories of 
vehicle motion in the context of spiral and screw lines [9] : 


KOHIPoAAA I 




cos cot + j sin cot) + k 


(3) 


where pfaii = 0, 1, 2, 3) are running parameters determined on prescribed boundary conditions; 

co - is average turn rate equal to co = — . In this context cp Q is complete turn angle; and t 0 is 

to 

specified time for turn. 

Components of hodograph are determined as follows: 


r i ~~ \P0P\P2Pv, 


cos cot, r 2 = |p 0 p l p 2 p 3 | 


sin cot , r 3 = 


(4) 


It should be noted that highly developed world countries continue research to determine new forms 
of transit curves providing smooth changes in curve [2]. Transit curves in the form of cubic 
parabola, sinusoid, lemniscate, three- or four-leafed roses, and pseudospiral, which is circular curve, 
logarithmic spiral, Euler spiral etc. in special cases, are known. Transit curves proposed from 
heuristic or criteria viewpoints should correspond to true guide path of transport vehicle both in the 
context of constant velocity and variable one [2] . 

Depending upon values of running parameters hodograph proposed in the context of spiral and 
screw lines makes it possible simulate various particular cases of implemented trajectories and 
modes of vehicle motion within the routes. 

a) Route section is straight ( co - 0 j and horizontal (h 0 = 0 , //, = 0 , h 2 = 0 , h 3 =0); mode of motion 
is uniform (V lA =V lB , V 2A =0, V 2B =0, V 3A =0, V 3B =0). Then r 2 (r) = 0, r 3 (t) = 0 , 

r i(t)= r i A +V lA f, (5) 


that is hodograph is: 
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r (t) = i(r ]A + V XA t). (6) 

In this context 0 < t < t Q where t Q is time to travel predetermined route section ( r lB - r 1A ); that is: 


b) Route section is straight and horizontal; mode of motion is not uniform: 

- decelerated ( V lA >v lB y, 

- accelerated (V 1A <v lB ). 

Then hodograph is: 


it)=> 


-v lA t- 






y 


( 8 ) 


c) Route section is in vertical plane (i , k ); it has: 

- rise ( r 3A = 0 , r 3B >0), 

- grade ( r 3A = 0 , r 3B <0). 

Mode of motion is determined with the help of boundary conditions: V 1A - V lB , V 2A = 0, V 2B = 0, 

v 3 A =o,v 3 B =o. 

Then hodograph is: 


r( r ) = i ( r iA+ViA f ) +k 


3-2- 


V, 


1 A 


r i B~ r iA y 


V, 


1 A 


v r i b r \ a y 


r t 

r 3 B l 


(9) 


Appropriate profile of the route section (motion trajectory) within vertical plane ( Oxz ) is obtained 
in the form of combination of square parabola and cubic parabola: 


( 10 ) 
( 11 ) 

In the context of route section under consideration: 

- Variation range of variables is: 0 < x < 1 , 0 < z < 1 ; 


where 


z = 3x 2 -2x\ 


._h(Q- 


\A 


_ 4 t ) 


r 3B 
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Extremum points are: x\ = 0 , x\ = 1 ; 
Extreme values are: z mm (o) = 0 , z, nax (l) = 1 : 


- Bending point is: 


1 1 

2 ’ 2 


Concavity interval is: 0 < x < ^ ; 
Convexity interval is: ^ < x < 1 . 


d) Route section is within horizontal plane (i , j) providing <p {) = — angle turn; mode of motion is 
determined with the help of boundary conditions: 

r i a ■ > 0 , r 2A = 0 , r 3A —0 , r lB — 0 , r 2B > 0 , r 3B — 0 , 

Via = °> ^>0, E 3A =0, E 1b >0, E, b = 0 , E 3B =0. 


Then hodograph is: 
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( 12 ) 


In this context kinematical connection is available: 


V 2 A ' r 2B ~~ V\b ' r \A ' 


(13) 


Relevant plan of the route section (motion trajectory) within horizontal plane is obtained in polar 
coordinate system in the form of quadratic Archimedean spiral and cubic one: 


K^)~ r i A 
r 2B- r iA 




(14) 


where 


V, 


(p = —t, r 2 {(p)=r;{(p)+K{(p). 


' 1 A 


(15) 
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n 


In the context of the route section under consideration, variables domain is: 0 < cp < — , r lA <r<r 2B \ 


that is r(0) =r 1A , r 




r \A+ r 2B 








In terms of special case if V 2A = V lB then r IA = r 2B and r{cp) = r lA in the context of any (p ; that is 
motion trajectory takes a form of radial arc if right-angle turn takes place. 

Kinematics of a vehicle within predetermined route section. Kinematics of a vehicle under 
different motion modes is identified with the help of predetermined hodograph r(t). Formulas for 
components of tangential acceleration and normal one are represented by means of laconic vector 
notation [12]: 


r • r 

w, = w , w„ = 


r x r\ 


w h =o. 


( 16 ) 


where r and r - are time derivatives 1 and two of vector function - hodograph; 

|r| - is module of time derivative 1 of hodograph that is velocity value of vehicle motion; 

|r x r| - is module of 1 and 2 time derivatives of hodograph; 

r r - is scalar product of 1 and 2 time derivatives of hodograph. 

Formulas for velocity components: 


V=\r\, V = 0 . 


v b = 0. 


(17) 


In terms of Earth-based coordinate system and axes of natural trihedron, components of vehicle 
velocity are of following kinematic relations: 


0 


0 


0 


0 

r. 

= A- 'A 

V 


V 

II 

K 

1 

T 


T 



K 


K 


K 



K 


K 


h 


( 18 ) 


where A, 'A, A' , 'A f are quaternion matrices in the context of Rodrigues-Hamilton parameters: a Q 
, flj, a 2 , a 3 [5, 10, 11]; in this context Rodrigues-Hamilton parameters describing a turn 
(orientation) of natural trihedron (vehicle-related dynamical frame of reference) in terms of 
terrestrial, fixed, inertial coordinates are determined directly according to specified hodograph with 
the help of following matrix equation: 
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where | r | = /j 2 + r 2 2 + r 3 2 , 

X ^|" = (r 2 r 3 - r 3 r' ) 2 + fe - r,r 3 ) 2 + (rjr 2 - r 2 i] f . 

It should be noted that the matrix 

1111 
11 - 1-1 
1 - 11-1 
1 - 1-1 1 

is symmetrical and nondegenerate; moreover, it has following property of orthogonality: 


1111 
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1 - 11 - 
1 - 1-1 1 

That is inverse matrix is: 
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( 21 ) 


Then required solution may be identified by means of following matrix form: 
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( 22 ) 


r , n , b basis vectors of natural trihedron of space curved route are determined with the help of 
specified hodograph in terms of the vector form: 
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r _ r xlr xr I — rxr 
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( 23 ) 


Kinetostatics of ground transport vehicles. Equivalent contact driving (controlling) force of 
ground transport vehicles is determined by means of kinetic equations. 

a) Schematic of vehicle having one supporting point. 

In this case internal resulting constraint force of supporting surface is determined with the help of 
matrix formula: 
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( 24 ) 


b) Schematic of vehicle having two supporting points. 

For two-wheel vehicle resulting driving force ( N r , N n , N b ) should be distributed on two 
supporting points involving drive wheel characteristic in the form of required system of two 
equivalent driving forces ( F ] , F 2 ). In this context the two structural schemes to locate supporting 
points (0j, 0 2 ) are possible: 

- Tandem scheme; and 

- Parallel one. 

The schemes are shown in Fig. 1 where geometrical parameters are set within coordinates related to 
a vehicle; f is driving direction. 

The formulated problem of dynamic design of two-wheel ground transport vehicle is static problem; 
its solution should involve Varignon theorem [12]: 


q x F 1 + r 2 x F 2 = r x N , 


( 25 ) 


where r l = r + rl l , r 2 — r — z l 2 . 
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Specifically, bringing pole 0 in coincidence with supporting point two 0 2 results in: 
r = f l 2 , r 2 = 0 , r t = (/, +l 2 )f for tandem scheme; 
r = n h 2 , r 2 = 0 , fj = (/;, + h 2 )n for parallel scheme 

where /, , h t is MO, section (distance from centre of mass to supporting point one); 
l 2 , h 2 is M0 2 section (distance from centre of mass to supporting point two). 

Then within axes of natural trihedron, Varignon theorem is represented in the form of determinants: 
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for parallel scheme. 


Whence it follows: 

- In terms of tandem scheme: F } T r is uncertain, F \ T n = — ^ — N n , F \l = — ^ — N b ; 

/, +l 2 /, + 1 2 

- In terms of parallel scheme: F" = — — — N r , F" is uncertain, F lb = — — — N h . 

//, + F F + hi 

Bringing 0 pole in coincidence with supporting point one 0, results in: 
r = -/, f , f { = 0 , r 2 = -(/, + 1 2 )f for tandem scheme; 
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r = -l\n , r, = 0 , r 2 = -(/z, + h 2 )n for parallel scheme. 

Then within axes of natural trihedron, Varignon theorem is: 
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Whence it follows: 

- In terms of tandem scheme: F'_ z is uncertain, F 2n = — — — N n , F 2h = — — — N b ; 

k ^2 ^2 

- In terms of parallel scheme: F 2r = — — — N r , F^ is uncertain, F 2h = — — — N h . 

/?! + hj ~ h { + h 2 

To verify the results obtained and cope with uncertainty in the process of the problem solving apply 
static invariant one [6] : 


F l + F 2 = N . 


Within axes of natural trihedron for tandem scheme, the equation 


f£ i +f;_=n., F[+Fi=N, 


2 n 


lb 


2b 


(26) 


(27) 


is performed identically while following equation 

Fu+Fl = N T (28) 

becomes resolvable if technical specifications are involved in terms of driving-driven wheel 
characteristic. 

Example 1. Four-wheel drive structural scheme; that is 


F! >0. 


K> o 


(29) 
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and design parameter is assumed to be constrained 



(30) 


Then F { T z = kFl . 

From which kFl + F[ t = N T , 

that is F 2 T t =-F N f*=-±-N,. 

1 + k l + k 

Particularly, if driving contact forces are equal within front axle 0, and back axle 0 2 then k — 1 , and 
hence 




Example 2. If front drive structural scheme then 


K> 0, Fl< 0. 


Subsequently FJ t - F'_ z = N r 
or kFl - Fl = N t that is 


F t = 

1 It 


k~ 1 


-N, 


F t = 

r iT 


k- 1 


-N, 


where k > 1 . 

Example 3. If rear-driven structural scheme then 


Fl< 0. 


K> o. 


(31) 


(32) 


(33) 


(34) 


Subsequently - F' t + Fj T = N T 
or - kFl + F it = N t , to ecTb 


MMSE Journal. Open Access www.mmse.xyz 
97 


Mechanics, Materials Science & Engineering, July 2016 - ISSN 2412-5954 


= — — N , Fl= — N t , 
2r 1 -k r r l-k r 


(35) 


where k < 1 . 

Comparable result is available while considering parallel scheme. The equations 


F n + F n = at F n + F n = N 

Mr ^ r 2 r ' v r’ r lb ^ r 2b ly b 


(36) 


are performed identically. Then the equation 


F t + F t = N 

r \n ^ r 2n ly n 


(37) 


is solvable in terms of extra conditions. 

In this context lateral contact forces are assumed as those related to technically reasonable 
conditions: 


F n > 0 F“ > 0 

1 In 
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2 n 




(38) 


where /J is predetermined coefficient (design parameter). 
Then F£ = / iF 2 n n . 

Where uF^ + F” = N n , 


Thatis Fj = -7 N , FH=-H-N„. 

1 + JU 1 + JU 

In particular, it is assumed that ju — 1 for symmetrical structural scheme. Consequently 


F u = —N 

1 2 ;/ 2 iV " ’ 


F n = — N 

2 " ’ 


(39) 


Summary. Deterministic mathematical model of wheel vehicle kinetics in terms of different modes 
of spatial motion in the context of curved route has been proposed. The model is based upon 
nonlinear Euler- Lagrange equations. In the category of spiral-screw lines deterministic 
mathematical model of wheel vehicle kinematics has been proposed in the form of hodograph in the 
context of uniform motion, accelerated motion, and decelerated motion within following route 
sections: straight and horizontal; in terms of vertical grade; in terms of turn in horizontal plane. 
Analytical approach to determine contact drive-control forces of wheel vehicle for structural 
schemes having one and two support points involving of a driving-driven wheel characteristic (four- 
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wheel drive scheme, front-wheel drive scheme, and rear-wheel drive scheme) has been proposed on 
the basis of kinetostatics equations. 
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ABSTRACT. An instrumented macro-indentation test was used to determine the viscoelastic parameters and hardness 
of the shell of Coco Nucifera from Cameroon in order to promote their use in the manufacture of abrasives. Samples 
measuring 10 mm x 10 mm x 3 mm were cut out from the bottom of the fruit, close to the natural indentations (the eye) 
of an approximately round-shaped fruit. The indentation load ranged from 50 to 500 N with an increment of 50 N. A 
comparator with digital display and a camera attached to the machine measured the total penetration and rate of 
penetration. The Oliver and Pharr indentation model and Hertz contact theory were used to determine the Young's 
modulus, hardness and creep ratio of coconut shells. Young's modulus determined in the polar zone was 3.52x10 s MPa 
and 1.45xl0 3 MPa in the equatorial zone. The hardness was 1.16xl0 2 MPa in the polar zone and 0.7xl0 2 MPa in the 
equatorial zone. The creep ratio was 16 in the polar region and 8 in the equatorial zone. Validation of the procedure and 
results will be done with indentation tests on a kind of wood: Azobe (Lophira alata). 


Introduction. Coconut Shell of Coco Nucifera (CSCN) is a product of the coconut tree (Coco 
nucifera) which is exploited for the valuable flesh (copra) enclosed in the hard shell. Important 
quantities of CSCN are generated during the production of copra [1]. The CSCN alone occupies 
about 25% by weight of the nuts and with about 54 million tons of coconuts produced annually 
worldwide [2], an estimated 13.5 million tonnes of CSCNs is generated. A small part of these shells 
is used in the production of activated carbon. [3]. However, most of CSCN is not used, presenting a 
challenge for solid waste management [4]. Usually the CSCN is simply discarded in nature with 
negative environmental impact (occupying land that could otherwise be used for agriculture, 
breeding sites for mosquitos). In recent years, the instrumented indentation test has been used as an 
alternative method for determining mechanical properties of materials [5]. The hard nature and the 
abrasiveness of the shell makes it a potential food processing material. A good knowledge of the 
properties of this hull allows it to be used as a green alternative in agro -processing tools to plump 
goods such as beans, maize and groundnuts, otherwise like abrasives for woods. Preliminary 
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characterisation of this shell by Njeugna et al. [5] was bend tests and beam theory to determine 
Young’s modulus. The rectangular test pieces used in their study showed an unavoidable curvature 
due to shape of the coconut shell. Young's modulus calculated by this method is expected to be 
strongly influenced by the curved shape of the test pieces. We propose in this work to use an 
instrumented macro-indentation testing as Oliver and Pharr method to determine some mechanical 
properties of the shell. The validation of the procedure and results will be done with indentation 
tests on a kind of wood: Azobe (Lophira alata) part of the harder and dense wood species. 

Materials and methods. 

Materials. Coconut shell used in this work came from the Littoral region of Cameroon. To prepare 
prismatic test pieces, we chose mature round hulls because of ease of cutting out specimens 10 mm 
x 10 mm x 3 mm by grinding of the faces. Sampling was done in two zones: Equatorial and Polar 
zones as shown in Fig. 1. In a test rig, we performed 5 indentation tests after conditioning the shells 
at ambient temperature in the laboratory for 2 months. 

Polar Zone 
Equatorial Zone 
Polar Zone 


a) b) c) d) 

Fig. 1. Localisation of indentation points: a) Coconut tree b) and Sampling from a shell c) 
indication of indentation d) plates samples indented. 




A Dial gauge to the thousandth and a Facom brand digital display was used to measure 
displacement. A Canon camera provided video monitoring of comparator variations throughout the 
duration of the test. The indentation was done with an adapted macro -indentation device designed 
and constructed in our laboratory [11] (Figs. 2, 3). 



0 - Built, 1- Specimen ofCSCN, 2 - Indenter Ball, 3 - indenter rod, 4 - Slide the rod, 5 - Loading 
platform, 6 - load, 7 - Dial gauge to the thousandth, 8 - Canon camera 

Fig. 2. Image Test device. Fig. 3. Device block diagram. 
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Methods. The instrumented macro-indentation test takes place in three phases: a charging phase; a 
hold phase and an unloading phase [10]. Loading is achieved by the masses placed on the tray 5. 
The loads applied ranged from 50N to 500N with an increment of 50N. For Each load there are 
equivalent penetration of the steel ball in the sample was measured. The comparator measured and 
displayed the value of penetration. When the maximum load of 500N was reached, a hold time of 
30 minutes was maintained and the flow of the CSCN was observed as the continuous penetration 
of the indentation ball in the shell sample. The camera recorded the display of comparator over the 
entire hold time. During the unloading phase, we reduced the load from 500N to 50N in stepwise 
reduction of 50N. The elastic recovery of the material was displayed by the comparator. The pairs 
of load vs penetration depth during loading and unloading were plotted to obtain the characteristic 
curve of the CSCN material covering the three phases as shown in figure 4. 50 samples were tested. 

To exploit these curves, we adopted the method of Oliver and Pharr [6, 18, 21], this method 
describes the upper limit of the discharge curve by the law in Eq. (1): 


where P - is the force; 

Pmax - is the maximum applied force; 

h -is the depth of indentation; 

hf— is the indentation depth unloading; 

hmax - is the maximum indentation depth at F m a X ; 

m - is a function of the geometry of the indenter [12-15]. For a spherical indenter m = 1. 


Fig. 4. Load vs depth plot. 

Modulus of elasticity (Young's modulus). The determination of Young's modulus is based on the 
assumption that during the unloading curve the removal of the indenter is accompanied by a spring 
back due to the elasticity of the material [7]. Thus the slope of the unloading curve provides a 
measure Young's modulus. The method is based on the recovery theory of Hertz and Bulychev, 



( 1 ) 



Depth h <m> 
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later developed by Snedon [8, 20]. It provides for the modelling of the unloading slope with a 
function that relates the contact area to the reduced Young's modulus according to the Eq. (2): 

5= © = 7 ^ E ^, ( 2 ) 

\ahJ h=hmax V 71 

Where S - is the stiffness of the contact between the intention and the material when unloading, measured 
at the maximum penetration (h max ) recorded; 

A c - is the projected contact area given by the Eq. (3): 

Ac = n.a 2 = 2. n. R. h c - n. h c 2 (3) 

where a - projected contact radius; 

R - radius of the indenter; 

h c - penetration depth given by the Eq. (4): 

i i Pmax . . . 

h c — hmax — s — — , (4) 

where e - a constant related to the geometry of the indenter, which is 0.75 for a spherical indenter 
[12, 19]; 

E r — Reduced Young's modulus from the theory of elastic contact of Hertz [8], given by Eq. 

(5). 


1 _(l-v m 2 ) | (l-Vj 2 ) ^ 

E r E m Ei 

In this equation the indices i and in refer to the characteristics of the indenter and the material 
respectively. 

Since the indenter is made of stainless steel, we consider that: Vj= 0.3 and = 210.000 MPa. 

Thus, Young's modulus of the CSCN is given by Eq. (6): 

E m = (l-^.^VT-^r < 6 > 

Hardness. Once the method for the calculation of the contact area is available, it is possible to 
calculate hardness. [9, 15, 17]. This is done using the formula from Eq. (7) and the contact area A c 
is obtained by Eq. (3): 


H = 


P 


(7) 
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Creep ratio. Crr denoted indentation creep ratio is defined by the relative change in depth of 
corresponding penetration, according to Eq. (8): 


C = 100 % . 

hi 


( 8 ) 


Results and discussion. Figure 5 is an example of the instrumented macro-indentation curve of 
CSCNs. 


600 

500 

~ 400 
z 

■o 300 
ra 
o 

-* 200 
100 
0 

0 0.1 0.2 0.3 0.4 

Depth (mm) 

Fig. 5. Sample of macro-indentation curve CSCNs. 



The Oliver and Pharr method and Hertz’s theory were applied to curves obtained by testing samples 
from polar and equatorial zones. The values of Young’s modulus, hardness and creep ratio obtained 
are presented in Table 1. 


Table 1. Features of the CSCN by macro-instrumented indentation 



Young Modulus E 

Hardness H 

Creep 

ratio 

Equatorial 

zone 

1.45 (±0.179) • 10 3 MPa 

0.70 (±0.12) -10 2 MPa 

8.3 1± 1.35 

Polar zone 

3.52 (±0.562) • 10 3 MPa 

1.16 (±0.10) 10 2 MPa 

16. 2± 3.51 


Looking at the results shown in Table I, we find that the Young's modulus, hardness and creep 
coefficient are relatively higher in the polar zone than in the equatorial zone. A possible explanation 
could be differences in thickness from the equatorial to polar zones. It was observed that the nut is 
thicker in the polar zone compared to the equator. 

These results are significantly different from results obtained by Njeugna et al. [5]. The difference 
could be attributed to difference in test method. The values of Young’s modulus obtained in this 
study are closer to values for polymers and gypsum (Table 2), an indication that the instrumented 
macro-indentation test may be more suitable for characterising the mechanical properties of this 
material. 

Applying the same indentation tests (Fig. 6) on wood named Azobe with a moisture content of 12% 
in the same conditions and protocols, we got Young modulus E(a~) = 12.304 GPa. This value falls 
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within the values gotten from literature review [21]. We found an indentation hardness H{az ) = 
41.5398 MPa and with this hardness H(az), It is clear the CSCNs can be used for sanding wood. 

Table 2. Comparison of specific rigidities 

Materials 

Young modulus in GPa 

References 

Polyethylene 

0.20 


[5] 

Polycarbonate 

2.40 


[5] 

Epoxide 

2.40 


[5] 

Polyester 

5.00 


[5] 

EDP (Gypsum A) 

9.90 


[16] 

EDP (Gypsum B) 

2.58 


[16] 

Azobe 

12.30 


[21] 


Instrumented indentation 
test 

3 points flexural test 

Coconuts shells Polar zone 

3.52 

19,80 

[5] 

Equatorial 

1.45 

12,70 

[5] 

zone 



600 

500 

400 
z 

1 300 
a 

200 
100 
0 

0 0.2 0.4 0.6 0.8 1 

Depth (mm) 

9 Indentation curve of Azobe olndentation curve of coco nucifera 

Fig. 6. Comparison between the indentation of CSCNs and Azobe. 
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Summary. Our work focused on determining the mechanical properties of coconut shell from Coco 
nucifera by an instrumented macro-indentation test. A series of tests were conducted on prismatic 
samples extracted from 10 mm x 10 mm x 3 mm elongated CSCNs. Sampling was done in two 
areas: the equatorial zone and polar zone and 50 samples were tested. The method of Oliver and 
Pharr was applied to analyse the behaviour of the material at the upper limit of loading and the 
Hertz contact theory was used to calculate fundamental mechanical properties of CSCN. Thus, the 
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Young's modulus, hardness and the creep ratio were determined. The Young's modulus determined 
is of the order of 3.52xl0 3 ± 562.81 MPa in the polar zone and 1.45xl0 3 ±179.29 MPa in the 
equatorial zone. The hardness is 1.16xl0 2 ±10.69 MPa in the polar zone and 0.70xl0 2 ±12.01 MPa in 
the equatorial zone. The creep ratio is 16. 2± 3.51 in the polar region and 8.3 1± 1.35 in the 
equatorial zone. Currently, we are using these shells after grinding in the manufacturing of 
abrasives and composites. Therefore, it is imperative to know its mechanical properties for more 
valorisation. 
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ABSTRACT. This work is part of a process of characterization of plant fibers. The macroscopic geometric parameter 
of Oil Palm Mesocarp Fibers (length, diameter) was measured. A mathematical model of the evolution of the cross- 
section is provided in order to facilitate a digital reconstruction of the geometry of these fibers. In this context, we 
manually isolated with great care many fibers of several oil palm varieties Dura , Tenera and Pissifera distinguishing for 
the last two varieties two extraction position. Five different partitions of fibers have been studied. The lengths of these 
fibers were measured and the transverse dimensions of each of the fibers were taken at five equally spaced discrete and 
different sections. For each section, we made two measurements at 90 ° in the front plane and the profile view. The 
mathematical model of the evolution of the profile were determined in each plan and the evolution of the cross section 
model was described for each of the five partitions on the basic assumption that this cross section is elliptical according 
to SEM images and flattening rate of the cross section we calculated. 


Introduction. The use of vegetable fibers as reinforcement in composite materials to replace 
synthetic fibers is growing rapidly. Many researches are interested in it in order to optimize their 
physical and mechanical properties [1-5]. Many fibers (sisal, coir, raffia, jute ...) are studied in the 
literature [6]. The fibers from palm oil tree (EFBF 1 , OPMF 2 , OPTF 3 ) also have a particular interest 
[2, 3,5,7, 8], 

It is clear from the various work that knowing the geometry of the fiber (section and length) is 
indispensable for the analysis of the results of a physicochemical characterization test (water 
absorption kinetic of fiber) [9], mechanical characterization (determination of Young's modulus of 
the fiber) [7, 10, 11] and during predictive calculations of composite properties [12, 13] (application 
of composites homogenization theories). All Authors are unanimous on the versatility of the 
geometry of the cross section and its non-uniformity along the vegetable fibers. It is shown [14-18] 
that the mechanical properties of sisal, jute, hemp, bamboo and coconut fiber may be influenced by 
the dimensions and aspect of their cross-section. Most of the works in the literature consider an 
approximation of vegetable fibers to a straight beam of constant circular cross section [6, 19] (in 
this case, the diameter measurement is made on a singular section); on the other hand, consider that 
the fiber is a straight beam of elliptic section and constant (measuring the major axis and the minor 
axis of a singular cross section) on which several measurements can be made and the average of 
these measurements considered as mean cross section of the fiber. Some author [11] propose a 


1 Empty Fruit Bunch Fibers 

2 Oil Palm Mesocarp Fibers 

3 Oil Palm Trunk Fibers 
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method for assessing the cross section of kenaf fibers by image analysis but this study is limited to a 
single section by considering it to be constant. Other authors [20] propose a characterization 
approach considering the variability of the cross section along the hemp fibers and its non- 
circularity. 

These various techniques have some inaccuracies including: 

(i) Some are an average of local measures that do not take into consideration all the variations and 
features of the fiber profile; 

(ii) Others exclude non circularity of the cross section of plant fibers. 

In this context, the physicochemical and mechanical properties such as Young's modulus, tensile 
stress limits, the kinetics of water absorption and drying kinetics will be determined with some 
imprecision introducing a measurement uncertainty. 

In the particular case of Oil Palm Mesocarp Fiber (OPMF), very few works are devoted to their 
study. Okafor and Owolarafe et al [12, 21, 22] indicate that there are three main types of palm fruit 
(: Tenera , Pissifera and Dura ) depending on the size of the shell and the oil content. They consider 
as [23-24] that the cross section of OPMF is circular and constant along the fiber. 

In this study, we want to make a contribution on the evaluation of the shape of the cross section of 
fiber from the mesocarp of the three varieties of palm nuts and its evolution along the mean line. 
We will develop a method for measuring the cross section and detecting the profile of the OPMF. 
We will determine with precision the real geometry of the profile of OPMF and propose a 
mathematical model of evolution of the cross section of fiber from the three varieties of palm nuts 
extracted at different positions. 

Materials and Methods. 

Materials. Oil Palm Mesocarp Fiber (OPMF). The fibers (OPMF) objects of study are from a 
palm tree farm in Nkongsamba, a city of Mungo division in Littoral region in Cameroon. 

We worked on the three varieties of palm nuts as described in the literature [12, 21, 22] and 
illustrated in Figure 1: (Pissifera, Tenera and Dura). 

- Dura (wild variety having a thick shell); 

- Tenera (hybrid variety having a small shell); 

- Pissifera (variety without shell). 



These fibers were extracted manually after haven been placed dry nut in pure water for 20 days. 
They were later rinsed thoroughly in water heated at 60 ° C. They were then dried in open air and 
stored in plastic bags. To check the influence of the position of the fiber on the morphology, we had 
each nut partitioned into two extraction zones for Tenera and Pissifera varieties: the peripheral 
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fibers (external position) and those near the shell (internal position) as shown in Figure 2. For the 
variety Dura, the size of the shell did not allow us to distinguish the two areas. So we distinguished 
5 different partitions of fibers. We worked with 54 fibers per partition thus a total of 270 fibers. 



Internal fiber 


palmnut shell 


Fig. 2. Schematic illustration of internal and peripheral fibers of palm fruit. 


Collecting images and measurement equipment. We used a Celestron LCD Digital Microscope 
with the lens corresponding to a magnification of 40x to collect images. The measurement of each 
section was then carried out by using a COOLING Tech USB 8LEDS microscopic camera 
previously calibrated on its operating software. The lengths of fibers were measured using a digital 
slide caliper having 0.01mm of accuracy. We processed the data collected using Matlab R2009b. 

Methods. 

Data collection techniques. We measured the transverse dimensions of the fibers on the five 
sections of the face (ai, Si 2 , a 3 M and as) and profile (bi, b 2 , b 3 , b4 and bs) along the fiber as 
illustrated in Figure 3 below. We were inspired by the technique stated by Ilczyszyn et al. [20]. 
Section 1 is positioned at a distance of 3 to 5 mm from the fiber tip and section 5 is defined by the 
beginning of dislocation of the fiber. 



0 


L1S4 

■ ♦ - 


LlS/2 

♦ 


Liu 


Root of fiber L 

b 

f 


4 3 

Lenght of fiber (L15) 


3L15 4 


Fiber tip 


Fig. 3. Illustration of the measuring points of transverse dimensions. 
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The measurement process is performed in several steps. The first step is to immobilize the fibers 
and marking measuring points. Six fibers are positioned on the front plan, strained and then bonded 
by adhesive tape on wooden plates of rectangular shape, dimension 800x300 mm covered by graph 
paper. On each fiber we placed five equidistant points on the working length of the fiber. 



Fig. 4. Schematic illustration of the fixation of fibers. 



Fig. 5. Photo of a bonded fiber divided into five sections. 


third section of the fiber 


Adhesive tape 


The second step consists of images taken from the vicinity of each section labeled with the LCD 
Digital Microscope Celestron. A light source is used to illuminate the fibers to have a clear image 
on the microscope screen. A magnification of 40x is used to film the sections of fibers. 


3 



1- Digital Micro scop 

2- lamp with white light 

3- Computer 

4- device for positioning the Rber 



Fig. 6. Diagram showing the principle (a) and image editing and filming equipment for the fibers 
(b). 


After all marked sections are filmed, the images are stored in Microscope memory and then 
transferred and stored in a computer. The measurements of each section are made from the Cooling 
Tech driven software. At this stage we obtain the values of ar, a 2 , a3, a4 and as with 0.001mm 
accuracy. 
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i .r 

Fig. 7. Microscopic camera Cooling USB 8LEDS (a) and illustration of the measured image. 



The fibers are then carefully peeled off and turned over 90 ° to the position on the profile plane. The 
previous steps are repeated to permit measurement of the second transverse dimension on the same 
sections. The values of bi, In, b3, b4 and bs with 0.001mm accuracy were thus obtained. At the end, 
the length of each fiber is measured by a digital caliper. This is the distance between the two 
extreme points (point 1 and 5). 



Fig. 8. Illustration of measurement according to the front plan (at) and the profile plane (bi). 


Theoretical considerations. We have been working under the assumption that the cross section is 
elliptical (it admits two planes of symetry: the front plan and the profile plane) with regard to the 
observations made in the scanning electron microscope, an example is shown in Figure 9. The 
shape and proportions of the lumen have been neglected in this work. This hypothesis has also been 
stated by Ilczyszyn et al. [20] in the context of the characterization of hemp fiber. 



Fig. 9. SEM image of the cross section of OPMF (LPMT Mulhouse). 


MMSE Journal. Open Access www.mmse.xyz 

112 




Mechanics, Materials Science & Engineering, July 2016 - ISSN 2412-5954 


Under these conditions, the calculation of the cross section is done by equation (1) [21]. 


5 = 



( 1 ) 


With S the fiber section in mm 2 , a and b transverse dimensions in mm (major and minor axis of the 
ellipse). 

Considering that the cross section is variable along the fiber, we set that: 


s(x) = ^a(x).b(x) (2) 

With a(x) = /(x) and b(x) = g(x ) (3) 

We are thus supposed to search for the respective functions /(x) and g(x) that best fit the discrete 
experimental data a,- and bi respectively. 

Moreover we will focus on the statistical distribution of cn and b, to get an idea about the law of 
distribution of these experimental data. 

For this purpose we will focus on the determination of the mean ju, standard deviation a, and shape 
parameters of the distribution [25] that are the skewness (asymmetry coefficient) y i and the kurtosis 
(flattening coefficient) yi of cii and bi. 

The standard deviation a is calculated using equation (4). 

° 2 = ^nxi-x) 2 ( 4 ) 


The skewness coefficient y i is calculated by relation (5). 


Yi = E 



(5) 


The flattening yi also called normalized Kurtosis coefficient is calculated by equation (6). 


72 = E 



- 3 


(6) 


For this, recall that the probability density function of the normal distribution or Gauss-Laplace law 
is given by equation (7). 


<7 0*0 = 


i 

osj2n 


Ir (X-Al ) 2 

e 2 o- 2 


(7) 


where g - is the mean and cr the variance. 
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Results and Discussion. 

Statistical Distribution of Geometric Parameters of OPMF. 

Determination of statistical parameters. Considering the number of surveys, we conducted a 
statistical study to investigate the distribution of measurements around the mean values. For each 
sample we determined statistical distribution parameters that are the mean value and standard 
deviation. To find out whether the trend is centered or decentered (left or right of the mean), we 
calculated the skewness. We also calculated the kurtosis to deduce the spreading of data to conclude 
whether the distribution [25] is normal (mesokurtic) or not (leptokurtic or platikurtic). Table 1 
summarizes these parameters for each variety of fibers. 


Table 1. Summary table of statistical distribution parameters 


a t 

Ph 


Ph 

O 

00 

£ 

£ 


a> 

H 


Ph 

O 


Ph 

o 


gjd 

Ph 

O 


Statistical 

Front Plan 

profile Plan 

Parameters 

ai 

a 2 

a 3 

a 4 

a 5 

bi 

b 2 

b 3 

b 4 

bs 

h 

0.154 

0,158 

0,173 

0,198 

0,232 

0,142 

0,151 

0,164 

0,186 

0,218 

o 

0.035 

0,028 

0,039 

0,047 

0,052 

0,046 

0,038 

0,032 

0,037 

0,041 

Yi 

1,167 

0,589 

0,696 

0,237 

- 0,063 

0,797 

1,407 

0,449 

0,115 

- 0,521 

72 

1,559 

0,466 

- 0,074 

- 0,875 

- 1,036 

0,080 

1,596 

0,056 

- 0,664 

- 0,508 

h 

0,171 

0,183 

0,206 

0,237 

0,288 

0,170 

0,177 

0,197 

0,220 

0,270 

o 

0,031 

0,031 

0,033 

0,038 

0,044 

0,035 

0,029 

0,031 

0,031 

0,035 

Yi 

0,100 

0,588 

0,362 

0,022 

- 0,187 

0,087 

0,509 

0,421 

0,105 

- 0,271 

J 2 

- 0,776 

0,148 

- 0,544 

- 0,391 

- 0,708 

- 0,979 

0,132 

0,713 

- 0,148 

0,266 

h 

0,193 

0,201 

0,221 

0,247 

0,297 

0,186 

0,195 

0,209 

0,232 

0,274 

O 

0,030 

0,035 

0,037 

0,039 

0,051 

0,035 

0,034 

0,035 

0,038 

0,043 

Yi 

0,248 

0,300 

0,279 

0,150 

0,235 

- 0,045 

- 0,245 

0,094 

0,291 

0,599 

Y 2 

0,126 

- 0,664 

- 0,810 

- 0,501 

- 0,338 

- 0,565 

- 0,614 

- 0,418 

0,016 

2,297 

h 

0,231 

0,245 

0,263 

0,296 

0,343 

0,216 

0,230 

0,251 

0,276 

0,314 

o 

0,043 

0,045 

0,048 

0,059 

0,054 

0,045 

0,042 

0,050 

0,060 

0,057 

Yi 

0,044 

0,460 

0,926 

0,590 

0,331 

- 0,275 

0,430 

0,804 

0,348 

0,122 

J 2 

- 0,766 

0,164 

1,388 

- 0,126 

- 0,300 

- 0,960 

0,323 

0,497 

- 0,478 

- 0,510 

h 

0,208 

0,218 

0,247 

0,275 

0,312 

0,202 

0,215 

0,234 

0,260 

0,306 

o 

0,047 

0,049 

0,050 

0,049 

0,051 

0,042 

0,051 

0,054 

0,047 

0,048 

Yi 

0,448 

0,359 

0,542 

0,240 

0,042 

0,289 

0,491 

0,553 

0,291 

- 0,326 

Y 2 

- 0,527 

- 0,595 

- 0,122 

- 0,478 

- 0,431 

- 0,350 

- 0,330 

0,092 

- 0,028 

0,118 


7 OPMF-Pe: Oil Palm Mesocarp Fiber of the Periphera 


Pissifera 


8 OPMF-Pi: Oil Palm Mesocarp Fiber of the Internal Pissifera 

9 OPMF-Te: Oil Palm Mesocarp Fiber of the Peripheral Tenera 

10 OPMF-Ti: Oil Palm Mesocarp Fiber of the Internal Tenera 

11 OPMF-Du: Oil Palm Mesocarp Fiber of Dura 
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The mean values and standard deviations in Table 1 show the existing disparity between the 
measures when going from one fiber to another partition. This demonstrates the interest of 
modeling distinguishing several different partitions (each partition is unique in its kind). 

The asymmetry coefficient values oscillate around zero; we can say that the distribution is centered 
in all partitions. 

Kurtosis also oscillates in almost all cases around zero; under these conditions, it can be said that 
the distribution of the geometric parameters of OPMF follows a normal distribution. So this 
distribution is mesokurtic. 

Distribution according to the Normal Law or Gauss-Laplace Law. Considering the foregoing 
conclusions about the nature of the distribution, we have built a density probability curve of Normal 
distribution for transverse dimensions of each partition of fiber defined by equation (7). 

We determined the number of class using equation (8): 


n — 1 + 3.3 Log N 


( 8 ) 


where n - is the number of classes; 

N - the number of samples. 

Having worked with 54 fibers per partition, equation (8) allows us to get 7 classes for each 
partition. 

For each partition, we plotted the Gaussian curve using the equation (7). Figure 10 is an example of 
a Gaussian curve to the transverse dimension of the internal a 3 Pissifera variety. The shape of this 
curve is generalized for other partitions. 



transverse dimensions a3 of the internal variety Pissifera 

Fig. 10. Gauss distribution curve of transverse dimensions a3 (section 3) of the internal variety 
Pissifera. 

Distribution parameters of front plan. Here we study the evolution of the transverse dimensions 
on the front plan. The distribution of Figure 1 1 shows how these data are changing along the fiber 
in each extraction zone. 
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position a; on the front plan 


Fig. 11. Distribution of dimensions of cross-sections ofOPMF in front plan. 


From the distribution of figure 11, it appears that the external fibers have smaller transverse 
dimensions than the internal fibers whatever the variety. This distribution on the front plan shows 
that the variety Dura is intermediate between Pissifera variety that has the lowest transverse 
dimensions and Tenera variety that has the largest dimensions. It is also noted that for all varieties, 
the profile evolves increasingly from position 1 to position 5 (from the tip of the fiber to the root) as 
one might have imagined by visual inspection. 

Distribution parameters of profile plan. We also conducted the study of the evolution of the 
transverse dimensions of the profile plan. The distribution of Figure 12 shows the distribution of 
these parameters. 



Fig. 12. Distribution of dimensions of cross-sections ofOPMF in profile plan. 


This distribution reinforces the thesis that the peripheral fibers have lower transverse dimensions 
than the internal fibers whatever the variety. In the profile plan too, the Dura range is intermediate 
between Pissifera variety that has the lowest transverse dimensions and Tenera variety that has the 
largest dimensions. Just as on the front plan, profile dimensions here are evolving increasingly from 
the head of the fiber (section 1) to the base (section 5). 

Aspect Ratio (Specific length) of the fibers. The specific length is an important parameter in the 
knowledge of plant fibers. From This parameter it can be concluded if the fiber is short, long or 
belongs to the family of particles. It describes the ratio of the length to the diameter by equation (9). 
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Specific length — l — ^ (9) 

where L - the length of the fiber in mm; 

d - is the diameter of the fiber in mm. 

Given the fact that the OPMF section varies along the fiber and is non-circular and taking into 
consideration that: 


a £ < a i+1 ; b t < b i+1 and a t > b t with i 6 [1; 5], 
We can write the equations (10) and (11) below: 


l-min h 
°s 


( 10 ) 

( 11 ) 


We summarized in Table 2 the average values of aspect ratio for each partition of fibers. 


Table 2. Table of average specific lengths ( aspect ratio ) 


Type of Fiber 

aim 

(mm) 

bsm 

(mm) 

Lm 

(mm) 

Imin 

Imax 

OPMF-Pe 

0,147 

0,218 

29,12 

133,578 

198,095 

OPMF-Pi 

0,171 

0,302 

29,23 

96,788 

170,936 

OPMF-Te 

0,194 

0,242 

24,65 

101,859 

127,062 

OPMF-Ti 

0,277 

0,341 

26,99 

79,149 

97,437 

OPMF-Du 

0,212 

0,306 

18,11 

59,183 

85,424 


According to the classification proposed in the literature, it is concluded in relation to the values in 
the table 2 that OPMF belong to the class of short fibers (50<L/D<\ 000). We also note that 
whatever the variety, internal fibers are far shorter than peripheral fibers. Tenera fibers are 
intermediate between Dura (the shortest) and Pissifera (the longer). 

Flattening rate of the fibers. The flattening rate also called circularity rate is an important 
parameter in describing the shape of the cross section of a fiber or particle. It is the relationship 
between two diameters measured along the same section as described by equation (12). 


r 



( 12 ) 


With r with the flattening rate, d and D are respectively the small and large diameter value of the 
same cross section in mm. 
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As part of our work, we calculate the average flattening rate of each cross section by equation (13). 


( 13 ) 


With T im , b im and a im respectively the average values of the flattening rate, the small diameter 
and large diameter section number i. 

We present in Table 3 the mean values of the flattening rate of five sections on which we performed 
the measurements for each partition of fibers. 


Table 3. Table of flattening rates per section 


N° of section 

1 

2 

3 

4 

5 

r/section 

Tl 

*2 

*3 

t 4 


OPMF-Pe 

0,922 

0,955 

0,947 

0,939 

0,939 

OPMF-Pi 

0,994 

0,967 

0,956 

0,928 

0,937 

OPMF-Te 

0,963 

0,970 

0,945 

0,939 

0,922 

OPMF-Ti 

0,935 

0,938 

0,954 

0,932 

0,915 

OPMF-Du 

0,966 

0,982 

0,943 

0,938 

0,936 

min value 

0,922 

0,938 

0,943 

0,928 

0,915 

max value 

0,994 

0,982 

0,956 

0,939 

0,939 

Standard 

Deviation 

0,022 

0,012 

0,004 

0,004 

0,009 


In view of the values obtained, we can say that the OPMF section is not circular (Tj A 1 Vi). This 
section, however, may be likened to an ellipse. 

Geometric Modeling. 

From the experimental data we have collected, we plotted curves materializing the profile of each of 
the fibers (Figure 13). We have subsequently shown in a graph the overall trend of the average 
profile of each partition of the fibers on the front plan (a) and the profile plane (b). 

We note that OPMF have a wider front plan than the profile plan. Moreover, the two plans seem to 
evolve in the same manner along the fiber. Generally, the internal fibers have a larger section than 
those of the periphery. 

Given the absence of data on the geometric model of this type of fiber, we performed a test of 
convergence with several mathematical functions. We got the best correlations (in the field of 
definition of fiber lengths) for the second-order polynomial model and the exponential model with 
two elements. 

Modeling with a second order polynomial function. Figure 14 below shows the case of modeling 
with a second order polynomial function to the fibers of the periphery of Tenera partition ( Te ) on 
the front plan (a) and side view (b). 
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Fzg. 13. Geometry of front (a) and side view (b) ofOPMF. 


Under these conditions, we considered: 

a(x) = /(x) — a 0 x 2 + a x x + cc 2 , (14) 

b(x) = iS 0 x 2 + /?iX + /? 2 (15) 

where a 0 , ai, ai, j3o, fh and (h - are constants. 

Table 4 summarizes the parameters of the polynomial model for the different partitions of the fibers 
on the front plan (a) and the profile view (b). 



Fig. 14. Geometric modeling by the polynomial function of the mean fibers of the periphery of 
Tenera partition. 
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Table 4. Parameters of the polynomial mathematical model of the geometry ofOPMF 



Type of fibers 

Model coefficients 

R 2 

RSME 



a 0 

a 1 

a 2 




OPMF-Pe-a 

9,43 e-5 

-5,49 e-5 

0,1540 

0,9999 

4,47 e-4 

S3 

CS 

OPMF-Pi-a 

1,15 e-4 

5,79 e-4 

0,1717 

0,9987 

2,38 e-3 

E 

-4-1 

OPMF-Te-a 

1,69 e-4 

-5,10 e-5 

0,1939 

0,9967 

3,36 e-3 

S3 

O 

u 

OPMF-Ti-a 

1,27 e-4 

6,46 e-4 

0,2322 

0,9985 

2,45 e-3 

fa 



OPMF-Du-a 

1,85 e-4 

2,51 e-3 

0,2066 

0,9968 

3,38 e-3 



do 

Pi 

di 




OPMF-Pe-b 

7,41 e-5 

4,10 e-4 

0,1427 

0,9989 

1,38 e-3 

£ 

OPMF-Pi-b 

1,19 e-4 

-1,54 e-4 

0,1709 

0,9944 

4,25 e-3 

> 

OPMF-Te-b 

1,41 e-4 

-2,09 e-5 

0,1873 

0,9959 

3,17 e-3 

ta 







O 

u 

OPMF-Ti-b 

8,16 e-5 

1,39 e-3 

0,2164 

0,9991 

1,68 e-3 

s. 



OPMF-Du-b 

2,54 e-4 

9,81 e-4 

0,2032 

0,9968 

3,29 e-3 


Modeling by an exponential function with two elements. Figure 15 below shows the case of the 
modeling by an exponential function with two elements for the fibers of the periphery of the 
partition Tenera (Te) on the front plan (a) and side view (b). 



Fig. 15. Geometric modeling by the exponential function with two elements of the average Tenera 
peripheric fibers. 


Under these conditions we have, 


a(x) = f(x ) = a' 0 e YoX + a\e YlX (16) 

b(x) — g(x) — /?' o e s ° x + d\ e SlX (17) 
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where a' 0 , a\, /?',/?', Yo> Yi> 8 0 and 8 1 - are constants. 

Table 5 summarizes the parameters of the exponential model with two elements for different fiber 
partitions on the front plan (a) and the profile view (b). 


Table 5. Parameters of exponential mathematical model with two elements of the geometry of 
OPMF 



Type of fibers 


Model coefficients 


R 2 

RSME 


a'n 

a\ 

Yn 

Yi 

a 

OPMF-Pe-a 

0,0481 

0,1058 

-0,0634 

0,0258 

0,9999 

0,0002 

-5 

On 

OPMF-Pi-a 

0,1393 

0,0314 

-0,0025 

0,0553 

0,9997 

0,0016 


OPMF-Te-a 

0,1327 

0,0605 

-0,0184 

0,0508 

0,9985 

0,0032 

O 

u 

OPMF-Ti-a 

0,2017 

0,0295 

-0,0014 

0,0599 

0,9997 

0,0017 


OPMF-Du-a 

0,0137 

0,1943 

-0,6626 

0,0259 

0,9992 

0,0025 



P'o 

P\ 


Si 



> 

OPMF-Pe-b 

0,1172 

0,0249 

-0,0033 

0,0515 

0,9999 

0,0006 

.2 

V 

OPMF-Pi-b 

0,1638 

0,0053 

0,0039 

0,0954 

0,9981 

0,0035 

QJ 

OPMF-Te-b 

0,1816 

0,0043 

0,0041 

0,1145 

0,9999 

0,0001 

O 

U 

OPMF-Ti-b 

0,0611 

0,1553 

-0,0352 

0,0231 

0,9992 

0,0022 

Mh 

OPMF-Du-b 

0,1825 

0,0198 

0,0013 

0,0987 

0,9994 

0,0019 


According to the correlation coefficients of the models tested (polynomial and exponential), we can 
say that these two models can describe with some accuracy the geometry of OPMF whatever the 
variety and the position of the latter. However, the exponential model with two elements appears to 
be more appropriate for its stability (the exponential function is monotonically increasing). So we 
have chosen the exponential model with two elements in the rest of the study. 

Evolutionary model of the fiber section. The fiber cross section is assumed to be elliptical and the 
profile is described by an exponential model with two elements, the equations (1) and (2) are used 
to write the model of the section. 


S{x) = \{ct! 0 e^ x + + p\e SlX ) (18) 


To simplify the calculations, we pose 


- A = a' 0 f 0 ] B = a' 0 p\) C = aff 0 ; D = afff with A, B, C et D E M 

K 0 — Yo F 8 0 , Ki — y 0 + 8 1 , K2 — Yi T 8 0 , — 7i + 81 with K 0 , K^, K2 et /f 3 EM 


The cross section ,S(x) of the fiber can be written: 


S(x) = ^ [Ae K ° x + Be* 1 * + Ce* 2 * + Be* 3 *] 


( 19 ) 
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The parameters of the section model for all five partitions are given in Table 6 below. 


Table 6. Mathematical model parameters of the cross section of OP MF. 


Type of 
fibers 




Model coefficients 




A 

B 

C 

D 

Ko 

K, 

k 2 

k 3 

OPMF-Pe 

0,005637 

0,001197 

0,012399 

0,002634 

-0,0667 

-0,0119 

0,0225 

0,0773 

OPMF-Pi 

0,022817 

0,000738 

0,005143 

0,000166 

0,0014 

0,0929 

0,0592 

0,1507 

OPMF-Te 

0,024098 

0,000570 

0,010987 

0,000260 

-0,0143 

0,0961 

0,0549 

0,1653 

OPMF-Ti 

0,012324 

0,031324 

0,001802 

0,004581 

-0,0366 

0,0217 

0,0247 

0,0830 

OPMF-Du 

0.002500 

0,000271 

0,035459 

0,003847 

-0,6613 

-0,5639 

0,0272 

0,1246 


Worth noting that the presentation of the results in Table 6 is based on average values. In practice, 
we researched the coefficients [(A, B , C, D)\ ( Ko , Ki, Ki, Ky)\ for each of the 270 fibers; i.e. 54 
fibers per partition. Thus the evolution of the section of each fiber should help in the counting of a 
single fiber tensile test by implementing the variation of the strain energy. 

The knowledge of the mean models of the section is also of some interest for the implementation of 
certain calculation theories [12-13] and the digital multi-scale modeling of composite that would be 
reinforced by OPMF. 

Summary. Our interest in this study was focused on the geometrical modeling of five fibers 
partitions from three varieties of palm nuts ( Tenera , Pissifera and Dura) cultivated in the Mungo 
division in Cameroon. It appears that whatever the varieties, the OPMF are short fibers having a 
flattened cross-section and assimilated to a variable ellipse along the fiber. The peripheral fibers (on 
the pulp) are thinner and slightly shorter than those near the shell. We have proposed a geometrical 
model of diameter evolution as a function of the length of both the front plan than profile plan in 
exponential form with two elements. We have also written the model equation of the cross section 
in exponential form with four elements. A statistical study on the fiber diameters concluded that 
each of these fibers is unique although data follow a normal distribution whose parameters have 
been defined. 
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ABSTRACT. Comparison of various assemblies of four -link structural group of 3 rd class with revolute joints on the 
transmission angle is performed. Equations of the trajectories of plug points of one of the groups of joint are obtained to 
determine transmission angles. Derived functions of these equations enable to determine the values of transmission 
angles for each assembly group. It is shown that only two assemblies of maximum possible assembling number of such 
group (six) have practical value. The solution of this problem was performed with the help of Mathcad program. 


Introduction. One of the criteria determined synthesis quality of planar linkage is a parameter, 
which characterizes the quality of power transmission by one link to another one. 

Historically, pressure angle according to the theory of mechanism in Russian scientific literature is 
taken as this parameter. It is the angle between the vector of power transmission and the velocity 
vector of application point of this power. 

The term “transmission angle” is often used in English literature. Transmission angle is the angle 
between the vectors of absolute and relative velocities of the common link points. For example, as 
for crank-rocker mechanism it is the angle between coupler and rocker. It is more difficult to 
determine this angle within mechanisms with the great number of links (for instance, between two 
couplers). 

It is well known, that these angles complement each other up to 0,5 n radian. 

Analysis of the recent research. In classical problem setting the task of synthesis of the planar 
crank-rocker mechanism was formulated as follows - to determine link lengths in terms of the 
given rocker rotation angle and to provide for minimal deviation of the transmission angle from 
90°. 

In other words, the first synthesis criterion is to provide for the given angle of rocker rotation when 
crank makes a complete turn. This task will be solved geometrically in [1] while designing the drive 
of ratchet-wheel where desired turn angle was formed by the end points of the rocker. Analytical 
definition of the dead rocker positions is given in [2] . 

The problem of determining of the transmission angle for crank-rocker mechanism was set and 
solved in 1972 in [2], however, the papers devoted to various aspects of this problem for relatively 
simple mechanism appears up to the present days [3, 4, 5]. 
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Formulation of work objectives. Therefore, the problem of estimation of this parameter for 
mechanisms with the complex structure especially for mechanisms of 3 rd class is of great interest. 

E.E. Peisakh in the paper [6] gives an example of determining six variants of four-link structural 
group of 3 rd class assemblies containing revolute joints. 

Visualization of this example was performed by one of the authors of this paper in [7] with the help 
of Mathcad program. It enables to evaluate approximately the values of the transmission angle from 
the coupler to the basic link within various assemblies. 

Statement of the basic material. Let’s take as an example mechanism (Fig. 1) containing four-link 
structural group of 3 rd class. This group was taken from [6]. It is shown that it has six variants of 
assemblies under the fixed position of its external joints. 



Research task is to determine the values of the transmission angles between coupler BC and basic 
link CDF for each of the possible assemblies which are the part of the given mechanism. 

Coordinates of the external linkage joint of the group: % = -10; y% =°; x e = 19 >5; = - 122 ; 

Xq =91,5; y G =-122. Other parameters of the group have following values: l 2 =78; =70; 

I4 =78; l 5 =70; Z 31 =135; Z 32 =70. 

Vector interpretation of the group links is given in Fig. 2. 
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Fig. 2. Vector image of the 3 rd class group. 

To determine the angles of the transmission angle let’s disconnect joint C. For each point of the 
plugs (C 2 within the link 2 and C 3 within the link 3) we can derive an equation of their trajectories. 

Radius circle l 2 with the centre in the point B will be the trajectory of the point C 2 . The trajectory 
of the point C 3 is determined by the four-link chain geometry EDFG. 

To obtain the trajectory of the point C 3 we use Freudenstein equation for jointed four-link chain [2]. 
For four-link chain EDFG it will be: 


cos((f >5 - 94 ) = cos 95 - k 2 cos 94 + . 


( 1 ) 


Coefficients of this equation have the values: 


k =— k =— k _ ^0 + ^4 + ^5 ^3 

1 V 2 V 3 2/ 4 / 5 


( 2 ) 


Using universal trigonometric substitution: 


2 tg 


sin9 4 


94 

2 and 


1 ~tg 


1 + tg 


2 94 


cos9 4 


2 94 


1 + tg 


2 94 


(3) 


And replaced: 


* 94 

x = ,g Y 


(4) 
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We obtain quadratic equation: 


A(tp 5 ) x 2 + fl(q> 5 ) x+ C(cp 5 ) = 0 . 


Coefficients of this equation are: 

A(tp 5 ) = -(l + ^j)cos(p 5 -k 2 -k 3 , 
B(cp 5 ) = 2sin(p 5 , 

C(cp5) = (l-^)coscp5 +k2~ki ) . 


(5) 


(6) 

(7) 

( 8 ) 


Solution of quadratic equation enables to find out two values of the angle 94 • From now on 
mathematical expressions are given in the form of Mathcad - 11 program fragments. 


f 

4 > 4a( < t ) 5 ) := 2atan 

V 
f 

: = 2atan 

v 

After that, we can obtain two vector values of the point C3. 

bal e's) := 1 4 e xp( < t ) 4 a( < > 5 ) i ) “ lo e xp(i P) - U-exp( i-<t> 5 ) 
bbl/t’s) := 1 4 ' ex P( < * , 4 b( < t , 5 ) i ) ~ 1 0 ex P^ P- ~ ex P( i <t> 5 ) 

<l> 3 a (<l> 5 ) := ^(bal't’s)) ^33(^5) = _80de g 

^Sbl^s) := ar s( 1 3b( < t > 5)) ^Sbf^s) = 161 509 deg 

tal^s) := Z E + 1 q ex p(i-P) + I5 exp( d> 5 i I + I3 j -exp[^( 4> 3a ( 4> 5 ) + a)-i] 

tbf't’s) := Z E + lo-eJcpli-P) + ^-expj <t> 5 -i ) + I3 j -expQ <t> 3b ( <t> 5 ) + a)-i] 

Two closed trajectories of the point C3 are as follows (Fig. 3 ). 


hH B N 2 - 4A N' c ('b) 

2a (* 5 ) 

N - ( b N 2 - 4 a(^H^) 
2a (* 5 ) 


(9) 


( 10 ) 
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-100 R e (l C b(4»5)),Re( 1 ca(4> 5 )) 


Fig. 3. Two possible trajectories of the point Cy. 

Equation of the point C 2 trajectory 

z( <j> 2 ) := 1 2'( cos l ^ 2 ) + lisin i ^ 2 )) 


(ID 


It’s easy to see that the circle with the centre in the point B (-10; 0) and radius l 2 =78 cannot have 
common points with the low trajectory. Thus, possible assemblies can exist only on the upper 
trajectory. Let’s draw the trajectory of the point C 2 . 



Fig. 4. On determining possible assemblies of 3 rd class group 


Therefore, there are four common points of trajectories in Fig. 4. They confirm the existence of six 
assemblies of the given group of 3 rd class The same result was obtained earlier by one of the authors 
of this paper and described in [7]. 

Table 1 below shows angle values, which determine the position of group links in various 
assemblies. 
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Table 1. Angle values determining group assemblies (radian) 


Assembly 

1 

2 

3 

4 

5 

6 

(P2 

3.72 

4.254 

4.646 

5.148 

5.82 

6.15 

<P5 

2.791 

1.592 

0.97 

5.438 

4.367 

3.591 


Let us put 


x(<|> 5 ) := Re ( I Cb(*5)) 


y(<|> 5 ) := Im(l Cb ((t) 5 )) 


( 12 ) 


These expressions are parametric equations of the trajectory point C 3 which parameter is the turn 
angle of the link 5. For the trajectory of the point C 2 analogue equations will be: 


x(*t>2 ) := Re ( z ( ^2)) y(<t>2) := 


(13) 


where the angle of the link turn 2 is a parameter. 

Let us determine the derived functions described the trajectories of the points C 2 and C 3 . 



d<t>2 


atan 


Re (z( < t> 2 )) 

dcp 2 



atan 


^n( 1 Cb( < t > 5 )) 

d<t>< 


l-ReflcbfOs)) 
l d *5 J 


(14) 


As is known, their values in the intersection points of trajectories are tangents of slope angles 
concerning trajectories. Tangent as for the trajectory of the point C 3 characterizes the line of action 
of the absolute velocity of point C. Tangent as for trajectory of the point C 2 is the line of action of 
the relative velocity of point C. The angle between these tangents is the transmission angle between 
couplers 2 and 3 of the mechanism. Its diagram is given in Fig. 1. 

Values of the acute transmission angles determined for six mechanism assemblies are given in the 
table 2. 

Rational values of the transmission angles [2]: 


40° <y <140°. 


Table2. Transmission angles J (degree) 
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Assembly 

i 

2 

3 

4 

5 

6 

y 

63.652 

18.886 

19.581 

32.703 

28.821 

57.241 


Summary. On the basis of the study the we can draw the following conclusions: 

- Only the first and the sixth assemblies of possible ones can be adaptable for given mechanism; 

- The four rest assemblies have only theoretical interest; 

- While synthesizing complex mechanisms, which can have various assemblies it is required to 
approach minimal number of assemblies where the probability of obtaining rational values of the 
transmission angle is higher; 

- If four-link group of 3 rd class has maximum number of assemblies (six) it is required to be at least 
one of the work drivers of the crank. 
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ABSTRACT. This study addresses the mechanics of a cracked cantilever beam subjected to a transverse force applied 
at it’s free end. In this Part A of a two Part series of papers, emphasis is placed on the development of a four -beam 
model for a beam with a fully embedded horizontal sharp crack. The beam aspect ratio, crack length and crack centre 
location appear as general model parameters. Rotary springs are introduced at the crack tip cross sections as needed to 
account for the changes in the structural compliance due to the presence of the sharp crack and augmented load transfer 
through the near-tip transition regions. 

Guided by recent finite element findings reported elsewhere, the four -beam model is advanced by recognizing two key 
observations, (a) the free surface and neutral axis curvatures of the cracked beam at the crack center location match 
the curvature of a healthy beam (an identical beam without a crack under the same loading conditions), ( b ) the neutral 
axis rotations (slope) of the cracked beam in the region between the applied load and the nearest crack tip matches the 
corresponding slope of the healthy beam. The above observations led to the development of close form solutions for the 
resultant forces (axial and shear) and moment acting in the beams above and below the crack. Axial force and bending 
moment predictions are found to be in excellent agreement with 2D finite element results for all normalized crack 
depths considered. Shear force estimates dominating the beams above and below the crack as well as transition region 
length estimates are also obtained. The model developed in this study is then used along with 2D finite elements in 
conducting parametric studies aimed at both validating the model and establishing the mechanics of the cracked system 
under consideration. The latter studies are reported in the companion paper Part B -Results and Discussion. 


Introduction. Over the last two decades, the frequency response [1-5] of a component or a 
structure has been used to assess “structural health” as one of several methods used in damage 
detection [6-13] and structural health monitoring. In most of such studies, the effects of damage on 
the structural frequency response has been explored using a cantilever beam geometry. With the 
above in mind, diffused damage detection studies have been developed [7-13] using optimization 
algorithms that minimize an “error estimate”. Typically, the employed “error estimates” are 
calculated by comparing the experimentally measured frequencies of the structure [8] to the 
respective frequencies predicted by a physics based model that solves a problem of the same 
structural geometry but with reduced localized properties at a prescribed location [9], Often, the 
optimization algorithms identify the model structure that best matches the experimental results, thus 
identifying the likely location and degree of structural damage manifested through the El, structural 
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stiffness reduction. For example, Xu et al. [8] developed a damage detection algorithm that 
monitors the changes in the first 10 transverse frequencies of a vibrating beam as a means of 
detecting the location and degree of damage along the axis of the beam as measured through a 
reduced localized structural stiffness. The promising outcomes of their initial studies have been 
validated through model experiments and have sparked new interest in expanding the studies to 
include detection of diffused damage in more complicated structures such a frames and bolted joints 
[11-15], 

While the above efforts address damage assumed to be diffused over a prescribed region, in recent 
years a few studies have attempted to address the effects of sharp cracks on the modal response of a 
structure [16-27], a few of which employ basic fracture mechanics concepts [22-27]. Such studies 
require prior knowledge of the fracture mechanics stress fields and related stress intensity factors. 
The near-tip fracture quantities are thought to be required in assessing the energy changes due to the 
introduction of a crack and the related changes in the structural compliance or associated stiffness 
changes induced by the presence of a sharp crack. As a result, fracture mechanics based studies 
have been limited to systems with edge cracks for which the stress intensity factors [28-32] 
dominating the crack tip region is known. Furthermore, most such studies also assume the presence 
of a mode I “breathing” crack thus preserving the linearity of the system that would otherwise be 
violated due to non-linear crack surface contact effects. More recently, Jing et al. [27] employed a 
variation of the model presented in this work in obtaining the natural frequencies of a cantilever 
beam containing a horizontal crack capable of relative crack surface sliding but not opening. 




Fig. 1. Normalized top surface beam 
curx’atures for a healthy and cracked beams 
generated using 2D finite elements. 


Fig. 2. Normalized (a) deflections, (b) slope 
and (c) curvature differences between a 
cracked and a “healthy” beam subjected to an 
end loading P . 


Recently, Two-Dimensional (2D) Finite Element (FE) studies [33-35] on the cantilever specimen 
shown in Figs. 1-4, suggest that predominately mode II conditions dominate both crack tip regions 
for a fully embedded horizontal sharp crack subjected to the loading conditions shown in Fig. lb. 
As such, and under ideally flat crack surface condition, surface contact should minimally affect the 
overall load transfer and deformation mechanics of the specimen shown in Fig. 3. Furthermore, 
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finite element findings reported in [33, 34] (see Figs. 1-3) led to the following two key 
observations; (a) the free surface and neutral axis curvatures of the cracked beam at the crack 
center location match the curvature of a healthy beam, i.e., an identical beam without a crack under 
an end force condition, and (b) the neutral axis rotations (slope) of the cracked beam in the region 
between the applied load and the nearest crack tip matches the corresponding slope of the healthy 
beam. 

Guided by the above finite element findings, in this study a four-beam model [33] is developed in 
an effort to establish simple but effective physics based models capable of predicting the load 
transfer and deformation mechanics as well as the near tip fracture conditions, the frequency and 
modal response of structures with fully embedded cracks of the type shown in Fig. 4. The 
development of the four-beam model shall be presented next. 


(a) 


Top surface 


= 0.5h 


Deformed Mesh 



x/L 
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Beam 2 


Beam 3 



Fig. 3. Normalized curvature differences between a 
cracked and a healthy beam extracted for the top beam 
surface using 2D finite element models. In this 
simulation for the cracked beam, a horizontal sharp 
crack of normalized length 2 a = 0.1 5L was placed at 
the center of the beam as shown in (a) above. The beam 
aspect ratio used was h/L = 0.2 . The results support 
the existence of transition regions of equal length 
at the left and right crack tips. 


Fig. 4. Schematics highlighting the four beam 
model development. Rotary springs are 
introduced at the interfaces between beams 1 
and 2, 2 and 4, 1 and 3, and 3 and 4. (a) A 
schematic showing the geometry and boundary 
conditions applied on the cracked beam, (b) 
The identification of the four beams, (c) The 
four beams connected through rotary springs at 
their interfaces. 


Development of the four-beam model. The results presented in Figs. 1-3 were obtained as part of 
a broad finite element study aimed at establishing the deformation and fracture mechanics of a 
cantilever beam containing a fully embedded sharp crack positioned at any admissible location and 
orientation within the beam domain. The results of those studies are reported in greater detail 
elsewhere [33]. In Fig. 1, the curves shown represent the curvatures of a healthy and a cracked 
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beam extracted from respective finite element models at the top beam surfaces. As indicated in Fig. 
1, the results correspond to a beam of aspect ratio LI h = 5 , with the cracked beam containing a 
horizontal through thickness sharp crack of length / = 0.075 L located at the center of the beam at 
x c = 0.5L. The curvature results for the healthy beam i.e., a beam without a crack but otherwise 

geometrically identical to the one with the crack, are represented by the rectangular open symbols. 
As expected, away from the ends, the healthy beam curvatures form a linear profile with position x 

consistent with the bending theory prediction of d"yl dx = Mix) I El , where y{x) represents the 
deflection of the beam neutral axis, M(x) is the bending moment at location x, E is the elastic 
modulus and I is the second moment of inertia with respect to the bending axis. On the other hand, 
the top surface curvatures predicted for the cracked beam are shown using the solid blue symbols. 
As shown in Fig. 1, the curvature results for the cracked beam deviate from those of the healthy 
beam only in the crack region exhibiting a sinusoidal-like profile over a distance A that appears to 
be approximately two to three times the crack length size. Most importantly for this study, one 
observes that the curvature of the cracked beam intersects the healthy beam curvature profile at the 
center of the crack consistent with Figs. 1-3. This observation has been validated through broad 
parametric studies reported in [33]. In fact, the observation has been found to hold true for curvature 
estimates for the top and bottom beam surfaces as well as for the mid-planes above and below the 
crack in the crack region. Informed by the above observations, the following hypothesis used in 
constructing the proposed four-beam model is put forward. 

Proposed deformation hypothesis. For any cantilever beam system containing a horizontal sharp 
crack and subjected to an end transverse loading, the curvatures of the mid-planes above and 
below the crack match the curvature of the healthy beam at the crack center location. 

Guided by the above observation, let’s consider the cracked cantilever beam shown in Fig. 4a. The 
beam has a length L , height h while containing a horizontal sharp crack of length / = 2a located at 
position x c from the fixed end at depth /?, from the top surface. In this study, the above domain is 

divided into four sub-domains, each forming a beam as shown in Fig. 4b labeled Beam-1, Beam-2, 
Beam-3 and Beam-4. As will be discussed later on in this work and as suggested by finite element 
studies reported in [33] and in Figs 1-3, a transition region exists between Beam-1 and Beams 2 and 
3 at the left crack tip and the same Beams 2 and 3 and Beam-4 at the right crack tip. While the 
effects of the transition regions will be incorporated into the four-beam model, at present we shall 
focus on the mechanics of Beams 2 and 3 since their response appears to be directly linked to the 
deformation hypothesis stated above. More specifically, let’s consider the beam free body diagrams 
shown in Fig. 5. 

As shown, at the crack center cross sections, Beam-2, i.e., the beam above the crack plane, is 
subjected to an axial force resultant N t , shear force resultant V, and bending moment resultant M,. 
Similarly, Beam-3 also referred to in this study as the bottom beam denoted by a subscript b, is 
subjected to force and moment resultants Nb, Vi, and Mb respectively. Meanwhile, Section/Interface 
1, which is the left end of the top beam, is subjected to the force and moment resultants Ni, Vi and 
Mi whereas the right end of the same beam is subjected to Nz, Vi and AT? at Interface 2. Similarly, 
the bottom beam or Beam-3 is subjected to end forces and moments Ns, Vs and Ms at 
Section/Interface 3 and N 4 , Vs and Ms at Section 4 as shown in Fig. 5c. 

Based on the proposed deformation hypothesis, the curvature of Beams 2 and 3 at the center of the 
crack should be equal to the curvature of the healthy beam, i.e., 
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d~y 2 

dx 2 


d 2 y 3 

dx 2 


d y 

— — at x = x r 
dx 2 


( 1 ) 


where y 2 (x ) - is the mid-plane deflection of Beam 2; 
y 3 (x) - is the mid-plane deflection of Beam 3; 
y(x) - is the mid-plane deflection of the healthy beam. 




Fig. 5. Schematics used in the development of the analytical model capturing the mechanics of the 
beams above and below the crack, i.e., Beams 2 and 3 shown in Fig. 4. (a) The cracked beam with 
Beams 2 and 3 highlighted cdong with Interfaces 1-4. (b) A section through the center of the crack 
exposing the force and moment resultants acting in the “top” and “bottom” beams, (c) Free body 
diagrams of the left and right half of the “top ” and “bottom ” beams, exposing the resultants acting 
at their corresponding Interfaces 1-4. 


Consistent with beam theory [36-37], it can be shown that the above differential equations can be 
expressed in terms of the bending moments acting in each beam at the cross section of interest and 
the bending stiffness El for each beam, i.e., 


Af = M^ = Af 
El, El b El 


( 2 ) 


where the subscripts t and b denote quantities for the top (Beam 2) and bottom (Beam 3) beams 
respectively. 

The above simple equations for the moment resultants at the center of the crack are general, in that, 
they yield the moment resultants in the top and bottom beams at the center of the crack as a function 
of the bending moment experienced by the healthy beam at the same location, i.e., 
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M, =jM c and M h = l - I j-M c 


(3) 


where for a downward load P the bending moment at the crack center location in the healthy beam 
is M c = -P(L - x ) . With the bending moments acting in the top and bottom beams know, an 

expression for the axial forces Nt and Nb is then obtained through a global moment equilibrium 
enforced over the right half of the beam (see Fig. 5b), such that, 


TM C = 0 yields N t ^- — N b — -M t — M b + M c = 0 (4) 

Force equilibrium in the x direction for either half of the beam shown in Fig. 5b results in the 
obvious outcome that the axial force in the bottom beam should be equal and opposite to its 
counterpart acting in the top beam, i.e., N b = —N t . The latter finding along with Eqns (3) and (4) 
yield a general expression for the axial forces N, and Nb as follows, 


N h = 


= 1 


It+Ibs 


(5) 


where /, l t and h, are the second moments of inertia with respect to the bending axis of the healthy 
beam, top beam or Beam-2 and bottom beam or Beam-3 respectively; 

h - is the beam height 

M c - as before is the bending moment acting at the crack center location in the healthy beam. 

Further enforcing force equilibrium in the y direction for either half of the beam shown in Fig. 5 
yields, 


V,+V b =P 


(6) 


Now, by enforcing force and moment equilibrium within the top and bottom beams shown in Figs. 
5c and 6a, one can easily establish the following relations between the cross sectional resultants 
acting at the beam interfaces 1, 2, 3 and 4 shown in Fig. 5c, 


N,=N, 

v,=v t 

M x =M t - V t a 


N 2 =N, 

V 2 =V, 

M 2 =M t +V t a 


N 3 =N b 

v 3 =v b 

M 3 = M b - V h a 


=N b 

v 4 =v b 

M a = M b + V b a 


(7) 


The above analysis suggests that in the presence of a horizontal crack, load transfer across the 
cracked cross section is enabled by the development of a force couple subjecting the beams above 
and below the crack into compression and tension respectively for an upwardly applied load P. 
Meanwhile, the same beams experience a linearly varying bending moment between Interfaces 1 
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and 2 for the upper beam and 3 and 4 for the lower beam. In the same interval, and over the length 
of each beam which is equal to the length of the horizontal crack, both the axial and shear resultant 
forces N(x) and V ( x ) remain constant and equal to the values attained at the crack center cross 
sections. Thus far, the shear force resultants V t and V b dominating the top and bottom beams are the 
only remaining unknowns in determining the load transfer mechanics across the beam crack region. 
These quantities are established below along with other problem variables using beam compatibility 
conditions. 

Beam compatibility conditions. Compatibility conditions are required in enforcing displacement 
and cross sectional rotation conditions at the interfaces between two beams. It is common to cast a 
beam problem using the second order differential equation of the elastic curve of the beam along 
with deflection and beam slope boundary and matching conditions. In this study, for simplicity 
purposes we shall employ the method of linear superposition in addressing the deformation 
mechanics of the four-beam model presented in Fig. 4. More specifically, in this formulation each 
beam will be treated as a Timoshenko beam thus accounting in the general formulation for shear 
effects. The deformation of each beam (deflections, cross sectional rotations and slope of neutral 
axis, will be accounted for by superimposing the local deformations of a cantilever beam subjected 
to end transverse force V and moment M shown in Fig. 6b, to the deformations caused by the 
deflection and rotation of the “fixed” attached to its adjacent deforming beam. In doing so, the 
deflection 8 , cross section rotation (p and slope of the neutral axis 3 at the free end of a typical 
Timoshenko beam shown in Fig. 6b will be used. For a beam of constant cross section, 
homogeneous material properties and the loading shown in Fig. 6b, the above quantities are given 
by [37], 


8 

<P 

8 


VL _ VL ML 1 
3 El kAG 2 eT 


Deflection at Free End 


^ _ Rotation of Cross Section at Free End 

2 El El 


VL ML V 
2EI eT MG 


- Beam Slope at Free End 


( 8 ) 



y 



V 



A Timoshenko Beam '' 

6 is the slope of the beam 
<p is the rotation of the cross section 



Fig. 6. (a) A free body diagram of the left half of the “top ” beam or Beam-2 showing the force and 
moment resultants acting at interface 1 and mid-section at the crack center. The above schematic 
along with similar schematics shown in Fig. 5 were used in obtaining the equilibrium equation (7). 
(b) A Timoshenko cantilever beam subjected to end transverse force V and moment M loading. The 
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deformed configuration is drawn to distinguish between the beam slope 3 at the free end and the 
rotation of the cross section denoted by used in the compatibility equations. 


Where the Timoshenko constant k [38] appears to influence the deflection 8 and slope 9 , but not 
the rotation of the cross section measured by . For clarity purposes, it may be important to note 
that in a Euler-Bemoulli [39] beam, the deformed cross section remains perpendicular to the neutral 
axis and thus its rotation is equal to the slope of the beam. However, due to shear effects, in a 
Timoshenko beam the normal to the deformed cross section may not align with the deformed 
neutral axis and thus (p may not be equal to 3 as suggested by Eqn. (8) above and shown 
schematically in Fig. 6b. With the above in mind, the compatibility at beam interfaces put forward 
below will be enforced on the cross sectional normal tp and not on the beam slope 3 which may 
exhibit discontinuities at beam interfaces due to shear effects. 

Introduction of “ Transition Regions Supported by 2D finite element studies [33], a key 
contribution of this study is the hypothesis that load transfer through Interfaces 1 through 4 shown 
in Fig. 5b, takes place in a more convoluted manner within relatively confined transition regions at 
each of the four-beam interfaces as shown schematically in Figs. 4, 7 and 8. In fact, as will be 
discussed in this section, the load transfer mechanics through the transition region are shown to 
result in additional rotations of the cross sections at the crack tip which in this study are captured 
through rotary and Timoshenko shear springs. 

For example, as shown in Fig. 7, the right edge of “Transition Region” 1 is subjected to force and 
moment resultants which can be calculated in terms of N t ,V t ,M t as discussed above. 

Meanwhile, the left edge of the transition region at cross section A located at a distance Aa from 
the left crack tip ought to be subjected to either the deformation or traction conditions obtained 
through the beam bending theory as shown in Fig. 7. The force and moment resultants acting on the 
left edge of the transition region can thus be calculated using the normal and shear stress profiles at 
Section A as follows (see Fig. 7). 


K= w j* o- x (y)dy 



K= w J Tjy)dy = 

KH 

h 

y ~2 

M' a = w J ya x (y)dy 


- — 1 (h - h )wh 
2 / ' ' 


YA 

21 


( 7 3 

6 4 

V /l r J 



(9a) 


(9b) 


(9c) 


When comparing the above results to those given by Eqns (3), (5) and (7), one realizes that 
appreciable gradients in the axial, shear and bending moment resultants must exist in the transition 
region. For example, the bending moment at A can be expressed in terms of the bending moment at 
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the crack center location M c , the applied force P and the distance from the crack center (see Figs. 7 
and 8) such that, 


M a -M c - Pa{ 1 + X) 


( 10 ) 


where as before M c is the bending moment acting at the crack center location in the healthy beam; 

P — is a downward transverse load as shown in Fig. 4; 
a - is half the crack length; 

A a - is the length of a transition region as shown in Figs. 7 and 8. 

With the aid of Eqns (5), (7) and (9), one can show that 

= + and 

MX -M x = -Pa(l + X)‘j + V t a (11) 


In the case when the horizontal crack is located on the mid-plane of the healthy beam, i.e., h t — 
h b = h/2 it can be shown that V t — V b — P/2 and thus the axial force and bending moment 
differences between the quantities at cross section A and Interface 1 are calculated through Eqn. 
(11) to be, 

NX -N 1 = \P\(\+X) and Afj - M, = ^(3 — A) (12) 


In the case of A—>0, the above equations suggest that both the force and moment resultants 
transferred through the mid-plane of the beams above and below the crack plane would exhibit 
inadmissible discontinuities in the absence of any external load changes. In fact, in accordance with 
Eqn. (12) under the condition of A = 0 , i.e., absence of any transition region, the force and moment 

discontinuities also shown schematically in Fig. 7, are predicted to be N‘ a - =3Pa/2h and 

M t A -M l =3Pa/8. These findings form the foundation for the introduction of the transition 
regions shown in Figs. 7-9. 

While the presence of the transition regions would allow the smooth transition of the force and 
moment resultants from the healthy beam response at section A to the cracked beam mechanics 
predicted in the crack region, their presence also has a profound effect on the deformation and 
fracture mechanics of the cracked beam. 

In order to better understand the effects of the transition region on the overall beam deformation 
mechanics, let’s consider the axial force and bending moment profiles presented in Fig. 7. The 
bottom half of the above figure shows a section of the beam in the crack region above the neutral 
axis of the healthy structure. It includes the left half of the top beam above the crack, or Beam-2 as 
well as its adjacent transition region labeled as “Transition Region 1”. The transition region is of 
length a with a being the half crack length. At Interface 1, the resultant forces and moment 
applied at the mid-plane of the top beam are N v V 1 and M l . At the left edge of Transition Region 1, 
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the resultant forces and moment N‘ a ,V a and M' a are obtained with the aid of Eqn. (9). Profiles of the 
axial force and bending moment predicted by Eqns (9) through (12) are sketched on the top half of 
Fig. 7. The profiles shown in solid black lines are predicted using Eqn. (9) for the healthy beam 
whereas the solid blue line profiles are those obtained with the aid of Eqns (3) through (7) for the 
crack region. As shown, at Interface 1, the moment and axial force predicted at the left edge of 
Transition Region 1, i.e., as A -> 0, do not match those predicted by the crack beam model at 
Interface 1. As discussed earlier, the existence of the transition region is required for the smooth 
force and moment transition between Section A and Interface 1. 



Fig. 7. Schematics showing the profiles of the 
bending moment and axial force transmitted 
through the mid-plane of the beam region above 
the crack plane. The linear profiles on the top left 
are consistent with the beam theory for the 
“healthy” beam. The heavy blue lines on the top 
right represent the profiles predicted by the 
model developed in this study (see Eqns (3) and 
(5)). The two results do not match at interface 1 
leading to the conclusion that transient profiles 
are required for the smooth transition between 
the two profiles. In this study it is postulated that 
the discrepancy between the two profiles leads to 
the development of “extra rotations ” in the 
transition region accounted for through rotary 
springs employed in this study. 


Fig. 8. Schematics showing the relative axial 
deformations and cross sectional rotations of 
reference points along the mid-planes of the 
“top” and “bottom” beams including their 
adjacent transition regions. Points A t -» 1 -> 
2 -* B t shown in (b) deformed to locations 
A t -> l' h -> 2' h -* B' t in the “ healthy ” beam 
whereas in the “cracked” beam they deformed 
to locations A t -> l' cr — > 2' cr — > B' cr as shown in 
(a). Similarly, points A b -> 3 4 B b 

deformed to A b -* 3' h -» 4' h -> B' b in the 
“healthy” and to A b -* 3’ cr -» 4’ cr — > B b in the 
“ cracked ” beams respectively. The above 
schematics cdso highlights the accumulation of 
“extra” rotations <Pi/ A and (p 3 / A in the left 
transition regions which are offset by “extra 
rotations” Tb/2 and <Pb/ 4 in die right 
transition regions. 
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Fig. 9. The compatibility paths followed through the “top ’’ and “bottom ’’ beams in establishing 
angle of rotation and deflection compatibility conditions from reference section A to reference 
section B. Also shown are Transition Regions 1-4. 


It is reasonable to assume that both the force and moment transitional profiles would be of the 
general type shown by the transitional profiles in dash black lines in Fig. 7. Under such conditions, 
reduction in both the force and moment resultants relative to the healthy beam, would result in 
lower axial strains along the mid-plane of the transition region and thus a comparatively lower 
extension of the transition region mid-plane relative to its healthy counterpart. This would appear in 
the cracked beam as a change in the rotary compliance giving rise to an additional angle of rotation 

<p x/A at Interface 1 as shown schematically in Figs. 7 and 8. A similar load transfer and deformation 

mechanism would exist in Transition Region 3 connecting Section A to the left end of the bottom 
beam at Interface 3. However, the axial force in the bottom beam being the opposite of that 
dominating the top beam would result in an added rotation in the same sense as that for Interface 1. 
The actual amount of added rotations should depend on the extent and thickness of the transition 
region and should be proportional to the cross sectional resultants N l ,V l mdM l . Since the axial 
force N x = N, with N t linearly depending on M t through Eqn. (5), while M x and M t are linearly 
related through V t and a in Eqn. (7), the following rotary and shear deformation equations are 
proposed for each transition region, 


<»i/ 4 = ant | S U a= ^ For Transition Region 1 

1/A <£/, 1M k t G\ 


(13a) 


( 0 7IR = <3 = ^ 2 ^ For Transition Region 2 

12111 K?EI t 21,1 k, GA, 


(13b) 


(p v A = and 8 ua = For Transition Region 3 


K " El h 


k b GA h 


(13c) 
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Vmb 


M 4 Aa 

K™EI b 


and 


V 4 Aa 

" KG\ 


For Transition Region 4 (13d) 


where k™ and k™ are the normalized rotary spring stiffness constants to be determined through 
compatibility conditions; 

k t and k b are Timoshenko shear constants for the top and bottom beams respectively. 

In postulating the above relations, it was assumed that the rotary and shear spring constants for 
Interfaces 1 and 2 are the same as well as those of Interfaces 3 and 4. It may be of importance to 
note that due to the anti-symmetry of the force and moment resultants jumps between Sections A 
and Interface 1 at the left crack tip and Interface 2 and Section B at the right crack tip as shown in 
Fig. 8, the added rotations capture by the above equations and occurring in Transition Region 1 
would be offset by the added rotations at Interface 2 induced by the load and deformation 
mechanics in Transition Region 2. In fact, this observation has been validated using 2D finite 
elements and will be used as one of the compatibility conditions needed to determine the rotary and 
shear spring constants. 

The above observation is further clarified with the aid of Figs. 8 and 9. In the above figures, 
emphasis is placed on the axial deformation of two reference lines, i.e., the mid-plane line segment 
of the top beam passing through the reference points A t — » 1 — » 2 —> B t and its bottom beam 
counterpart passing through points A h — > 3 — > 4 — > B b . The red solid symbols represent the 

deformed position of the respective points in the cracked beam if the reference line was to stay 
straight whereas the open white symbols represent the corresponding deformed location of the same 
reference points in the healthy beam. In Fig. 8, all deformations are sketched relative to those at a 
reference cross section at A . For a downward applied load P the “beam” above the crack is 
subjected to tension whereas the one below the crack is subjected to compression. Consistent with 
the gradient force and moment profiles shown in Fig. 7 and discussed above, the line segment 
Af — > 1 in Transition Region 1, would stretch less than its healthy beam counterpart. Thus the 

relative cracked beam and healthy beam deformed states are different as denoted by the Y cr and \' h 

positions with the latter being further to the right. Since no overall tension is applied to the beam 
structure, the neutral axis of the healthy beam would remain inextensible. When connecting the 
deformed reference points of the cracked beam and the healthy beam to their neutral axis 
counterpart a differential <p XIA angle of rotation is obtained when comparing the cracked and 
healthy beam systems. As discussed above, this rotation is postulated in this study to depend 
linearly on the cross sectional moment resultant M x , the transition region length Aa , while 
inversely proportional to an effective bending stiffness EI t multiplied by a proportionality constant 

K™ given by Eqn. (13a). Interestingly enough, a similar effect appears at Interface 3 through the 
compression and reduction of length arguments for line segment A h — > 3 in Transition Region 3. In 

both instances, changes in the effective rotation of Interfaces 1 and 3 relative to the rotation of the 
healthy beam are predicted. At this stage, it is not apparent as to whether the predicted extra 
rotations cp llA and cp 3jA are related to each other and what that relationship is. As such, (p 3/A is 

postulated to be proportional to the moment resultant M 3 at Interface 3 and inversely proportional 

to the effective bending stiffness k 3 El h . 
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While a differential rotation between the healthy and the cracked beam is predicted at Interfaces 1 
and 3, it can be shown that the line segments 1 — > 2 in the beam above the crack (top beam) and 
3 —> 4 in the beam below the crack (bottom beam) experience identical stretching or shrinkage in 
the cracked and healthy beams. This can be proven by integrating the axial strain £ x {x, y) along the 
respective paths in the cracked and healthy beams such that, 


r x ~ x 2 cr 
'x=x 1 x 



h-h, 


L ) dx = l 


X=X 2 h 

X=X X X 




(14) 


In light of the above, the differential rotations between the cracked and healthy beam associated 
with Interfaces 1 and 3 remain as such at Interfaces 2 and 4. However, given the anti-symmetry of 
the force and moment resultant difference between the healthy and cracked beams relative to the 
crack center, differential rotations take place in Transition Regions 2 and 4 in the opposite sense of 
those occurring in Transition Regions 1 and 3 fully offsetting one another at reference point B as 
suggested by the 2D Finite Element results reported elsewhere [33] and in Fig. 2. In this study, the 
transition crack lengths in all four transition regions are assumed to be equal while making the 
added rotations to be linearly dependent on the respective bending moment resultants as reflected 

by Eqn. (13). All rotary spring stiffness proportionality constants, i.e., a:"' and k™ along with the 

transition region length parameter are to be determined through the compatibility conditions 
which shall be implemented next. 

Compatibility of cross-sectional rotations. Cross sectional rotation and neutral axis deflection 
compatibility shall be enforced between Sections A and B following two separated paths along the 
top ( A — >1 — >2— >5) and bottom (A— >3— >4— >5) beams as shown in Fig. 9. More specifically, 
for compatibility purposes, it is required that, 


<Pb=<Pa+ <Pua + (Pin + <Pbi i = ( Pa + (Pm a + <Pm3 + Vbia ( 15 ) 


where <^ A and <p B are the rotations of Sections A and B respectively while <p UA , <p vx and (p Bjl 

represent the relative rotations between Sections 1 and A, 2 and 1, and Rand 2 respectively as 
shown schematically in Fig. 10. 

The above equation is equivalent to state that qf b/a = (p b r/a , or the change of the cross sectional 
rotation from A and B calculated through the mechanics of Transition Region 1, Beam-2 and 
Transition Region 2 should be identical to that calculated through the mechanics of Transition 
Region 3, Beam-3, and Transition Region 4. Thus, after eliminating ^appearing at both sides of 
Eqn. (15) the above compatibility equation simplifies to, 


(PVA + <Pll\ + (PB ! 2 “ tyVA + (P\!2 + (pB/A 


(16) 


As discussed earlier in this study, when a Timoshenko beam is used, the rotational compatibility 
condition is imposed on the rotation of the cross section and not the slope of the beam consistent 
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with Eqn. (8). The individual terms appearing in Eqn. (16) can be obtained using the postulated 
transition region equation (13) and the Timoshenko beam equation (8) as follows, 


(Pi! A ~ 




Vbi: ~ 


M { Aa 

<EI, 

V 2 (2 a) 
2EI, 

M 2 Aa 
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M 2 (2a) 

Ef 


and 
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M 3 2a 

< El, 

_V 4 (2 a) 2 M 4 (2a) 

2 EI h + EI h 


Pb / 4 


M 4 2a 

<El b 


(17) 



Fig. 10. The deformed neutral axis of a “continuous” beam from the reference cross section A to 
the reference cross section B highlighting the relations between cross sectional rotations and 
deflections along the compatibility path A t — » 1 — » 2 — >• shown in Figs. 8 and 9. 


In the above equations, the assumption was made that at ," = k 2 and k™ = k 4 . When substituting 
Eqn. (17) into (16), the following relationship is obtained, 


M t 2a 
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M h 2a 
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+ 1 

J 


(18) 


Now utilizing Eqn. (2), i.e., M t l I t = M h ! Ib = M c II, the above relation yields, 


MMSE Journal. Open Access www.mmse.xyz 

145 


Mechanics, Materials Science & Engineering, July 2016 - ISSN 2412-5954 


kT = k'I 1 


(19) 


Compatibility of deflections. Assisted by the deformation schematic shown in Fig. 10, the 
deflection at section B of the cracked beam can be obtained using the principle of linear 
superposition as follows, 


8 b = 8 a + 8 1 / a + (p x/ a {2 + A)a + 5 2 /i + cp 2 / i2a + 8 B / 2 using the A-> 1 2 -> 5 path 

or (20) 

8 b — 8 a + 8 2 j a + (p 2 j A {7. + A)u + <!> 4/3 + (p^/ 2 Aa + 8 b j a using the A— > 3 —> 4 — * B path 


The relative deflections s UA , S VA , S Bjl and S B/4 are related to the load transfer and deformation 

mechanics within the four transition regions. As discussed earlier in this work, the axial force and 
bending moment transition region effects lead to a postulated change in the angle of rotation at 
Interfaces 1 through 4. As such, the relative deflection due to shear in the same transition region 
should be related to the application of the total resultant shear force which in the system under study 
equals the applied load P . Thus, the relative deflections at the mid-plane at Interfaces 1 and 3 at 
the left tip and Interfaces 2 and 4 at the right crack tip ought to be equal and most likely given by 

the Timoshenko shear term. In any case, since S VA = S 3IA and S BI2 = 8 m , the deflection 
compatibility condition must take the form, 


t _ b 

B/A ~ BIA 


( 21 ) 


which can be expressed as follows, 


(P\i A (A + 2)rz + <5*2/1 /i / (^ — ^ > 3 /a( / ^' 2)cz + ^4/3 + ^ 4/3 da (22) 


Again using the Timoshenko formulas given in Eqn. (8), the individual terms appearing in Eqn. 
(22) are given in terms of the cross sectional resultants and beam geometry and structural stiffnesses 
as follows, 
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where k, and k h - are the Timoshenko constants for Beam-2 and Beam-3 respectively. 

By substituting the rotations and deflections given by Eqn. (23) into their respective equivalents in 
(22) and by making use the moment relations given in Eqn. (7), we arrive at the following 
deflection compatibility equation, 
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It has already been established that ^ ™ (see Eqn. (19)), and given the fact that 

M, / 1, = M b / lb = M c / / , the above equation further simplifies to the following shear force ratio 
equation. 


V, 

V b 


1 1 K \ 


1 T(2 + T) + 2(l + T)+ 2 


k h A, 


a 


Ib — T(2 + 2) + 2(l + T)+ — 

< k, A, a 2 G 


(25) 


It is obvious that in order to establish the above shear force ratio, ™ and need to be determined 
through additional conditions as will be discussed below. However, it is worth noting that when 
ignoring the Timoshenko shear effects, i.e., letting k, and k h —>oo, then the following simple form 
for the shear force ratio is obtained, 


V t 




h 

h 


(26) 
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It is also noteworthy to observe for systems in which the crack is on the beam neutral axis (i.e., 
/z, = h 2 ), both Eqns. (25) and (26) predict that the shear force ratio between the shear resultants in 
the top and bottom beam is v t V b = l and thus from the global equilibrium enforced by Eqn. (6), it 
can be shown that v t =V b = PIT.. As will be discussed later, shear force predictions obtained by the 
present model were found to compare very well with 2D finite element results. 

Calculating the normalized 

rotary spring stiffness. Of the two remaining unknowns, i.e., ™ and , the normalized rotary 

spring stiffness ^can be estimated using the second key observation from 2D finite elements (see 
Fig. 2), i.e., the neutral axis rotation (slope) of the cracked beam in the region between the applied 
load and the nearest crack tip matches the corresponding slope of the healthy beam. The above 
observation leads to the following condition, 


<P 


B/A 


= (P 


B/A 


(27) 


where the superscripts ) cr and ) 1 denote quantities for the cracked and healthy beams respectively. 
The left hand side of the above equation is equal to the left hand side of Eqn. (18). Thus, the above 
relation can be written in terms of the moment and shear force resultants as follows, 
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EL 
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where v B = P and m b = M c + Pa{ 1 + A) ■ 

In light of the above, Eqn. (28) above takes the form, 
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Again utilizing Eqn. (2), i.e., m t / /, = M h / ib = M c / / , the above equation reduces to 


M c 2a 

El 
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V**i 
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= 0 


which leads to xf = 1 


(30) 


The above finding along with Eqn. (19) suggest that ™ = 1 and thus the rotary spring 

stiffnesses are as follows, 
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K l =M l /<p llA = EI t /Aa, /c 2 =M 2 / (p BI2 = EI t / Aa 
k 2 = M 3 / cp 2IA = El b / A a, k 4 =M 4 I (p B/4 = EI b / Aa 


(31) 


where Aa is the extent of the transition regions to be determined next. 

On the transition region. The above findings reflected through Eqn. (31), highlight the importance 
of the transition regions in understanding the load transfer and deformation mechanics in a beam 
with a horizontal sharp crack. The postulated rotations at Interfaces 1 through 4 at the left and right 
crack tips are found to depend on the extent or length of the transition region a. Thus, the full 
development of the four-beam model proposed in this study requires the determination of the 
transition region length a. As will be presented later on in this section, in this study we make use 
of an independent beam deflection estimate at the free end obtained numerically via the method of 
finite elements. Thus by matching the beam deflection estimated through the beam model to that 
obtained through finite elements, a non-linear equation in is obtained through which estimates for 
the normalized transition region length. However, before developing the consistency equation in , 
it may be of value to this and subsequent studies to consider the load transfer and deformation 
mechanics in the transition regions. For example, let us consider the mechanics of Transition 
Region 1, shown in Fig. 11. As shown in the above figure, on the left edge of the above transition 
region, the force and moment resultants would be those obtained from the bending theory consistent 
with Eqn. (9) as discussed earlier. On the right edge, different moment and force resultants are 
applied consistent with the mechanics of the cracked beam presented earlier in this study. As 
discussed earlier, the rotary beam changes relative to the healthy. 

can be attributed to the load transfer through the transition region in which the resultants obtained 
on the left edge must transition to the resultants estimated for the right edge. At this point one has to 
also account for the singular stress field dominating the crack tip region. For example, based on the 
crack tip region reference system x',y' shown in Fig. 11, the normal stress x (y) acting on the 
vertical interface 1 in the crack tip region can be obtained by evaluating the respective crack tip 
stress at O' = - 90 " , i.e., 
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Fig. 11. Schematics of potential transition region stress fields that are superimposed onto those of 
the healthy beam. These fields are shown to conform to the near-tip mixed mode fields near the 
crack tip region and to the macro-mechanical field differences sufficiently away from the crack tip. 
As shown, a change of moment A M is induced by the mode I component of the stress intensity 
factor on the crack plane ahead of the left crack tip. An equal and opposite moment change then 
must occur on the left vertical plane of the transition region thus causing a slight “bump ” on the 
moment and associated curvature profile at the start of the transition region as shown in Fig. 3. 


The above singular stress profile is shown in Fig. 1 1 with a heavy solid line in the proximity of the 
crack tip continuing with a light dash line away from the singular region. Meanwhile, sufficiently 
away from the crack tip region, the same stress component must follow the linear mechanics of 
material profile predicted by the system macro mechanics. As shown in Fig. 11, a stress transition 
region must also exist as needed for the smooth transition of the (J x {y) component between the two 

fields. It is reasonable to expect that such a stress profile that accounts for both the finite macro 
mechanics profile as well as the singular near-tip profile would cause a shift of the plane on which 
the force resultant is effectively acting. A similar argument can be made for the shear stress acting 
on the same vertical plane (i.e., Interface 1) as well as for the normal crfy) and shear r (x) 

profiles acting on the horizontal transition region edge ahead of the crack tip. Such observations 
would naturally lead to the conclusion that a rather convoluted stress field dominates the transition 
region and that it’s structure and intensity should also depend on the stress intensity factors 
K I , K u associated with the related crack tip. With this in mind, it is expected that the extent of the 
transition region Aa should include information related to the crack-tip domain and thus could 
depend on the structure of the mixed mode [40-45] singular fields and possibly the magnitude of the 
related stress intensity factor. 

Another relevant observation is that the presence of even a slight mode I component would induce 
a tensile normal stress if K l > 0 associated with crack tip opening, or compressive if K , < 0 
associated with crack surface contact as shown schematically in Fig. 11. The presence of such a 
stress close to the crack tip will need to be offset by an opposite stress resultant away from the crack 
tip in the transition region. Such a stress profile would then induce a net moment AM on the plane 
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ahead of the crack tip in the transition region which ought to be counter-balanced by an equal and 
opposite moment on the vertical left edge of the transition region. Such a moment change could 
explain the free surface curvature “bump” observed via finite elements as shown in Fig. 3. Thus, the 
presence of such a curvature “bump” could indicate the existence of crack damage in the vicinity of 
such a measurement used in non-model damage detection methods [46-49]. 

Given the above qualitative considerations regarding the mechanics of the transition region, several 
methods can be employed in calculating the relationship between and the various problem 
variables that may affect the local stress intensities. One such method is to evaluate the crack-tip 
stress intensities and or associated energy release rate using either a compliance method [28-31, 50] 
or a J -integral approach [40] based on the model findings of this study. Those estimates can then 
be compared to independent estimates obtained for example using the method of finite elements 
which will then yield a consistency equation in . Yet, another possible approach is to extract the 
transition domain and conduct rigorous numerical and possibly theoretical studies in solving the 
requisite boundary value problem thus required to establish the load transfer and deformation 
mechanics of the transition region. Such an approach would allow for parametric studies needed to 
establish the relative deformation of the right edge of the transition region relative to the left. Such 
estimates would be used in determining the differential deformation between the cracked and 
healthy structures thus giving estimates of the rotary changes induced by the introduction of the 
crack and thus obtained estimates of the rotary spring stiffnesses which can then be used to obtain 
the transition length constant through Eqn. (31). Such studies are currently being pursuit which 
are expected to be presented in future works. In this work however, we employ a beam deflection 
matching alternative in determining the transition length constant as discussed below. 

Beam deflection matching. The global mechanics of a beam with a crack includes the effects of the 
crack tip regions. Thus, the beam deformations anywhere in its domain including the deflection at 
its free end include the effects of the dominant stress intensity factors at both crack tips. Thus, one 
can use a known solution obtained by any other method including experimental techniques and 
numerical approaches such as the method of finite elements, to calibrate the four-beam model 
developed in this study as an effective way to calculating the transition length constant 
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Fig. 12. A schematics showing (a) the original cracked beam with its un-deformed neutral axis and 
(b) the deformed neutral axis configuration of the four beam model. The relationship between the 
deflections and rotations at key reference points of the beam are also shown in (b). The 
deformations and rotations between Sections A and B include the transition region effects captured 
by the rotary spring and Timoshenko shear effects. 


With the aid of Fig. 12, the deflection of the beam at its free end at D is given by, 


3d—8a + ( Pa(L I\) + 3 b/ a -\- cp B/ a I^+ 8 d/ b 


(33) 


where e//1 and A - are the deflection and angle of rotation at the cross section A at the start of the 
transition region at the left crack tip; 

eM and BIA - are the deflection and angle of rotation respectively of Section B at the end 
of the transition region at the right crack tip relative to A ; 

and D/B - is the deflection of the free end at D relative to B . 

It is important to note that in this analysis, the effects of the transition regions are included in the 
relative terms B/A a nd B/A , and thus do not appear directly in Eqn. (33) above. Using the 
Timoshenko formulas for the deflection and rotations of a cantilever beam given in Eqn. (8) along 
with the outcomes on the relative deformations of Section B relative to A used earlier in this study 
the individual terms appearing in Eqn. (33) take the form, 
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where l x = x c — a(l + A), l 2 — 2a(l + A), l 3 — L — (x c + a( 1 + A)), M t /I t — M c /I, and M c — 
—P(L—x c ). Also in the above formulas, f = 1 consistent with Eqn. (30) while V t can be 
expressed in terms of the load P and the shear force ratio V t /V h given by Eqn. (25). Furthermore, in 
Eqn. (34), the constants k and k t are the Timoshenko shear constants for the healthy beam and 
Beam-2 above the crack respectively. Thus using the above equations and after normalizing each 
term with respect to a characteristic deflection A = PL 3 E'l , the following consistency condition in 
which the only unknown is the transition region length constant is obtained, 
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Where the " symbol denotes normalized quantities with all length quantities normalized with 
respect to the beam length L and E' = £7(1 - v~) is used to convert the beam plane stress to its 

plane strain equivalent solution. Also in the above consistency equation, ^ E is the absolute value 
of the deflection of the cracked beam at its free end obtained through non-dimensional FE 
simulations as will be discussed later in the study. In light of the above normalization, the following 
expanded form of the consistency equation in is obtained, 
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As established earlier (see Eqn. (25), the shear force ratio can be expressed as follows, 
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Clearly, when h x = h 2 , and the Timoshenko constants k t = k h , the factor = 1 and thus V t V h = 1 
which yields V t P = 1/2. It is also worth noting that when ignoring the Timoshenko shear effects, 
i.e., k t ,k b — » oo , then =1 and the ratio V t V h and thus V t /P become independent of 
Regardless, the consistency equation given by (36) takes on the following form in 

( ) 2 + ( ) + ( ) = 0 (39) 
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where the equation coefficients are functions of either explicitly as shown below or implicitly 
through the beam lengths /,( ), / 2 ( ), / 2 ( ) and are given by, 
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In the above equation, the finite element term is divided by the (1 2 ) factor as needed to match 

the beam plane stress and the 2D FE plane strain solutions. The above consistency equation in 
will be solved for several cases wherein the horizontal crack is placed at different locations along 
the length and height of the beam. However, in order to carry out this task, finite element solutions 
for the non-dimensional deflection of the beam at the free end will need to be obtained. Thus, a 
brief description of the finite element models used in these simulations would be discussed in the 
second part, i.e., Part B of this report. 

Summary. This study represents the first part of a two-part study aimed at modeling the mechanical 
response of a cantilever beam containing an embedded horizontal crack and subjected to end 
transverse force condition. Informed by 2D finite element findings reported elsewhere [33] and 
summarized in this work, a four-beam mechanics of materials model has been developed capable of 
predicting the load transfer and deformation mechanics of a cracked cantilever beam discussed 
above. The model employs the transition regions associated with four rotary springs as a means of 
accounting for the load transfer through the regions adjacent to the crack tips. The rotary springs 
account for relative cross sectional rotations in the transition region induced by changes in the axial 
force and bending moments through the crack region. 

Initially, the load transfer through the crack region was addressed. Finite element observations 
reported elsewhere [33] of matching curvatures enabled the development of analytical models 
capable of predicting the bending moment and axial force transmitted through the beams above and 
below the crack. The above quantities were then incorporated into the four-beam model which was 
used to obtain estimates of the transition region length as well as estimates of the shear force 
distribution in the beams above and below the crack. Deflection and cross-sectional rotation 
compatibility conditions were used in establishing the effective rotary spring stiffnesses, which 
capture the effects of the transition region. The transition region length is obtained via non-linear 
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equation derived by matching the free end deflection of the cracked beam predicted by the current 
model to independent estimates obtained via the method of finite elements. The finite element 
model formulation along with the results obtained through broad parametric studies and related 
discussion is presented in a Part-B companion paper. 
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ABSTRACT. This is the second part of a two-part study aimed at establishing the mechanics of a cracked cantilever 
beam subjected to a transverse force applied at its free end. Following the development of a four -beam model in Part A, 
in this Part B of a two Part series of papers, a two dimensional (2D) Finite Element (FE) model is developed and use to 
obtain independent numerical estimates of the cross sectional resultants dominating the beams above and below the 
fully embedded horizontal crack in a cantilever beam subjected to an end transverse force. The FE model is also used to 
obtain numerical estimates of the required deformation of the cantilever free as needed to establish the effective of the 
transition regions adjacent to the crack tips. The FE model results are then compared to the four-beam model 
predictions. The four-beam model predictions are found to be in excellent agreement with their FE counterparts. 
Related discussion is presented wherein the relevance of the model developed in Part A to damage and crack detection 
as well as to fundamental fracture mechanics studies on homogeneous and heterogeneous layer systems containing 
delamination cracks is addressed. 


Introduction. The background and motivation of this study are presented in Part A [1] of this two- 
part series of papers. As discussed in [1], the development of a simple but robust mechanics of 
materials model for the cracked system considered in this study is motivated by the need to develop 
robust damage and crack detection [2-19] diagnostic tools and capabilities that are needed in 
assessing the structural integrity of components and structures. While ample research has been 
undertaken in the above areas, simple to use and implement models and methods are still required 
for the timely detection of both diffused damage as well as the presence of cracks in such systems. 
In light of the above, this study is expected to contribute in the development of such tools that are 
based both on physics based models as well as on non-model based methods primarily based on 
damage and crack induced free surface curvature changes as discussed elsewhere [20-23]. The 
focus of this Part B of the two-part series of papers is to conduct parametric studies using the model 
develop in [1] while also developing independent 2D FE model predictions needed to calibrate the 
model developed in [1] and present comparisons between the four-beam model predictions and the 
2D FE estimates. 

In Part A [1] of this two-part series of papers, a four-beam model was developed capable of 
capturing the load transfer mechanics through the near-tip Transition regions for a cantilever beam 
containing a horizontal crack and subjected to an end loading force. As discussed above, the model 
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Graduate Assistantship in the Department of Mechanical Engineering. 
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developed in [1] will be employed in this study in obtaining cross-sectional resultants dominating 
the beam area in the crack region while also using the model findings to better understand the load 
transfer mechanics through the same crack region for the system under consideration. In doing so, a 
summary of the key findings of the four-beam model developed in [1] shall be presented next. 

Key findings of the four-beam model. The four-beam model reported in [1] was developed for the 
cracked cantilever beam shown in Fig. la. Overall, the beam has a length L, height h while 
containing a horizontal sharp crack of length / = 2a located at position x c from the fixed end at 

depth h { from the top surface. Consistent with the four-beam model developed in [1], the above 
domain was divided into four sub-domains, each forming a beam as shown in Fig. la labeled Beam- 
1, Beam-2, Beam-3 and Beam-4. Transition regions 1 through 4 were introduced, the effective 
deformation of which was assumed to be captured by rotary springs placed at Beam Interfaces 1 
through 4 shown in Figs. 1 and 2. The model developed in [1] employed the following beam 
deformation findings established via the method of finite elements in [18]: 

(a) The free surface and neutral axis curvatures of the cracked beam at the crack center location 
match the curvature of a healthy beam, i.e., an identical beam without a crack under an end force 
condition; 

(b) The neutral axis rotations (slope) of the cracked beam in the region between the applied load 
and the nearest crack tip matches the corresponding slope of the healthy beam. 



beams above and below the crack, i.e., Beams 2 and 3 shown above, (a) The cracked beam with 
Beams 2 and 3 highlighted cdong with Interfaces 1-4. (b) A section through the center of the crack 
exposing the force and moment resultan ts acting in the “top ” and “bottom ” beams, (c) Free body 
diagrams of the left and right half of the “top ” and “bottom ” beams, exposing the resultants acting 
at their corresponding Interfaces 1-4. 


Based on the finding (a) above, curvature matching of Beams 2 and 3, i.e., the beams above and 
below the horizontal crack also referred to as the top and bottom beams respectively, with that of 
the healthy beam yields the following beam resultant moment equations: 


M l = —M c and M b = IjL M c 

I L j L 


( 1 ) 
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where is the moment resultant at the crack center cross section dominating the “top” beam or 
Beam-2; 

M b is its counterpart dominating the “bottom” beam or Beam-3 as shown in Fig. lb; 

M c is the resultant bending moment transferred through the cross section at the crack center 
location in the healthy beam, i.e., an identically loaded and supported beam without a crack. 




Fig. 2. The compatibility paths followed through the “top ” and “bottom ’’ beams in establishing 
angle of rotation and deflection compatibility conditions from reference section A to reference 
section B. Also shown are Transition Regions 1-4. 


For a downward load P the bending moment at the crack center location in the healthy beam is 
M c = —P{L - x) . The quantities I t I b , and I are the second moments of inertia for the top, bottom, 
and healthy beams respectively. With the bending moments acting in the top and bottom beams 
known, an expression for the axial forces N L and N b is then obtained through a global moment 
equilibrium enforced over the right half of the beam as discussed in [1] (see Fig. 1), such that, 


N b = -N b 


2 Me ^ ft+/fcj 


( 2 ) 


As shown in Fig. 1, at the crack center cross sections, Beam-2, i.e., the beam above the crack plane, 
is subjected to an axial force resultant iV f , shear force resultant V t and bending moment resultant 
M t . Similarly, Beam-3 also referred to in this study as the bottom beam denoted by a superscript 
() b or subscript () b , is subjected to force and moment resultants N b , V b and M b respectively. 
Meanwhile, Section/Interface 1 which is the left end of the top beam is subjected to the force and 
moment resultants Ni, Vi and Mi whereas the right end of the same beam is subjected to A3, Vi and 
Mi at Interface 2. Similarly, the bottom beam or Beam-3 is subjected to end forces and moments Ns, 
Vs and Ms at Section/Interface 3 and Ns, Vs and Ms at Section 4 as shown in Fig. lc. 

As presented in [1], beam deflection and beam slope compatibility conditions along with the finding 
(b) above, (i.e., slope matching of the cracked and healthy beams at the end of the Transition region 
to the right of the right crack tip), yield the following shear force equation, 
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y b 


A(2 + A) + 2{l + A) + — — 

l, k b A h a 2 G 

lb A(2 + A) + 2(l + A) + ^- 1 ^^ 

k t A t a G 


( 3 ) 


where A a is the length of the transition regions (see Fig. 2); 

2a is the crack length. 

Also in the above equation, I represents the second moment of inertia, A is the related cross 
sectional area, E is the modulus of elasticity, G is the shear modulus and k is the Timoshenko shear 
constant [17]. The subscripts () t and () h denote quantities for the beams above (top beam or 
Beam-2) and below (bottom beam or Beam-3) the crack. As discussed in [1], it is worth noting that 
when ignoring the Timoshenko shear effects, i.e., letting k t and k h -^>oo then the following simple 
form for the shear force ratio which becomes independent of the transition region length 
proportionality constant A, is obtained, i.e., 


V, 


K 


( 4 ) 


It is also noteworthy to observe for systems in which the crack is on the beam neutral axis (i.e., 
/?, = h 2 ), both Eqns. (3) and (4) predict that the shear force ration between the shear resultants in the 
top and bottom beam is V t jV b = 1 and thus from global equilibrium it can be shown that 
V t = V b — P/2. As will be discussed later in this study, shear force predictions obtained by the 
present model were found to compare very well with 2D finite element results. 

In [1], the transition region length proportionality constant A, is obtained by matching the deflection 
at the free end of the cracked beam predicted by the four-beam model to its counterpart obtained 
independently using a 2D FE model. This consistency condition gives rise to a non-linear equation 
in A which can then be solved for admissible values of A. The above consistency equation is fully 
derived in [1] and is summarized below. 
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Fig. 3. A schematics showing (a) the original cracked beam with its un-deformed neutral axis and 
(b) the deformed neutral axis configuration of the four -be am model. The relationship between the 
deflections and rotations at key reference points of the beam are also shown in (b). The 
deformations and rotations between A and B include the transition region effects captured by the 
rotary spring and Timoshenko shear effects. 


With the aid of the schematic shown in Fig. 3 and as presented in [1], the following consistency 
equation applies, 


gMM _ _ (1 ~V~)PL 3 J 1^3 + 1 

D ~ El 1 3 1 2 


y + hi- w + AAyywjl i * V +0 -lyAi-iy 


»2/-o , /< i , P\ , Vf ^ 


P I 


+ (l-A c )a z (2 + 4A + A-) + 
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where 8fj is the beam deflection at its free end at D as shown in Fig. 3; 

8f E is its 2D FE counterpart. 

In the above equation, the A symbol denotes non-dimensional values with all length quantities 
normalized with respect to the beam length L and E' = £7(1- v 2 ) is used to convert the beam 

FE 

plane stress to its plane strain equivalent solution. Also in the above consistency equation, S D is 
the absolute value of the deflection of the cracked beam at its free end obtained through non- 
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dimensional FE simulations as will be discussed later in the study. Also in Eqn. (5), 
/ 1 =L-(x c -a(l + ;i), l 2 = 2a(l + A) and I 3 =L-(x c +a(l + A), M t /I t =M c /I and 
M = - P(L-x c ) . Furthermore, V, can be expressed in terms of the load P and the shear force ratio 
V t V h given by Eqn. (3). In Eqn. (5), the constants k and k t are the Timoshenko shear constants for 
the healthy beam and Beam-2 above the crack respectively. Thus using the above equations and 
after normalizing each term with respect to a characteristic deflection A = PIS E'l , the following 
consistency condition in which the only unknown is the transition region length constant is 
obtained, 


a(l)l 2 + J3(A)A + //(A) = 0 


(6) 


where the equation coefficients are functions of either explicitly as shown below or implicitly 
through the beam lengths /, (2), l 2 (A), l 2 (A) and are given by, 


a(A) = (1 - x c )a 2 + — — — a 3 

h + r i, 


/3(X) = 4(1 - x c )a + 2 — — — a 3 + 2(1 - Jc c )dl 3 + (1(] + v) 

h + Yh 6 k 


fh\ 


^( / L) = i(f 1 3 +f 3 3 ) + (l-f 1 )f 1 2 +f 1 (1-fj ) 2 + 2d(l-Jf c )(d + f 3 ) 


V, 


2 I .3 (1 + v)d 

Cl r 

f h) 
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+ (l + v)(f 1 +f 3 ) 

fh) 

3 1, 3k, 


K 

6k 
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where y(A) is a subset of Eqn. (3) and is given by, 


( ) = ■ 


(2+ )+2(l+ 

(2+ )+2(l+ )+ f^?I 


( 8 ) 
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2 

In the above equation, the finite element term is divided by the (1 - v ) factor as needed to match 
the beam plane stress and the 2D FE plane strain solutions. The above consistency equation in X 
will be solved for several cases wherein the horizontal crack is placed at different locations along 
the length and height of the beam. However, in order to carry out this task, finite element solutions 
for the non-dimensional deflection of the beam at the free end will need to be obtained. Thus, a 
brief description of the finite element models used in these simulations shall be discussed next. 

Finite Element modeling of a beam with a horizontal crack. Broad finite element studies of a 
cantilever beam containing a fully embedded sharp crack and subjected to end transverse loading 
and bending moment have been carried out as reported in [18,19]. In those studies, cracks of 
varying length and orientation were systematically placed at various geometrically admissible 
locations within the beam. The near tip mechanics both at the left and right crack tips were 
established while neutral axis, as well as top and bottom surface deflections, slopes and curvatures 
were also established. The finite element results reported in this study compliment those reported in 
[18] and [19] in that they help in the development of a better understanding of the load transfer 
mechanism across the crack region in the areas above and below the crack as well as within the 
transition regions near the crack tip regions. For completeness, specifics of the finite element 
modeling used in deriving the results reported in this study shall be presented next. 

As shown in Fig. 4, a 2D rectangular domain of length L and height h with a horizontal sharp 
crack of length / -2a with its center located at position x c from the left fixed end and at depth h { 

from the top surface was discretized using 4-noded isoparametric elements under plane strain 
conditions. A generalized mesh generator developed in [18] was used. Care was given to the 
meshing of the near-tip regions using a converging “spider web” with a minimum of 16 rings of 
elements all placed within a small region as needed to capture sufficient details of the near-tip 
singular fields. A vertical transverse load p was applied at the top left corner of the mesh as shown 
in Fig. 4. The finite element simulations were carried out in a non-dimensional environment as 
discussed in [18,19], where the length of the beam L was taken to be the characteristic length, its 
elastic modulus was taken to be the characteristic modulus with a Poisson’s ration v = 0.3 and the 
intensity of the applied load p was taken to be the characteristic line force. Fig. 4 shows five FE 
models in which a crack of length 2 a - 0.2 L is shown to be placed at x c = 0.4 L and at various 

depths as measured by the parameter h x jh . For example, the top FE model corresponds to 
/?, h = 0.7 whereas the bottom mesh represents a beam containing a shallow crack relative to the 
top surface with h { h = ()3. All FE simulations reported in this study were carried out for a beam 
with mh/L — 0.1 aspect ratio. 

As a means of comparing the four-beam model predictions to the 2D finite element results, the 
normalized axial force resultants N f / P and N b / P along with the shear counterparts V' I P and 
V b / P as well as the equivalent bending moment acting at the mid-plane of the regions above and 

below the crack surface, M r / PL and M b / PL respectively were calculated using finite element 
stress estimates. In doing so, finite element stresses were extracted at the Gauss integration stations 
nearest to the vertical plane passing through the crack center using elements from both sites of the 
above vertical plane. Finite element stress estimates from adjacent stations were then averaged and 
were then numerically integrated along the height of the individual beam (Beams 2 and 3 above the 
below the crack plane respectively as shown in Fig. 2) as needed to obtain the stress resultants 
reported herein. 
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In addition to obtaining finite element estimates of the force and moment resultants, the deflection 
at the free end of the cracked beam for each model was also extracted. Those results were reported 
in [18]. As discussed above, an independent finite element estimate of the beam deflection is 
needed in calibrating the four-beam model developed in this study. Furthermore, deflection, slope 
and curvature results along the top free surface of a cracked beam reported in [18] provide evidence 
of the two critical observations employed in the model development. The above finite element 
results along with the model predictions shall be presented next. 

Results. Cross sectional force and moment resultants as well as effective transition region length 
predictions obtained using the four-beam model are reported in Figs. 5 through 8 where their finite 
element counterparts are also reported. 

For example, Fig. 5 shows the normalized moment resultants M T / PL and M b / PL as a function of 
the normalized crack depth h { h in the 0.25 to 0.75 range. The analytical predictions obtained 
through Eqn. (3) are shown using solid lines whereas the finite element results are shown using 
discrete symbols. Three sets of data obtained for x c L — 0.3, 0.4 and 0.5 arc reported. It may be of 
importance to recall that the model developed in [1] and summarized in this study is based on the 
fundamental observation of matching curvatures at the cross sections located at the crack center. 
That observation led to the development of the moment equation given by Eqn. (1) which was used 
to obtain the analytical moment predictions reported in Fig. 5. As shown, the analytically predicted 
moment resultants are in excellent agreement with those obtained using finite elements. This 
finding validates the fundamental assumption made in the model development and further 
reinforces the notion that simple but robust models can be developed in understanding the 
seemingly complex behavior of cracked structures. As expected, the beams above and below the 
crack are shown to experience equal amounts of bending moments predicted to be 1/8 of the 

bending moment experienced by the healthy beam at the crack center location when h l /h = 0.5. 
while a higher portion of the moment is predicted to be transferred through the thicker of the two 
beams when h { -t h 2 . 
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Fig. 4. Two dimensional finite element models used in extracting force and moment resultants as 
well as the free-end deflections used in model calibration and comparison studies reported in Figs. 
5-10 below. As shown, the fixed conditions were imposed on the left edge of the beam whereas a 
downward transverse load P was applied at the top right comer of each mesh. The various models 
shown represent beams containing horizontal cracks of length 2 a = 0 . 2 L at various depths, with a 
beam aspect ratio h/L=0.1 as reported in [18]. 
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Fig. 5. Normalized bending moment resultants 
plotted against the crack depth ratio h { / h 
predicted for the “top ” and “bottom ” beams in 
the crack region. The discrete points were 
obtained via 2D finite element simulations using 
model similar to those presented in Fig. 4. The 
solid lines were obtained using Eqn. (1). The 
results correspond to a downward load P . 
Results for three different crack center 
locations, i.e., x c jL - 0.3, 0.4 and 0.5 are 
presented. The curx’es with the upward trend 

correspond to the moment M b in the bottom 
beam, whereas the results with the downward 
trend correspond to the moment M 1 in the top 
beam. 


LI 



L ► 


Crack plane 

►N* 

/ !_ T 1 


— *N b 

U-Xa-*U — 2 

a — 4*- ka-J 



Normalized Crack Depth; hi/ h 


Fig. 6. Normalized axial force resultants 
plotted against the crack depth ratio h { / h 
predicted for the “top” and “bottom ” beams in 
the crack region. The discrete points represent 
2D finite element predictions whereas the solid 
lines were obtained using Eqn. (2). The results 
correspond to a downward load P . The “ top ” 
beam is predicted to be in tension while the 
“ bottom ” beam is predicted to be in 
compression with a force of equal magnitude 
as that of the top beam. The curves with 
negative values correspond to the axial force 
N b in the bottom beam, whereas the results with 
the positive values correspond to the axial 
force N' in the top beam. 


Fig. 6 shows the normali z ed axial force resultants N' / P wad N b / P as a function of the 
normalized crack depth l\ jh again in the 0.25 to 0.75 range. The analytical predictions obtained 
through Eqn. (5) are shown using solid lines whereas the finite element results are shown using 
discrete symbols. As before, three sets of data obtained for x c jL = 0.3, 0.4 and 0.5 are reported. The 

top set of curves correspond to the axial force N r / P acting at the mid-plane of Beam-2 above the 

crack plane. The bottom set of curves correspond to the normalized resultant N b / P acting at the 
mid-plane of Beam-3 below the crack plane. A remarkable agreement is shown to exist between the 
axial force predicted through Eqn. (2) and the finite element results for all instances considered. As 
expected, for a downward load P , Beam-2 above the crack plane is subjected to a tensile force 
whose magnitude scales with the distance of the crack center from the applied load P while 
inversely proportional to the beam height h consistent with Eqn. (5). Again, as expected, an equal 
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and opposite axial force is applied at the mid-plane of Beam-3 below the crack plane thus forming a 
couple with its counterpart acting in Beam-2 above the crack plane. When considering the results 
reported in Figs. 5 and 6, one recognizes that in the crack region the bending moment transfer 
through the cracked beam region takes place primarily through a couple with a pair of tensile and 
compressive forces acting at the mid-plane of the beams above and below the crack plane. It may 
also be important to note that once the resultant forces and moment N 1 and M are known, their 
counterparts in the lower beam are established, through Eqns. (1) and (2). 

The shear force resultants predicted both using the model developed in this study and through the 
method of finite elements are presented in Fig. 7. It is important to note that in order to establish the 

shear forces V f and Exacting in Beams 2 and 3 respectively, one needs to solve for the transition 
region length parameter first using the consistency condition given by Eqn. (5). Once X is 
established, then the shear force ratio can be obtained through Eqn. (3) and then use global force 

equilibrium as needed to obtain the individual shear forces V f and V b . So, for each case considered, 
the corresponding value for the deflection at the free end of the cracked beam was used to solve a 
non-linear equation in X given by Eqn. (6). For the systems considered, the values obtained with 
the aid of Eqn. (6) are reported in Fig. 8. However, the trends will be discussed later on in this 
section while now focusing on the shear resultants shown in Fig. 7. 

The shear force profiles plotted against the crack depth ratio h x fh and predicted using the analytical 
model are shown in solid blue lines in Fig. 7. The finite element results are shown using the discrete 
symbols as marked on the same figure. As shown, the model predictions and finite element results 
exhibit the same overall trends. The results appear to be in excellent agreement for cracks located at 
or close to the mid-plane of the healthy beam. However, the analytical predictions appear to be 
slightly larger when compared to the finite element predictions for the shear force in the thicker 
beam while slightly underestimating its FE counterpart in the thinner of the two beams when 
h x h 2 . Maximum deviation of less than 8% in the thicker beams appears for systems in which 

0. 3 < h x / h< 0.4 or 0.6 < h x lh< 0.7 . It may be of importance to note that the and related shear 
force resultant results reported in this study were obtained using a Timoshenko constant 
k t =k b =k = 0.856 for the top, bottom and healthy beam respectively consistent with reported 
values for beams with a rectangular cross section [24, 25]. 

The X curves obtained by solving Eqn. (6) and reported in [18] are plotted in Fig. 8. Some 
interesting observations can be made. For example, the normalized transition region length 
parameter X is predicted to increase with the normalized crack depth h x h , acquiring a maximum 
at h x jh = 0.5. A symmetric profile is predicted for cracks located at equal distance above or below 
the mid-plane of the healthy beam. The results also suggest that the transition region length does 
depend on the location of the crack center along the axis of the beam. Perhaps somewhat counter- 
intuitive is the model prediction that a shorter transition region is predicted for cracks located close 
to the fixed end of the beam as shown by the x c /L — 0.5, 0.4 and 0.3 curves. It may also be 

important to note that for the case of h x jh = 0.5, although for a slightly higher beam aspect ratio, 

1. e., hi L — 0.2, available finite element results reported in [18] suggest that the transition region 

length is approximately equal to X a~ 1.67a which suggest a value for >4 = 1.67. As reported in 
[18] and shown in Fig. 8, the model prediction for the case of x c /L = 0.5 and h/L = 0.1 is 

4 = 1.615 which is remarkably close to the value obtained through finite elements. The above 
results and general findings of this study are critically analyzed and discussed in the next section. 
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In order to further understand the transition region mechanics, profiles of the normalized bending 
moment transferred through the top portion of the beam along with the % difference between the 
moment carried by the crack beam and its “healthy” counterpart are plotted in Fig. 9. 
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Fig. 7. Normalized shear force resultants plotted 
against the crack depth ratio hi/h predicted for the 
“top” and “ bottom ” beams in the crack region. 
The discrete points represent 2D finite element 
results whereas the solid lines were obtained via 
Eqn. (3) and global force equilibrium. Both the 
finite element and analytical model simulations 
reproduced the same profiles for all crack center 
locations considered indicating that the shear- 
forces depend only on the normalized crack depth 
h i/h. 


Fig. 8. The non-dimensional transition region 
length parameter A plotted against the normalized 
crack depth hi/h. Results obtained through the 
four-beam model for three different crack 
locations, i.e., x c /L=0.3, 0.4 and 0.5 are presented. 
The discrete symbols represent the cases for which 
finite element deflections at the free end of the 
beam were used to solve for the crack length 
parameter A 
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Fig. 9. (a) Profiles of the normalized bending moment carried by the “top" portion of the beam 
extracted from the FE models discussed in this study. Different curves correspond to beams with 
cracks placed at different h 1 /h depths as indicated in the figure, (b) Profiles of the % difference of 
the bending moment carried by the top portion of the cracked beam to its “healthy ” counterpart. 

The results reported in Fig. 9a were extracted from the 2D FE models discussed earlier in this work. 
In obtaining these results, the normal stresses to cross sections along the path x indicated in the 
figure were first extracted from the FE model. Their contribution to the bending moment with 
respect to the neutral axis of the top beam was then integrated to obtain the moment resultant 
carried by the top beam, i.e., the beam above the embedded horizontal crack. A % difference 
between the moment carried by the cracked beam and its “healthy” counterpart was also calculated 
for each of the models considered in this study. The latter results are reported in Fig. 9b. In Fig. 9a, 
the straight dash lines represent the bending moment carried by the “healthy” beam. It is of interest 
to observe that the presence of the crack appears to cause a local change in the bending moment, 
and thus the beam curvature in the vicinity of the crack. The predicted moment change appears to 
extend at the most extreme case to approximately 0.7a to 1.1a (see Fig. 9a and 9b respectively) on 
either side of the crack. Similar results related to the axial and shear force profiles (see Fig. 10) 
suggest that the changes in the associate axial and shear force resultants may persist over somewhat 
greater extent to approximately 1.5a to 1.7 a as shown in Fig. 10. The latter results would indeed be 
consistent with model transition region estimates reported herein. As shown, in Fig. 10, finite 
element profiles of the normalized axial force N l /P and shear force V L /P , transmitted through the 
top portion (i.e., beam above the crack plane) of the cracked beam are reported. Fike in Fig. 9, the 
force resultants reported in Fig. 10 were extracted from FE models by integrating the normal and 
shear stresses acting on cross sections along the designated path x. The different curves correspond 
to beam systems containing a horizontal crack at different depths hi/h as indicated in the figure. It 
may be of interest to observe that when comparing the profiles reported in Figs. 9 and 10, the shear 
force resultant appears to exhibit larger transition profiles when compared to either the bending 
moment or the axial force profiles. 



Fig. 10. Finite element profiles of the normalized axial force (a) and shear force (b), transmitted 
through the top portion (i.e., beam above the crack plane ) of the cracked beam. The different curves 
correspond to beam systems containing a horizontal crack at different depths hfh as indicated in 
the figure. 
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The results reported in Fig. 9, may also have profound implications on the development of non- 
model crack detection methods [20-23], since, the predicted crack induced changes in the bending 
moment would cause reciprocal and measurable changes in the beam’s surface curvatures. 

Discussion. The four-beam mechanics of materials model developed in [1] is founded on two 
fundamental observations made possible through the method of finite elements, i.e., (a) the 
matching of the curvatures of the beams above and below the crack to the curvature of the healthy 
beam at the crack center location, and (b) the matching of the beam slope of the crack beam to that 
of the healthy beam at the end of the transition region closest to the applied loading. While the 
matching of the beam slopes has been discussed as part of the transition region load transfer and 
deformation mechanism in an earlier section of this study, no such consideration has thus far been 
given to the first fundamental observation of matching curvatures. In an effort to do so, let’s 
consider the mechanics of the beams above and below the crack plane, i.e., Beams 2 and 3 
respectively. 

As suggested both by the model and finite elements, the cross sectional force and moment resultants 
acting at the mid-plane of Beams 2 and 3 at the crack center cross section are fixed and depend on 
the bending moment M c = -P(L- x c ) acting at the crack center location in the healthy beam as 

well as on the beam height h and crack depth hi/h. As discussed above, the shear forces also may 
depend on the mechanics of the transition region. Regardless, once those quantities are established, 
it is of importance to recognize that both the shear and axial force resultants acting in Beams 2 and 
3 remain constant throughout the crack region. On the other hand, the bending moment would vary 
linearly consistent as discussed in [1], Given the fact that no net axial force is present in the healthy 
beam while the shear force is also constant under the loading considered in this study, moment 
equilibrium at the crack tip cross section would suggest that the moment M x acting at Interface 1 
would not be equal to its healthy beam counterpart and thus would exhibit a discontinuity through a 
finite jump. At the same time, similar arguments made for the cross section at the right crack tip, 

1. e., Interface 2 would lead to the conclusion that a similar moment discontinuity between M 2 and 
its healthy beam counterpart of an equal and opposite amount exist at the right crack tip at Interface 

2. In light of the linear moment profile within Beams 2 and 3, the moments dominating the latter 
beams will have to intersect with their healthy beam counterparts at the crack center location. Since 
these moments are given in terms of the moment of inertia ratio as expressed in Eqn. (1), it can be 
concluded that at least for homogeneous systems the moment matching is equivalent to the 
matching of curvatures of Beams 2 and 3 in the cracked region, to the curvature of the healthy beam 
at the crack center location. With the above in mind, one could make similar arguments in 
understanding the mechanics of cracked beams under other type of loadings or even heterogeneous 
biomaterial or multilayered beams including composite laminates. 

Another issue of relevance for discussion is the introduction of a transition region in the model 
development along with the predicted trends in the normalized transition region length parameter . 
The transition regions were introduced in this beam model development as a means of accounting 
for the complex load transfer and deformation mechanics in the vicinity of the singular fields in the 
crack tip region. As discussed earlier, evidence from finite element studies do support the existence 
of such transition regions [18]. It is encouraging to see that the model predictions, at least in the 
h\ /h 2 = 1 case, are very close to results obtained using 2D finite elements. Additional finite element 
results may in fact be needed in establishing higher confidence in the X model predictions over a 
wide range of h x h 2 rations and crack center locations x c /L . However, such broad comparisons are 
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beyond the scope of this study and are expected to be reported in future works. For relatively long 
cracks, i.e., a > mm(h : ,h 2 ) one could explain the transition region dependency on the crack depth 
(see Fig. 8) as being driven by the characteristic length ratio h x h . However, it is not quite obvious, 
at least to the authors, why smaller transition region lengths are predicted for cracks located closer 
to the fixed end. One possible explanation is the fact that such cracks are subjected to higher 
bending moments at the crack center location which results in higher axial force and bending 
moments acting at the crack tip edge of the transition region. In this model development, the 
mechanics of the transition region are captured through rotary spring and Timoshenko shear 
equations consistent with Eqn. (13). The important aspect of this modeling approach is that the 
rotations resulting from the deformation mechanics in the transition region are taken to be 
proportional to the respective moments M l ,M 2 ,M 3 and M 4 which increase with decreasing x c /L. 

Thus, for a fixed h ] h 2 and otherwise similar cracked beam geometries, the current model would 
yield larger rotational angles in the transition region for cracks located closer to the fixed end. Thus, 
as result of rigid body motions, smaller transition region lengths may be required to match the free 
end deflections. This finding is possibly an artifact of the model used. An improved model may in 
fact be needed wherein the transition region rotations are set to be related to the moment change in 
the crack region rather than the total moments acting at each of the four transition region interfaces. 

Although the predictions may need to be better understood through further studies, the same 
model has provided useful insights regarding both the global mechanics of the cracked beam as well 
as the local transition region and crack region mechanics. It is of interest to know that a predictive 
model now exists in calculating the force and moment resultants N i ,V i and AT , i = 1,..., 4 acting at 
Interfaces 1-4. With the above resultants and those acting on the opposite vertical edge of the 
transition region known, one can proceed to develop a better understanding of the transition fields 
and their local and global mechanical effects. For example, when focusing on the bottom edge of 
the transition region, one could start developing useful qualitative arguments regarding the profiles 
of the normal and shear stress and how they can be related to the singular crack tip fields. A simple 
schematic showing such potential profiles is presented in Fig. 11. As shown, and due to the fact that 
the axial force acting on the left edge of the referenced transition region is not equal to that acting 

on the right edge, i.e., N‘ a /Vj , force equilibrium in the x -direction would suggest that a shear 
stress must exist on the bottom edge of the transition region which is the crack plane ahead of the 
left crack tip. The shear stress induced by the transverse shear force P on the horizontal plane 
ahead of the left crack tip is known to equilibrate the axial force difference acting at the left and 
right edges of the transition region in the healthy beam. Since A/, is not equal to its counterpart 
acting in the healthy beam, an additional shear stress must exist on the crack plane ahead of the left 
crack tip as needed for global equilibrium. Since no change in the transverse force acting in the 
beam takes place, this added shear must be induced by the mode II [26,27] singular stress field 
dominating the crack tip region since mode / induces no shear on the crack plane. This observation 
provides useful insights in how one can integrate the macro -mechanics of the crack region to the 
singular fracture fields induced in the crack-tip regions. For example, force equilibrium in the x- 
direction would take the form, 


AA“- V - A N c ™ ked = w"atJx)cIx 

o 


(9) 
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where AN h /f hy is the change of the axial force between Sections A and 1 in the healthy beam (see 
Fig. 2); 

AN cracked countcr p arl j n the cracked beam; 

w is the beam width; 

Ar is the change in the shear stress on the crack plane ahead of the crack tip required for 
equilibrium. 

Qualitative arguments can lead to the development of viable stress profiles. For example, as shown 
in Fig. 11, the profile of Ar vv in the transition region ahead of the crack tip should conform to the 

mode II driven shear stress close to the crack tip. At a critical distance from the crack tip, the stress 
profile must go through a stress transition region as needed to bridge the stress profile away from 
the crack tip to that close to the crack tip. While plausible transition stress profiles can be postulated 
for all stress components, the importance of this argument is to note that a relationship between the 
transition length and the mode / and mode II stress intensity factors may exist and could be 
established through the structure of the transition fields. 

As discussed earlier in this study, another relevant observation is that the presence of even a slight 
mode 1 component would induce a tensile normal stress if K { > 0 associated with crack tip 
opening, or compressive if Kj < 0 associated with crack surface contact as shown schematically in 
Fig. 11. The presence of such a stress close to the crack tip will need to be offset by an opposite 
stress resultant away from the crack tip in the transition region. Such a stress profile would then 
induce a net moment AM on the plane ahead of the crack tip in the transition region which ought to 
be counter-balanced by an equal and opposite moment on the vertical left edge of the transition 
region. Such a moment change could explain the free surface curvature “bump” at the end of each 
transition region as predicted via finite elements and reported in [18]. Thus, the presence of such a 
curvature “bump” could indicate the existence of crack damage in the vicinity of such a 
measurement used in non-model damage detection methods [20-23]. 


Macro-mechanics reference axis y 
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Fig. 11. Schematics of potential transition region stress fields that are superimposed onto those of 
the healthy beam. These fields are shown to conform to the near-tip mixed mode fields near the 
crack tip region and to the macro-mechanical field differences sufficiently away from the crack tip. 
As shown, a change of moment AM is induced by the mode I component of the stress intensity 
factor on the crack plane ahead of the left crack tip. An equcd and opposite moment change then 
must occur on the left vertical plane of the transition region thus causing a slight “bump " on the 
moment and associated curvature profile at the start of the transition region as discussed in [1]. 


Finally in this section, it may also be important to note that this work is expected to have broader 
impact in advancing damage detection studies as well as studies on the fracture mechanics of 
structures with fully embedded cracks. For example, the macro-mechanics of the cracked beam 
established via the current model yield valuable information regarding the predicted free surface 
curvatures along the length of the beam. Enabled by the findings of this work, curvature deviations 
from an otherwise smooth profile measured experimentally, could be used to diagnose the presence 
of crack damage in structures as discussed elsewhere. Meanwhile, the near-tip mechanics can now 
be more thoroughly explored using analytical techniques such as the compliance method or the J - 
integral approach [26] in establishing the near- tip energy release rates and associated mode / and 
mode II stress intensity factors. Such studies have the potential to substantially enhance our 
understanding of mixed mode [28-30] and predominately mode II fractures while guiding 
improved designs of composites and composite laminate systems [29]. 

Summary. Informed by 2D finite element findings, a four-beam mechanics of materials model was 
developed in Part A [1] of this two-part series of papers. In this work, key findings of the four-beam 
model were first summarized. The development of related 2D FE models was then discussed and 
used to conduct parametric studies through which the cross sectional resultants acting in the beams 
above and below the crack were obtained. In addition, FE estimates of the cracked beam deflection 
at its free end were used to obtain the effective transition region length introduced in the 
development of the four beam model. Force and moment predictions were also obtained using the 
four-beam model which were then compared to their FE counterparts. The model and FE results 
were shown to be in excellent agreement over a wide range of crack location, i.e., depth from the 
top beam surface, and crack center location along the longitudinal axis of the beam. 

The reported results show that the four-beam model is capable of predicting the load transfer and 
deformation mechanics of a cantilever beam containing a fully embedded horizontal crack under the 
application of an end transverse force. Discussion on the limitations of the model as well as its 
potential impact on damage detection and fracture of structures with embedded cracks is also 
included in this work. 
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ABSTRACT. We derive two novel methods to construct solutions of the physically important modified Emden-type 
equations (MEEs). Following the basic philosophy implied in the Lagrange’s method of variation of parameters, we 
make use of a trivial particular solution of the problem to construct expressions for the nontrivial general solutions. 
Secondly, we judiciously adapt the factorization method of differential operators to present solutions of certain 
oscillator equations obtained by adding a linear term to the MEEs. We provide Lagrangian and Hamiltonian 
formulations of these equations in order to look for another useful theoretical model for solving MEEs. 


PACS numbers: 02.30.Hq, 02.30.1k, 05.45. -a 


1. Introduction. The modified Emden-type equation [1] is given by: 


x + cod + fix 3 = 0 , x = x(t ) , 


( 1 ) 


where a and fi - are arbitrary parameters, and overdots denote differentiation with respect to time 
t . 

This equation plays a role in several applicative contexts including the study of equilibrium 
configurations of a spherical gas cloud with mutual interaction between the molecules subject to 
laws of thermodynamics [2]. An important mathematical observation on (1) is that only for 
fi = a 1 fi) it possess eight parameter Lie point symmetries [3] and is exactly solvable. In the recent 
past Chandrasekar, Senthilvelan and Lakshmanan [4] made use of an extension of the semi-decision 
algorithmic method [5] supplemented by a suitable Hamiltonian theory to demonstrate that (1) is 
integrable for arbitrary values of a and fi . Iacono [6] proved the integrability of (1) by mapping it 
into the separable Abel’s equation. It is true that one can look for alternative methods to solve 
nonlinear differential equations once their forms are found by a specific method [7] . However, we 
note that, as opposed to the theory of linear differential equations, the nonlinear theory is highly 
fragmented. Thus the identification of a new mathematical procedure and demonstration of its 
usefulness in solving nonlinear equations will always remain interesting provided the method of 
solution is uncomplicated enough to be appreciated by a wide variety of audience. The present work 
is an effort in this direction. In particular, we shall present two independent methods to solve 
MEEs - one based on the Lagrange’s method of variation of parameters and the other based on a 
suitable factorization of the differential operators [1] that give the equations. To the best of our 
knowledge these methods have not hitherto been discussed in the literature. In addition, we provide 
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for these equations a suitable Lagrangian and Hamiltonian formulation which paves the path to 
introduce still another uncomplicated method for their solution. 

In section 2 we apply the first method to solve (1) for fi = a 2 /9 and/? = a 2 / 8 with a view to 
compare our solutions with other available results [3, 4], In section 3 we provide a solution of the 
nonlinear oscillator equation 


x + cxxx + fix' + Ax = 0 , 


( 2 ) 


where /? = a 2 / 9 by the second method. 

We consider (2) as a Lienard-type differential equation of the form: 


x + g(x)x + F(x) - 0 . 


(3) 


With 


g(x) = ax and F(x) = /3x 3 + Ax . 


(4) 


We shall see in the course of our study that form in (3) is very suitable to develop the second 
method. It is interesting to note that the second method is also applicable to (1). The system (3) has 
been found to exhibit unusual nonlinear dynamical properties [8] in that for A > 0 the frequency of 
oscillation is completely independent of its amplitude as found in the case of a linear harmonic 
oscillator. We devote section 4 to study the Lagrangian and Hamiltonian representations of our 
equations and demonstrate that the Jacobi integrals [9] can be used to solve the equations for 
P = a 2 / 9 only. The equation with p = a 2 /& needs altogether a separate consideration. Here we 
also introduce a family of Emden-type equations and study their Hamiltonian structure. Finally, in 
section 5 we make some concluding remarks with a view to summarize our outlook on the present 
work. 

2. Modified Emden-type equations (MEEs). For simplicity of presentation we write two different 
forms of (1) as follows: 


x + 3kxx + k 2 x 3 = 0. 


(5) 


And 


x + 4kxx + 2k 2 x 3 =0. 


(6) 
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Comparing (5) and (6) with (1) it is evident that these equations refer to the cases /? = a 2 / 9 and 
p = a 2 1 8 respectively. It is interesting to note that 

x = \ /(kt — c), (7) 

where c - an arbitrary constant represents a particular solution of both (5) and (6). 

We postulate that the general solutions of these equations are given by: 

x = l l/(kt-f(0), (8) 

where the constant c in (7) has been replaced by a function of t , namely, fit). 

The replacement sought by us forms the basic philosophy of Lagrange’s method of variation of 
parameters [1] for finding general solution of second-order linear differential equations from the 
particular solutions. We now use the following steps to solve the above MEEs. 

(i) We substitute (8) either in (5) or (6) to obtain an ordinary differential equation for fit) and then 

(ii) Use the solution of it in (8) to find a general solution of the chosen MEE. 

(a) Equation (5). Substituting (8) in (5) we obtain the differential equation for fit) as 

ikt-c)f + 2f 2 -kf=0. (9) 


Albeit nonlinear, (9) can be solved analytically to get 


fit) = 


e^ a ' ikt 2 



lit - a 2 ) 


( 10 ) 


where a { and a, - are constants of integration. 
For ff[=a 2 =0we have 


fit) = 


kt 2 -1 
It 


Which in conjunction with (8) leads to the well-known general solution 

It 

x = , 

1 + kt 2 


( 11 ) 


( 12 ) 
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as given in [3]. 

(b) Equation 6. In this case an equation analogous to that of (9) reads 

(c-kt)f-2f 2 +8kf-8k 2 = 0. (13) 

Unlike (9), (13) cannot be integrated analytically. We thus try to find a solution of it by introducing 
a change of variable written as 


f(0 = g(t) + kt . 


(14) 


From (13) and (14) we get 


88 ~ 2g 2 + 4kg - Ik 2 = 0 , (15) 

which is again almost of the same form as that in (13). However, if we choose to work with g - 0 , 
(15) can be solved to get 


i 

4 


8(0 = e 


f 

( 

-pr 

2i\ e 2k2 ( t+c 2 ) 

k 2 

n 


v )) 


(16) 


where, as before, c i and c 2 - are arbitrary constants of integration; 
erf 1 - stands for the inverse error function. 

Since g - 0 implies, that c = k , the reciprocal of the result in (16) refers to a solution of (6) which 
is not the most general one. 

In [4] Chandrasekar et. al solved (6) by treating it as a Hamiltonian system and then taking recourse 
to the use of a canonical transformation. Interestingly, our solution of (6) for c l = 1 and c 2 = —it 0 is 

in exact agreement with that of (16) in their work where it was also taken not as a general solution. 
The general solution was found by substituting the result in the equation for the canonical 
transformation of x(t ) . We follow a different viewpoint to find the general solution. 

The function — — represents the solution of (6) only when the first derivative of the variable 

8(0 

parameter is fixed at k . The question is how can one relax this condition and find a general solution 
of the equation. In this context we note, that the transformation: 
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*(0 = 7-ln(y(f)). 

k 


(17) 


reduces (5) to the linear form 


y=o. 


(18) 


and the solution of (18) when substituted in (17) gives the exact solution of (5). Unfortunately, no 
such transformation can be found to reduce ( 6 ) to the linear form. In this situation we suggest that 
the choice: 


y(t) = 


l 

J(n 


(19) 


together with (17) will at least lead to an approximate general solution of ( 6 ). Following this 
viewpoint we obtain: 

x(t) = 2ierf- 1 (z)exp[^(-^ I + 2{erf\z)} 2 ] ( 20 ) 

Z Z.K 


where: 


z = 


2 ikt 
in 


ew( W h 


( 21 ) 


The solution (21) of ( 6 ) as obtained by us is in exact agreement with that found in [4] where the 
authors claimed that their result is exact. 

3. Nonlinear oscillator equation. As given in (7) we could write a simple form for the particular 
solution of (5) or ( 6 ) only by inspection. For the oscillator equation (2) written as 


x + 3xx + k 2 x 3 + Ax - 0 


( 22 ) 


it is, however, not possible to write a similar particular solution. As a result we take recourse to the 
use of a method of factorization applicable for Lienard-type equations to construct the general 
solution of (22). Equation (3) can be written in the factored form 


(D - fa (x))(D - fa (x))x = 0 , £> = - 7 - 

dt 


(23) 
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It is rather straightforward to deduce that 



dx 


(24) 


and 


F(x) = (p { ^ 2 x ■ 


(25) 


Since (3) has been factored as (23), a particular solution of the equation can be found from the first- 
order equation 


In applying the factorization method to problems of physical interest one proceeds by writing ^ 
and with some pre-factors so as to satisfy (25). Understandably, if the pre-factor for ^ is taken 
as a , that for (j> 2 should be a ' .The chosen results for <f> x and (/>-, when substituted in (24) leads to an 
equation for a . One can assume that a is a c- number. Alternatively, one can regard a as a 
function of x say b(x) .It is straightforward to see that (i) a satisfies an algebraic equation while 
(ii) b{x) satisfies a first-order differential equation. In two interesting publications Rosu and 
Cornejo-Perez [10], and Cornejo-Perez and Rosu [11] have chosen to work with a as a c number 
and found that the above factorization method provides an efficient tool to obtain particular 
solutions of many physically important equations which can be written in the Lienard form. We 
postulate that the solution of the differential equation for b(x) in conjunction with (26) gives the 
general solution of (3). We first verify the conjecture with attention to (5) which is also of the 
Lienard form with g(.v) = 3 kx and F(x ) = k 2 x 2 . Thus we introduce: 


d 

( D - <j) { ( x))x = 0 , D = — . 


dt 


(26) 


(j) v =b(x) and = k 2 x 2 /b{x) . 


(27) 


to write (24) as 


x \-b + 3kx + 

dx 



(28) 


b 


The solution of (28) can be found as 
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— 1 + kx + V 1 — kx 

b = </>!= 

x 


(29) 


It is now straightforward to substitute the expression for ^ in (26) and solve the resulting equation 
to get the general solution of (5) as given in (12). 

For the nonlinear equation in (22) the value of g(x) is same as that in (5) but F(x) = k 2 x 3 + Ax. 
Thus we take fa as given in (27). Here fa = (k 2 x 2 + A)/b(x ) . In this case an equation similar to that 
in (28) is only slightly different and is given by 


db k 2 x 2 + A 

x 1 -b + 3 kx-\ = 0 . 

dx b 


We obtained the solution of (30) as: 


(30) 


b = fa 


\-3A-3k 2 x 2 + y/l-3A-3k 2 x 2 
3 kx 


(31) 


For A = 0, (30) coincides with (28). But on the same limit (31) does not go over to (29). Thus 
before proceeding further to use (31) to deal with the oscillator equation one would like to check if 


0i 


l-3fcV +Vl-3fcV 

3 kx 


(32) 


When used in (26) leads to the solution of (5). We found that this is indeed the case. The 
factorization method also works for (6) for which ft = a 2 j 8 . In this case we, however, need to 
invoke the set of approximations as used in deriving the result in (20). Coming back to the oscillator 
equation we now substitute (31) in (26) and solve the resulting linear first-order differential 
equation to get 


x{t) = 


/?! + in 2 
kd 


(33) 


Where: 


«j = 2-JA(\ - 3/1) sin(2V^0 , 


(34a) 


n 2 = -2^3 A 2 -A sin (jAt) . 


(34b) 
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And 


i 32 + 1 32 — 1 /t, 

d = b cos(2v2f) • 

2 2 


(34c) 


It is of interest to note, that the real part of x(t ) corresponds to the solution of (22) given in [8]. 


4. Lagrangian and Hamiltonian formulations and MEEs. Traditionally, a Lagrangian function L 
is called natural (mechanical type) when it is of the form L — T-V where T is a quadratic kinetic 
term and V is a potential function. For the equation of motion x - 0 of a free particle moving in the 


1 


x direction the natural or standard Lagrangian is given by L = — x . However, one can verify that 


L x = — and L 2 = In x via the Euler- Lagrange equations reproduce the equation of motion of the 

x 

free particle. Thus, these two also equations represent admissible Lagrangians for the motion of a 
free particle. Following this viewpoint we introduce: 


A = 


l 

kx + k 2 x 2 


(35) 


And 


L 2 = \n{kx + k 1 x 2 ) , 


(36) 


and verify that (35) and (36) when substituted in the appropriate Euler-Lagrange equation lead to 
(5) and (6). A Lagrangian for (22) similar to that in (35) reads 


L, 


1 

kx + k 2 x 2 +/t 


(37) 


One can check that 


L, = ln(/d + k 2 x 2 + —) 


(38) 


Is associated with the oscillator equation: 


x + 4kxx + 2k^ x 3 + 2 = 0. 


(39) 
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From the expressions for Ls presented here it is clear that Emden-type equations for p = a : / 9 
follow from the inverse type of Lagrangians while those for p = a 2 /S follow from a logarithmic 
class. Both inverse and logarithmic class of Lagrangians do involve neither the kinetic energy term 
nor the potential function. As a result they were qualified as nonstandard [12]. 

The Jacobi integral for the one-dimensional motion can be written as [9] 


J = 



L. 


(40) 


For the equations in (5) and (6) the expressions for J obtained from (35), (36) and (40) can be 
written as 


kx 2 + 2x 
(kx 2 + x) 2 


(41) 


And 


Js = 


kx " + x 


7 - In (kx 2 + x) . 


(42) 


For (41) we can express x as a function of x and J , and solve the resulting equation to get the 
solution of (5), which agrees with that given in (12). On the other hand x in (42) occurs in 
essentially non-algebraic way and does not permit one to write x as a function of x and J 1 . This is 

precisely the reason why the MEE for p = « 2 /8 poses inordinate complications to find its solution. 
Let us generalize (35) and (36) to write 


T 8 = 
A 


1 


2 n 


kx + k x 


(43) 


And 


L\ = \n(kx + k 2 x n ) . 


(44) 


The equations of motion corresponding to (43) and (44) are: 


x + — knx" 'x + — nk 2 x 2n 1 = 0 
2 2 


(45) 


MMSE Journal. Open Access www.mmse.xyz 

185 


Mechanics, Materials Science & Engineering, July 2016 - ISSN 2412-5954 


and 


x + 2kwc n l x + nk 2 x 2n 1 =0 


(46) 


respectively. Equations (45) and (46) give the equations of motion for the over-damped and 
critically damped harmonic oscillators for n — 1 with appropriate non-standard Lagrangians 
obtained from (43) and (45) respectively. This provides an example of the non-standard Lagrangian 
representation for a system which follows from an explicitly time-dependent standard Lagrangian 

[13]. 

The non-standard Lagrangians are explicitly time independent by choice although the associated 
equations of motion involve velocity terms. Thus the Hamiltonians corresponding to both will refer 
to the total energies of the systems represented by (45) and (46). Using the Legendre transformation 
between the Hamiltonian H and Lagrangian L 


H = (xp x -L) i= 


x=f(x,p x ) > 


8L 

8x 


(47) 


we obtain the Hamiltonian functions 


H 


g 

i 



(48) 


And 


H ^ = 1 - ln(— ) - kp 2 x n 
Pi 


(49) 


Lor (45) and (46). Here p { and p 2 are given by 


P i = 


k 

{kx + k 2 x n f 


(50) 


And 


Pi = 


k 

kx + k 2 x n 


(51) 
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If we substitute back the values of p { and p 2 in (50) and (51) in (48) and (49) we shall get 
respectively the Jacobi integrals Jf and ./(' for the equations of motion in (45) and (46). Written 
explicitly 


kx" + 2x 
k(kx n + x) 2 


(52) 


And 


J 2 = — p - — 7 - In (k 2 x n + kx) . 
kx' 1 + x 


(53) 


For n — 2 (52) and (53) reduce to the results in (41) and (42). 

Summary. We introduced, in this paper, two methods to solve modified Emden-type equations. 
The merit of the approaches developed by us lies in their simplicity and effectiveness to deal with 
the problem. The first method, where we obtained the general solutions from a particular solution 
satisfying the asymptotic boundary condition only has a deep root in the scientific literature. For 
example, Sommerfeld [14] used the exact particular solution 144/ x 3 to construct a beautiful well 
behaved analytic solution for the famous Thomas-Fermi equation (TF).The method of Majorana 
[15] for constructing semi- analytical solution of the TF equation also provides another example in 
respect of this. In the second method we modified a factorization technique of differential operators 
applicable to Lienard-type equations for finding particular solutions. The modification used by us 
automatically led to general solutions not only of MEEs but also of an unusual Lienard-type 
oscillator. 
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ABSTRACT. The method of approximation of functions by piecewise continuous polynomials of second degree by 
means of least squares method is proposed. At that, the finding of functions in the nodal points is reduced to solving the 
system of linear algebraic equations. The developed approach is used for functions given by Fourier series for which 
this system is solved in closed form. Thus, the formula for finding the functions in nodal points through modified 
Fourier series is obtained. There is illustrated the effectiveness of proposed formulas for numerically-analytical finding 
the original based on an improved approach of Prudnikov, which in general is reduced to calculation of the slowly 
convergent Fourier series. 


1. Introduction. The solution of a wide class of applied problems of mathematical physics is 
written in the form of Fourier series. In addition, on solving a system of differential equations in 
partial derivatives the method of Fourier series is used jointly with other approaches. In particular, 
on additional applying the method of boundary elements the series coefficients are found by means 
of solution the one-or two-dimensional integral equations by numerical method [1-6]. In addition, 
determination of the series coefficients demands a lot of calculations and these coefficients are 
found with some errors what, in turn, can cause the loss of calculation accuracy. Due to this fact, at 
the studying these problems actual will be the problem of development the approaches to improve 
the series convergence which would enable one to sum these series with controlled accuracy on the 
basis of relatively small number of terms. 

To improve the series convergence in literature [7] are used widely the approaches, obtained on the 
basis of consideration the problem of series summation, which is incorrect problem [8]. Since the 
functions, which are described by the series with improved convergence, are found at that as some 
averaging of the initial [7], then the fast-charging values in the vicinity of localized actions will be 
found with the largest error. Other methods of improving the series convergence [7, 8] are also 
efficient only for separate classes of functions. 

The article offers a way to improve the Fourier series convergence for the functions in the 
assumption that they can be approximated with given accuracy by piecewise-continuous 
polynomials of the second degree. The constructed formula is applied to increase the accuracy of 
numerical inversion of Laplace transform. 

Note that in [9] way of improving the Fourier series convergence is given for the functions in the 
assumption that they can be approximated with given accuracy by piecewise-continuous 
polynomials of the first degree. 

2. Basic Ratio. First present the formulas for approximation the functions by piecewise continuous 
polynomials using the least squares method. Consider the function f(x) continuous on the interval 
c<x<d . We will describe it on this interval approximately by the function of the form 
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f(x) = f(x) = Y J A j g j (x), 


7=0 


where g j(x) - are the linearly independent functions. 

We find coefficients Aj by the least square method minimizing the expression 


1 = 


Cl 

jW) 


fW-JlAjgjix) 


dx , 


7=1 


( 1 ) 


where (p{x) is - the given weight function. From this we obtain a system of equations to determine 
the coefficients A. 


Y j a ij A j =P i , i = 0,...,N . 


7=0 


( 2 ) 


Here 


d d 

« y - = J (pgtgjdx , ft =\ <pfg,dx . 

c c 


d — c 

Divide the segment [c, d] into 2 N intervals with a step h = ^ with nodes X f = c + jh , 

j = 0,...,2N. Approximate the function / ( x) by the second order piecewise-continuous 
polynomials. On the intervals x 2n < x< x 2n+2 we write the interpolation polynomial with nodes 

X 2n ’ X 2n+l ’ X 2n+2 aS 


fix) = A 2i 


(x-x 2n+l )(x-x 2n+2 ) 4 (x-x 2n )(x-x 2n+2 ) , 4 

“ h /± 2n + 1 » 2 n+2 


(x-x 2 )(x-x 2n+ ,) 


2 h z 


— n 


2/7 2 


where A. - are the values (unknowns) of function f(x) at the points x = Xj. 
The functions gj(x) in (1) can be written as 


/>2n+l 


(x-x 2n )(x-x 2n+2 ) 

h 2 


for x 2n <x<x 2n+2 . 
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Sm 


1- 


I x ~x 2 „\ 


V 


2 h 


1- 


\ x ~x 2n \ 




h 


for x 2n 2 <x<x 2n+2 , 


So 


r v \ f 

1 -— 


V 


2/7 


1-- 




’ Sin 


l | X ~ X 2 N 


2/7 


t ! X ~ X 2N 




Then we write a system of equations (2) in the form 

0, SoCqAq + (x. /V + (x , /\ , y/ j , 

^l^h.N-2 AlW-l 0’ '*OCqA 2 n — P 2 N ’ 

^ 2 A 7+2 A 7+l «0 A ; ^ 1 A 7-1 *^ 2 A 7-2 — P j ’ 2 — 2, 4, , 2/V — 2, 
«! A ; - +1 + 2« (l 4, + a,4 H = p. , y = l, 3,..., 2/V — I , 


(3) 


where: 


8 , 2 1 

a n = — h, a , = — h , a, = h . 

0 15 1 15 “ 15 


2/z 


Pm = | /(* + * 2 „) 




-2 h 


V 


2/7 


I V I 


y v 


r ( 1 1 1 3 

6LY = /7j/(/7r + x 2n ) 1 (l-lrl)r/t, 

V 2 J 


1 2/1 1 

A»+l=— 71 | /(^ + ^2„ + l)(- Y2 - /72 )^ = - /? j/( / ^ + ^2„ + l)( r2 - 1 )^^ 

" -2/i -1 


Pin = J fi x + x 2 N^ 

- 2 h 

2 h 

Po = | fix) 


1 + - 


2/7 


y r ^ 

1+- 

y v ^y 




6f.Y = /7|/(/7t + X 2A ,) 1 + — (l + t)jt, 


v ^y 


1-^ 

2/7 


Ay t a 
1 -- 
yv hj 


dx = h 



i-i] 

2j 


(l-t)dt . 


3. Improvement of Fourier Series Convergence. Consider the function given by the series 


fix) = Yj a k e '' 


ij Lx 


k =- 00 


(4) 


2 7zk 

for A k = , c=0, d=L, L = const. 

Z/ 

The coefficients P ■ will be 
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p 2 n= h Yj a k &X V{ i \ X 2 n ) ( P 2 k . n = l,...,N~l, 

k 

p 2 n + i=hY J a k ex v{i\x 2n+l )(p lk , n = 0,...,N-l, 

k 

Po = /7 Z a k%k exp (a k h) , P 2N = a k <p 0k exp (~i\h) , (5) 

k k 


where 


z, 

(P2. k = | exp(*V*0 


(l-— V 
v 2 jy 


h) 


i 

cit , <p lk =-^ exp(iy k t)(t 2 -Pjdt . 


1 

<P 0 , k =0,5\exp(iy k t)(t-l)tdt, y k =A k h. 
-1 


This implies, that 


(p 2 , k = ( p 2 (r k ), (p u = (pPr k ) , %,k = %(r k ) ■ 


A 


1 + cos~ A — 


sin 2 A 
A 




sin A 


-COS /l 


• 2 

<P 0 W = ~. 0,5^W(1 + 0,5A|). 

A 


We note, that <p 2 ( 0) = 2 /3 , ^ (0) = 4 / 3 , <£> o (0) = 1 /3 . 

4. Periodic Continuous Function f(x). Assume that the function f (x) is continuous for 
0 <x<L and /( 0) = f(L ) . In this case the function f ( x) is continuous and periodic with a period 
L . Denote the coefficients A j by cp . for this case. Then a system of equations (3) will have the 
form: 


-<t„, + 2® + 8®, + 24> m j = 0,2,...,2N-2, 

2® it ,+16®,. + 2® J _,= / S i y, ;=0,3,...,2JV-1, (6) 

_ ®2iV+2 + 2®2V+1 " l "^®2A' " l “20 2 JV-l ~~ ^2iV-2 = PlN ~T ’ 

h 

where 
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f ( I tO 

Pin ~ ^ J f (.ht x 2 n^ 1 2T 0~ ^ ^ 0 dt — /? n + P 2N — /?X \a k e x p ( iA k x 2 v )<p 1 L . . 
V 2 J 


-2 


In view of the expressions for the coefficients /?. we find first the solution of a system of equations 
(6) at P 2k = s 2 c 2k , P 2k+l = s t c 2l '~ ] , where s l 2 are the given constants, c = exp(ivl) . Represent 


O 2 k =S 2 c 2k ,® 2k+l = S l c 2k+l „ 


where S l2 - are the unknown constants. 

Substituting these constants into a system of equations (6), we obtain a system to determine S’, 2 of 
the form: 


S 2 (-c 2 -c' 2 +8) +2 S 1 (c + c- 1 ) = 15s 2 , 

< 

2 S 2 (c + c" 1 ) + 16Sj =15sj. 

Rewrite it in the form: 

JS 2 (-2 cos 2/1 + 8) + 4S 1 ! cos/l = 15s 2 , 

|4S 2 cos/l +165 j =15^. 

This implies, that 

_ 4^-^cos/L 15 s 2 cos /l -^(2 -0,5 cos 2/1) 15 

2 8-2cos2/l-cos 2 A 4 ’ 1 8-2cos2/l-cos 2 /l 4 

On the basis of obtained formulas from a system of equations (6) we find 


oo 

cl) 2„ = X a k r 2,k expOA^J, ® 2n+1 

k = — oo 


X a P"l,k ex p(^^2n+l) ’ 

k=- oo 


(7) 


where 


_ 1 5 4<^> 2 (/„)- (p x (y n ) cos y n _ 
" 4 A(^) 
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1 5 ~<P 2 (r„ ) cos + (2-0,5 cos 2 y n )(p x (y n ) 
4 A (y n ) 


= 8i(r n ) 


( 8 ) 


Here 


SiW = 15 


-5 cos A - cos A sin A + 5 sin A / A 


82(A) = 15 


2AA 2 

2 + 3cos 2 A -2, 5 sin 2A/ A 


, A(A) =8-2cos2/L-cos 2 A 


AA 2 


For large values n the coefficients T jk =0(k 2 ) . For this reason the formulas (7) make it possible 

to find the values of function /at the nodes in terms of the series the convergence of which is much 
higher than that of initial series (5). 

The graphs if function as g 12 (/T) are given in Fig. 1. 



0 0.5 1 1.5 2 2.5 3 3.5 A/n 



Figure 1. The graphs of auxiliary function g 1 (A). 


From the graph we see that to improve the convergence of slowly convergent series it is advisable 
to confine ourselves in the series M by the terms choosing them so that A M h »( m + 0, 5 ) ^ , 
m = 2,3,.... That is it is advisable to assume M ~ (m + 0,5)/V . In addition the first not considered 
forms of the series will be small because of near to zero values of multipliers T n k . 

5. The Case of Nonperiodic Functions. Consider now a general case when /( 0) ^ f(L) . We 
present solutions of the system (3) as 
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A =<D +D . 

J J J 

Substituting it into (3), we obtain a system of equations to determine the values D . 

-Dj +2 + 2 D j+l +8 Dj+ 2 D h - Dj_ 2 = 0, j = 1,2,...,2N -2. 

2D j+i + 1 6 Dj + 2D h = 0 , j = 0, 3, 2N - 1 , 

4D (I + 2D, -D 2 =S 0 , 

~ D 2N-2 + 2 AiV-1 + 4 = S 2N ’ (9) 


where 


= jA -(4® 0 + 2®, -4>,) , = j A» + 2® 3 „_, + 44>„) . 

On the basis of the last of equations of the system (6) we have S 0 + S 2N = 0 . That is S 2N = —S 0 . 
A solution of this system we shall seek in the form 

D 2k =Dq 2k , k = 0,...,N- D 2lc+l = Dpq 2k+ \k = 0,...,N -1, 


where D,q,p - are the unknown values. 

Substituting it into the homogeneous equations of the system (9) we obtain the equation 

j-(g 2 +q 2 ) + 2p(q + q^) + S = 0, 

[q + q-' +8 p = 0. 


Denote q + q 1 = z ■ Then these equations become 


j-z 2 +2pz + 10 = 0, 

[z + 8p = 0. 


Solving this system we obtain 
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Zl,2 = ± 2V2, A,2=+^-' 


yf2 

Then from equation q + q 1 = z 12 we find the roots q x = -yfl + 1 , p x = ; q 2 = 

P 2 ~ Pi’’ d.2 _ 9l ’ Pi ~ _ Pi’ — — ^2 > Pa ~ ~P 2 • 

Thus the general solution for homogeneous equations of the system (9) will read 


-sf2 - 1 = -, 
c l\ 


D 2k =B l q- k +B 2 q 2 2 k +B 3 q 2 3 k +B 4 ql k =(B l +B 3 )qf k +(B 2 +B 4 )q 2 2 k , h N 

D 2k + l= B lPl C h + B lP 2 C h + B 2 P 2 % + B aPa C Ia = 

= A [(5, + B 3 )qf k+1 + (B 2 + B 4 )ql k+1 ] , k =0,...,N-l . 


where B x 4 - are arbitrary constants. 

That is, the general solution will have the form 


D 2k = A qf k +-^q; k , k = 0,...,N, 
q 2 


Qk+l Pi 


Aq[ 


2k+\ 


B 


q 2 


n 2k+1 
2 N V2 


, k = 0,...,N-l. 


where A,B - are the arbitrary constants. 

Substituting the obtained solution into non homogeneous equations of the system (8), we obtain 


J d x A + d n q x N B — 8 q, 
\d 2 q 2N A + d x B = S 2N , 


where d x 2 = 4 + 2 p x q x 2 - q x2 = ±5 / sjl . 
From this we obtain 


A = 


dA ~ Cl 2 C P $2 N = \ L 

dr d x 1 + q x 


d l 8 2N -d 2 q 2N S i 


d. 


AN i2 


C h 


2 N 


B = 


dr 


AN i 2 


9, 


d: 


= -A 


( 10 ) 


That is 
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D,„=Aq;"+-^ql-=A( q ;- n = 

q; 


t~"v A ( 2n+\ 2N-2n~. 

D 2n+l=Pl A \<I 1 “ft 




Thus to determine the functions at the nodes we have 


V5 


2n 2N—2n 


f^2n) = ^2n +D 2n = Z 2.* eX P(*A*2„ ) + " ^ ^ . n = 0,...,N, 

t=-as 5 1 + Q, 


k =— 00 


/(*2» + l) = 0 2„+l + D 2„ + , = Z fl t r W eX P('A^„ ( ,)- 


+ ft“ 

2n+l 2N—2n—\ 


k=-cc 


e zn +1 A 

jo ft -ft 

20 1 + ft 


2W 


n = 0,...,A-l. (11) 


The multipliers ft" for n=l,...,6 are equal to: 0,414; 0,172; 0,071; 0,029; 0,012; 0,005. That is 
these multipliers decay rapidly, therefore at the internal points x k for k> 5 we can reject the 
components D n in (11). Analogously, at the points far from the boundary point x-L we can also 
reject the components D n . 

6. Optimization of the Algorithm. When applying the above approach the values 
<D n , n =0, ...,2/V are determined in terms of quickly convergent series, the initial coefficients in 

which are multiplied by the multipliers of the order 0(k 2 ) as k— »oo. At the same time when 
determining the coefficients A, B in (10) it is necessary to determine the constants /? 0 ,/? 2iV 
expressed in terms of the series the coefficients in which have additional multipliers of the order 
(p 0 (A k h) 0(k ~ x ) as k —> oo . The graphs of the curves Re^ 0 ,Im^> 0 are given in Fig. 2 by the curies 1 
and 2. 



O 0 
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Figure 2. The graph of auxiliary function Rc <p t) , I m (p t] . 


From Fig. 2 we see that to calculate these constants it is necessary to hold a greater number of the 
series terms than to find the coefficients 0 ;1 (M ~ UN ). Besides, the constants J3 0 ,J3 2N in the 
system (9) have as a multiplier the number 15 what demands to calculate with larger accuracy. 

Consider the case when we can avoid calculating these relatively slowly convergent series. Let the 
function fix) be continuous together with derivative and given by the series (4) on the interval 
[0, L] and /( 0) ^ f(L ) . In this case the series (4) converge slowly and the coefficients in it have 
the order a k = Oil Ik), k — » oo . 

Really, 


a k 


\_ 

L 


L 



0 


fc\pi-i/ h x) 


-if. L 


1 L, • 

H f / ' exp {-i\x)dx = —S + 0(k 2 ) , 

n T J K. 


x=0 


o 


where 


f{L)-f{ 0) 
L 


( 12 ) 


Put f(x) = F(x) + Sx, where Fix)-fix)-Sx. 
We present the function Fix) as a series 


oo 

Fix) = ^ (a k - Sy k )expHf : x ) , 

k=- oo 


(13) 


where y k = i / \ . 

Obviously the series (13) for functions Fix) converges more rapidly then for initial function fix ) , 
since the coefficients in it are of the order Oik 2 ) as k — > oo . 

To calculate the function Fix ) , which is a continuous periodic (with a period L ), we apply the 
relation (7) 


oo 

F(F , ) ~ X K - Fy k ) g n , k exp ii\x) = O,, - 5Y n , 

k =-oo 
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where 


oo 

K, = YkSn.k ’ §2m,k ~ ^2,* ’ <?2m+U “ . 

k=-co 


Then 




(14) 


Consider the case when the value 5 is unknown. To find it we write the expression 5 on the basis 
of (12) and (14) 


s=[f(x, n )-f(x„)\iL={‘ t„-o, l )/L+(i[i-(y„-y 0 )]. 


Thus we have 


g _ ^0 

r 2 „-r 0 


Since the value 5 can be found in such a way with errors, to determine the function / is advisable 
to use the formulas 




(15) 


The values (d^. ~8Y k ) it is advisable to determine by the formulas (1 1) on the basis of (13). 

As an example the calculations for function f(x ) = e are carried out. The coefficients of the 
series (4) for this function are 


i i —mL 

1 1-e 

a k = — : • 

L ki + m 

The calculations are carried out for m - -2, L — 2, N - 1 0, M - 35 . The values of function f(x) 
at the nodes are calculated; the nodes are denoted as: y t - by the exact formula; y, - by the formula 
(ii); y 2 - by the formula (15); y (l - on the basis of the series (4) containing M=100 and M=500 
terms. The calculated values y t and relative values y L2 / y t are presented in Table 1. 
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From the Table we see that in this case the formula (15) enables us to calculate the series with high 
accuracy on the basis of choice of 11 nodes and 18 terms of the series. Considering 21 nodes and 35 
terms of the series, the maximal relative error of finding the series is -0,1%. At the same time 
when summing up directly the series using 500 terms if the series, the calculation error is much 
larger, especially near the ends of the interval. Note that sufficiently large error of formula (11) for 
small values of argument x (values y, ) appeared because of small number of terms when 
calculating the coefficient f3 0 . 


Table 1. Approximated and exact values of function fix) = e 


1 


N=10, M=35 

N=5, M=18 

M=100 

M=500 

X 

y , 

yjy , 

. y 2 / y , 

t / y , 

y i / y , 

y 0 / y , 

y 0 1 y , 

0,0 

1,000 

1,099 

1,000 

1,050 

1,010 

iu 

27,7 

0,2 

1,492 

0,978 

0,999 

1,009 

1,001 

1,175 

1,035 

0,4 

2,226 

1,001 

1,000 

0,992 

1,004 

1,052 

1,011 

0,6 

3,320 

0,999 

1,000 

1,003 

0,999 

1,018 

1,004 

0,8 

4,953 

1,001 

1,000 

0,999 

1,003 

1,005 

1,001 

1,0 

7,389 

1,000 

1,000 

0,999 

0,999 

1,000 

1,000 

1,2 

11,023 

1,000 

1,000 

1,005 

1,003 

0,997 

0,999 

1,4 

16,445 

1,000 

1,000 

0,999 

0,999 

0,996 

0,999 

1,6 

24,533 

1,000 

1,000 

1,002 

1,001 

0,995 

0,999 

1,8 

36,598 

1,001 

1,000 

1,000 

1,001 

0,993 

0,999 

2,0 

54,598 

0,997 

0,999 

0,995 

0,996 

9,8 

21,5 


7. Determination of Function on the Part of Interval. Consider the case when function given by 
the series (4) has a peculiarity at some point x = x r . In such cases the series converges slowly and 
in the vicinity of point x r it diverges. The proposed way makes possible to calculate the function on 
the basis of the series on the intervals [a, b ] which do not include the point x r . Then in the given 
above formulas we assume 

h = (b — a)/ 2 N , x n =a + nh, n — 0, . .., 2 N . 


As an example consider the function 


/(*) = 0,5 In 


1 


2(1- cos x) 


having algorithmic peculiarity for x — 0 . 

The coefficients of the series (4) for this function are 
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a, = — — 7 , k ^ 0; a n = 0 . 
2 \k\ 


The calculations are carried out for N -16, a = 0, An , b - 1, 9n , M - 70 . In Table 2 are presented 
results of calculations: yj -by formula (11); y 0 - on the basis of series (4) containing 200 terms. 


Table 2. Approximated and exact values of function f(x) = 0,5 In [2(1- cos x)] 1 . 


X 

y , 

.V.T 

>’o / y , 

1,2566 

- 0,1618 

0,9980 

1,0156 

1.8064 

- 0,4515 

1,0000 

0,9944 

2,3562 

- 0,6140 

1,0015 

1,0041 

2,9060 

- 0,6862 

0,9998 

0,9963 

3,4558 

- 0,6808 

0,9987 

1,0037 

4,0055 

- 0,5968 

1,0004 

0,9958 

4,5553 

- 0,4192 

1,0024 

1,0060 

5,1051 

- 0,1054 

0,9924 

0,9761 

5,6549 

0,4812 

0,9999 

0,9947 


We see that formula (11) makes possible to calculate the series directly with high accuracy without 
previous making of logarithmic peculiarity. 

8. Improvement of Fourier Series Convergence into Inversion Formula of Laplace Transform 
on the Basis of Prudnikov Formula. Consider the problem of finding the function f(t) on the 

oo 

basis of the known integral Laplace image F(.s') = J/(f)exp(-sf)rfr . Assume F(s) to be an 

o 

analytical function for Re ( 5 ) > d , where d is a known constant. Then there exists exact formula of 
presenting the original in terms of its image [10] 


1 

/ (t) = - exp (ct /l) ^ F(5 n )exp(2^mt //)-/?, , 

l n =— on 


(14) 


where s n = (c + 2 nni) / 1 ; 

c - is the constant, choosing which we can improve convergence of solution ( Re(c) > 0 ); 
/ - is time constant, 0 < t < l , 


R 1 =Yj ex P{~ nc )f{ t + nl )- ( 15 ) 

«= 1 
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As a rule, the series in formula (14) converges slowly. This is due to that for a wide class of 
functions F(s n ) = 0(1/ n) . Therefore, while calculating, using formula (14), to calculate the series 

it is necessary to hold in it a large number of terms. In this connection it will be problematic to use 
directly formula (14). In [2-6] for a class of functions with known values of original and its 
derivative for t — 0 and at large values of argument, the refined inversion formulas are obtained, 
these formulas make it possible to calculate the original with controlled accuracy in terms of 
quickly convergent series. 

Consider a widespread case when we know only that the original can be approximated with given 
accuracy by the second degree piecewise continuous polynomials. 

To use formula (14) it is necessary to sum up with given accuracy slowly convergent series 


oo 

S(t) = ^ A n exp(2 7tnit / /), 0 <t <1 , 

n =— oo 


where \ =F(s n ). 

We shall show that to this end the formula (7) can be used efficiently. As an example consider the 
image given by the formula F(s ) = 1 / (ssfs ) , where a = const . Note that function fix ) = -^= \Jx is 

the original for this image. In calculations we assumed c - 8 , l-L — 6 and rejected the residual 
term R t , since at that it will have a small multiplier A 8 « 3 ■ 10 4 . 

Table 3 presents the values of exact function y T = fit ) and relative errors in percent 


*i = 


yi~y r 

y T 


100 . 




y 2 ~ y T 
y T 


100 . 


Table 3. The error of inversion formula of Laplace transform. 



y = 2 ^ x 1 n 

1 

II 

X 

y T 



y T 



0 

0,000 



1,000 

0,131 

0,283 

0,5 

0,798 

0,343 

- 0,056 

0,607 

- 0,062 

0,004 

1 

1,128 

- 0,045 

- 0,064 

0,368 

- 0,071 

0,013 

1,5 

1,382 

- 0,067 

- 0,074 

0,223 

- 0,055 

0,042 

2 

1,596 

- 0,066 

- 0,103 

0,135 

- 0,025 

0,137 

2,5 

1,784 

- 0,065 

- 0,172 

0,082 

0,027 

0,445 

3 

1,954 

- 0,066 

- 0,329 

0,050 

0,120 

1,441 

3,5 

2,111 

- 0,069 

- 0,678 

0,030 

0,297 

4,670 

4 

2,257 

- 0,080 

- 1,473 

0,018 

0,667 

15,180 

4,5 

2,394 

- 0,107 

- 3,375 

0,011 

1,540 

49,688 
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5 

2,523 

- 0.199 

- 8.504 

0.007 

4,861 

165,965 


As it is seen from the Table 3, the proposed formula (7) enables to have larger accuracy using 60 
terms than direct calculation the series, containing 1000 terms. The largest relative errors of formula 

(7) are at the points where function fix) is small in its value. 

Table 2 presents as well the results of calculations for functions fit) = e ' for which the image is 
F(s ) = 1 / (5 + 1) . We see that accuracy of finding the original by formula (7) for this function is also 
high. 

Summary. The way to improve the convergence of Fourier series is constructed; it is efficient for 
functions which can be approximated by the second degree piecewise-continuous polynomials. The 
obtained formulas are applied to improve the series convergence appearing at numerical inversion 
of Laplace transform by Prudnikov formula. The presented examples illustrate the efficiency of 
approach for numerical finding the originals on the basis of their Laplace images. 
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ABSTRACT. The thermal transport in a solid can be determined by means of the Boltzmann equations regarding its 
distributions of phonons and electrons, when the solid is subjected to a thermal gradient. After solving the coupled 
equations, the related thermal conductivities can be obtained. Here we show how to determine the coupled equations for 
phonons and electrons. 


Introduction. In some previous papers we have considered the thermal transport in a solid when 
just phonons are present [1-6]. Phonons are the quantization of the vibrations of the ions in crystals. 
They are the quanta which are carrying the thermal energy in the dielectric solids. Since the 
phonons are interacting among them and with the crystal defects and boundaries, a finite thermal 
conductivity is observed. Here, we will consider the presence in the solid of both phonons and 
electrons, subjected to a thermal gradient. The electrons we consider are those which can freely 
move in the crystal. In fact, these electrons can give rise to several phenomena connected to charge 
transport: these phenomena will be the subject of a future paper. Here we concentrate just on the 
effect of a thermal gradient and on the interaction of electrons with phonons and how it can be 
described by the Boltzmann equation, aiming to introduce the subject to students of engineering 
colleges. 

As shown in [7-9], the interaction among phonons, in three phonons scattering processes for 
instance, is coming from the Lagrangian of the lattice. In the case that in the solid there are 
electrons which can support an energy/charge conductivity, these particles, when moving in the 
solid, are interacting with the ions of the lattice. The use of a pseudopotential [10] allows us to 
consider the conducing electrons as electrons described by means of a plane waves basis. In this 
manner we can analyse the transport with an approach based on a perturbative interaction with 
phonons, neglecting electron-electron interaction and the scattering of electrons with lattice defects. 
As we have seen for phonons, we can solve the Boltzmann equation for these electrons and 
determine their contribution to the thermal conductivity. However, the electron-phonon interaction 
is also influencing the phonon transport, and therefore the phonon thermal conductivity is changed 
too. 

The Boltzmann equation for phonons in a thermal gradient. A thermal gradient in a solid is 
exciting electrons and phonons which are present in the crystal; they are gaining energy which are 
transferring, that is conducting, from one end of the solid to the other, moving from the hotter to the 
coldest side. In metals, both electrons and phonons are playing a relevant role in the thermal 
conduction, whereas in dielectrics, only phonons are involved. To find the thermal resistance and 
then the thermal conductivity of the solid, we need to describe several interactions among phonons, 
electrons, those of phonons with electrons and of phonons and electrons with defects and impurities 
of the crystals. Moreover the scattering with the boundaries of the crystal have to be considered too. 
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The problem of evaluating the thermal conductivity in solids is therefore quite complex. It can be 
solved, from a microscopic point of view [11], using the relaxation time approximation [5,6,11-18], 
using some variational [19-21] or iterative methods [1-4], or the Green functions [22,23]. The 
methods based on relaxation time approximations and on variational and iterative methods are 
based on the Boltzmann equation, whereas the approach with the Green functions is based on 
quantum statistics. Here we consider the approach based on the Boltzmann equation. 

Let us start from phonons. To derive the Boltzmann equation we need that a distribution function 
n q/? ( r,t) exists concerning the phonon state (q, p) about position r, at time t. The state is described 

by the wave vector q and by its polarization p . If a thermal gradient VT exists, which is changing 
the temperature T = T (r) in the sample, we will have a diffusion process in the distribution. In this 
case we can write: 


dn, 


qp 


dt 


= ~ k B T v (q)-VT 


dn, 


diff 


qp 

dT 


( 1 ) 


In (1), \ p ( q) is the group velocity of phonon (q, p ). Let us observe that the phonon distribution 
n ^ is depending on space through the temperature T = T (r). 

The scattering processes will give a change of the phonon distribution. In the case of a stationary 
condition, we must have: 


-k B T v (q)-VT 


dn, 


qp 

dT 


dn, 


qp 


dt 


= 0 


scatt 


( 2 ) 


This is the general form of the Boltzmann equation [9, 24]. It is an integral -differential equation. A 
way to solve this equation is in its linearization, considering only the deviation from equilibrium 

n qp - n qp , being n qp the equilibrium distribution. 

The simplest case of scattering we can discuss is that of an elastic scattering. The phonon process is 
(q, p) — » (q', p ) , conserving the energy. In this process, we have a transition from the phonon state 
(q, p) to the state (q', //) . The relative probability of a transition in the unit of time is: 



+1 


(3) 


In (3), Z^f is the intrinsic probability, that is the probability not depending on the occupation of 
phonon states (q ,p) and (q ',//) . Therefore, the probability of the transition from (q ',/?') to (q ,p) 
is: 






qp 


+ 1 > z q y 


(4) 
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where 


7 qp _ 7q p 

q y qp 


(5) 


Because the variation of the phonon distribution is equal to the probability of having a scattering per 
unit of time, we have: 


< 9/7 


qp 


dt 


zte -<"')= E + 1 )-'V<»,y + »l z 3?' < 6 > 


scatt q P 


q p 


After simplifying and linearizing we find: 


dn, 


qp 




Z [("q V - n J'//) - Oq/7 “ °qp >] 


scatt q P 


(V) 


In (7), /z^p = , because n^ p is depending just on energy and that in an elastic process: 


h ®(q, p) - h oi(q', p') 


( 8 ) 


The linearized Boltzmann equation turns out to be: 


k B r V p (q) • vr SJsl = xtv - C ) - l 2 * 

qp' 


(9) 


In (9), to evaluate dn qp / dT we used only the equilibrium distribution n^ p . 

In the general case, to obtain the linearized Boltzmann equation we use the deviation from 
equilibrium 4^ in the following manner: 


11 — 11 
*\P qp 


T, 


dn 


qp 


qp 


d(ftco qp) 


(10’) 


Let us assume x = tno^ / k B T , where k B is the Boltzmann constant. From (10’) we have: 
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d'V _ d<p dx _ 1 5 [ 1 | _ 1 n p / o +1 ) 

d( hcoqp) dx dihcOqp) k B T dx \e x -1 j k ' 


(10”) 


Therefore: 


/7 = n 

rL q p qp 


T. 


dn, 


qp 


T. 


qp 


diflCO qp) 


- "qp + 


qp 77 0 (n° 


k B r qp 


■i) 


( 10 ”’) 


For the elastic scattering: 


-k B r Vp (q)- v r 


dl \, 

dT 


VW n° (n° 
ZjL I qp ,t qp v qp 

q'p' 


+ H- vp , , n v < 
^ M qp qp 


, 0 
("q'p' 


+ 1 ) 


vqp 

qp 
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That is: 


k B T v p (q )VT 


d >\ P 

dT 



( 12 ) 


o q 'p' =77 ° It ? 0 +nz q,/y 

*Zq p "an ^ ' up 


qp v qp 


qp 


(13) 


With this formalism, in the case that we have three-phonon processes, the linearized Boltzmann 
equation is: 


On 

t,rv,(q)-vrA = I z 


dT 


+ 


qp q p 


+ 1 y I ^q'p'-q"p"[xj/ „ „ +vp , , _\p 1 
o r , r „ ^qp L qp qp q/j J 
l qp qp 


(14) 


In the linearized Boltzmann equation, we have the additions on phonons q' and q" of the Brillouin 
Zone. However, sums can be converted into integrals: 





_Q_f 2 n4l \ 

(2pt) 3 v \ j 



77 d/; J 


dC 

M(0',rj') 


(15) 


In (15), Q = NV is the volume of the crystal, made of N lattice cells each with volume V. H and M 
are the functions describing the boundary of the Brillouin Zone, and /q is the nearest neighbor site 
distance [1]. 
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Once obtained the deviation of the distribution function, the Boltzmann equation is solved and the 
thermal current U can be calculated as: 


U = — V fico nn \ nn ri nn = — — V Tico nn \ 

q /—! qp qp qp q /—i qp 

qp qp 


dn, 


o 

qp 




(16) 


In a Cartesian frame of reference having unit vectors u;, current U is represented by: 


u j = 


-Z 


K 


Jl 


8T 

dX; 


(17) 


In (17) Kij is a term of the thermal conductivity tensor, which is diagonal (k xx = K yy = k zz = k). 

Besides the phonon-phonon interaction, a phonon can be subjected to a scattering coming from the 
lattice defects and from electrons [1-6]. 


The Boltzmann Equation for electrons Let us use symbol Q when considering a phonon having 
wave-vector q , polarization p and frequency co ^ . And also use simply k for an electron having 
wave-vector k, and energy e k and spin <y . Supposing a thermal gradient disturbing the distribution 
of electrons from equilibrium f k to a distribution f k , let us assume, as we did for phonons: 




/°q-/°> 

k B r 


(18) 


The equilibrium distribution f k is that of Fermi-Dirac, where each energy level is occupied by an 

electron. In it, we have the Fermi energy s P . This threshold is obtained by the distribution f k 
which becomes a step function of energy when the Kelvin temperature is null. For non-null 
temperature: 


fk = 


1 + e 


1 

(s-s Ft/kB^ 


(19) 


Let us have free electrons described by k . At null temperature, the energy levels would be 
occupied till the radius kp so that: 


£ f - 



( 20 ) 
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In (20), m e is the mass of the electron. For a non-null temperature, some electrons have I k l> kp 
and then they can be above the Fermi energy. 

In (18), the deviation from equilibrium f k - f k , coming from the presence of a thermal gradient, is 

considered with the same approach we followed to solve the Boltzmann equation for phonons (see 
Eqs. (lO’)-(lO’”). 

Let n k kq , nj; q be the intrinsic probability of an electron-phonon scattering of an electron k 
interacting with a phonon q as shown in the following scheme (Figure 1). After the scattering, the 
electron has momentum k' , because it had gained a phonon or lost it [9]. 



Figure 1: An electron changes its momentum after it has gained or lost a phonon. 


Of course, as in the case of phonons, we can have processes involving the g vectors of the 
reciprocal lattice. The electron-phonon scatterings are adding new contributions in the scattering 
term of the Boltzmann equation for phonons. For instance, if we consider the case when just three- 
phonon scattering processes are present, to them we have to add the scattering from electrons: 


fdn Q ^ 


fit 

V ) scatt kcr k 'a' 


= 1 1 HqS^ j>r - ■ V Q - ®* )+ YAL p F s ccC (®r + *0 - ' ® t ) 


+5 lef e "hr -ffl +■%)+ IfifeK- - v) 

Q'Q" Q'Q" 


k<r k’a' 
'20' 


( 21 ’) 


Then, the linearized Boltzmann equation is: 


3tl 

O kcr k'a' ka k'a' 

A Zef e "(T e „-4' 0+ T a j + Zefelv-fa-v) 

z 2'2" 2'2" 


( 21 ”) 


Symbol cr is indicating electronic spin. Delta 8 aa ' is considering the conservation of electronic 
spin. Probabilities are given by the following expressions: 
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( 22 ) 


p t " =<■>/“ (i+«S)(i-/^) 


(23) 


In metals, electrons too are contributing to the thermal transport. In the Boltzmann equation for 
electrons, we find the scattering with phonons [9]: 


r esc \ 


V ^ J scatt Qk'a' 


= - K -'J's ) < 24 ’) 


gk'cr' 


Then, the linearize Boltzmann equation for electrons is: 




■ VT 


sr 


<2k'<r' (2k 'ex' 


(24”) 


From the theory of electron-phonon scattering [9], the probability p\q 


turns out to be: 


p k S= 9i(|k , -k| r q ' 1 ' (k / k \° (l - / k °.)4r k +hw^~ e k , ) 


(25) 


f l!’ ! e = *(K - k|)fc£2L29l f » (i + „» ) (i _ /k » ),s( £k - 1 , - £k . ) 

®qp 


(26) 


In (25) and (26) we find the polarization vectors e of phonons. The interaction between electron and 
lattice is described by the function 91(k). It can be described by means of a pseudopotential for 
instance. 

Let us note that we have to consider the conservation of energy and of the generalized conservation 
of momentum given by the following expression: 


k + q = k' + g ; k-q = k' + g 


The coupled Boltzmann linearized equations for phonons and electrons can be solved in an iterative 
approach for instance. Another question we have to discuss before solving the equation is the 
description of interaction. This will be shortly analysed in the next section. 
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Scattering electron-phonon Let us consider the following scheme (Figure 2): 



Figure 2: A scattering electron-phonon 

In this process we have a phonon having momentum q and polarization p added to the population 
tiQ so that population becomes n Q + 1 . Then, the initial quantum state is given by | i'j = y/ k | n Q ^ and 
the final quantum state is [ j) = y/ k | Uq + 1^ . If we use a pseudopotential approach [24], the electron 
can be described by plane waves [25-27], so that: 


^=7r ,kr ^=7r ik ' r 


(27) 


Let us remember that a pseudopotential is an effective potential used as an approximation for the 
simplified description of complex systems. It is an attempt to consider the effects of the motion of 
the core, that is of the non-valence electrons of an atom and of the nucleus with an effective 
potential, so that the Schrodinger equation contains such effective potential instead of the Coulomb 
terms for the core electrons. In this manner the valence electrons are described by pseudo-wave 
functions, in which a plane-wave basis is used. 

We can write the scattering as the passage from the initial state I i ) to the final state I / ) through 
pseudopotential IT [25,26]: 


(/ M i) = \ dV (r )in Q + 1 \w(r )| n Q )w k (r )d 3 x 
= (n Q + i| 1 J e- i(k '- k) ' r W(r)d 3 x|n e ) 


(n Q + 1 1 J V* k , (r)W(r)^ (r)d 3 x| n Q ) 
(n Q +l\w k '_ k \n Q ) 


(28) 


Moreover, we can write [25-27]: 


Wk'-k = 


iVS(k'-k)w(k'-k) 

<?(k'-k) 


(29) 


In (29), w is the pseudopotential generated by a single ion which is acting on the electron. N is the 
number of lattice sites. We find also in (29) the static dielectric constant s, which can be written as 
the following function [25-27] (e is the electron charge): 
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Q 4 


2x 2 n 2 


l-(Q/2k F f 
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l+(Q/2k F ) 

l-(Q/2k F ) 


+ 1 


(30) 


Moreover (/ is giving the lattice site described by the position vector 1): 


AS( k'-k) = 2V i(k ^ kH1+u/) 

i 

= y e -i(k'-k)-l e -i(k'-k).u/ 
/ 


^e“ i(k '“ k)1 [l-i(k'-k)-u / +...] 

i 


As usual, the phononic function of the displacement of the lattice site given by the position vector 1 
is [9,10]: 


«/ 



* — iql 

f* P M n 

.qp qp 


-V 
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(31) 


In (31), m -is the mass of ions. In this manner we can write the matrix: 
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Then, we can obtain: 
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Of the matrix, just the element having (Jq , which is creating phonon q, p survives, and then: 
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we have: 


MMSE Journal. Open Access www.mmse.xyz 
212 


Mechanics, Materials Science & Engineering, July 2016 - ISSN 2412-5954 


(. f\w\i) = 


w(k'-k) ^ I h eqp-(k f -k) 
£{ k'-k) V 2mN ^ 



(35) 


Of course, we have the generalized conservation of momentum k' — k + q = g . Therefore, the 
probability for the unit of time is: 


^j(/|W|i>| 2 <5(£, -£,) 
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2n 

w(k'-k) 

2 hN [eqp - (k'-k)] 2 
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i 
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~ £ k) 


(36) 


The conservation of energy is represented by 8{Ef -E x ) . Eq.36 is the intrinsic probability that an 
electron can move from k to k' . This probability is conditioned by the fact that k state is occupied 
and k' is empty, due to the Pauli exclusion principle. The true probability is then (36) multiplied by 
f k (1 - f k < ) . Therefore we have: 



2 n 

w(k' -k) 

9 hN 

e w (k’-k)f 
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_£-(k'-k)_ 
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fk (! - fk' )( n Q + l )8( £ k' +^oj q -s k ) 


(37) 


This is in agreement to (25) if we have: 


9?(k'-k) 


n N w(k'-k) 
m ^(k'-k) 


(38) 


In the Boltzmann equation we have also to consider the other scattering mechanism shown in the 


Figure 3. In this case we have to consider 


n Q ~ 1 


l Q 




q ) and generalized conservation 


k + q = k' + g. In this manner, it is straightforward to obtain Pi 


k' 

kQ- 



Figure 3: The other scattering electron-phonon process. 
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Thermal conductivity As given in [28], the thermal current of electrons is the following: 


(39) 

12 k 

In (39), we find the velocity and energy of electrons. We have also the chemical potential, that we 
will consider as s F . We can follow the same approach used for the phonons so that: 


U = — ~e F ) 


mi 

ds,. 


O, 


(40) 


In the approach we have shown here, the equilibrium distribution of electrons /° is a spherical 
symmetric function. Then, for the evaluation of the thermal electronic conductivity we can use 
spherical coordinates k, a , 6. The electronic thermal conductivity is given by [9,28]: 


k = — /lj k 2 dk J sin(a)d«| o dO{k 2 — 1)& cos(a)f®(l-f®)</>(k,a,0) (41) 


In (41), a reduced momentum k and the dimensionless deviation function (j> had been used so that 
the dimensional factor turns out to be [29] : 


k = 


k%Ti*V 

647r 2 mek B r 2 e 4 /7f 



(42) 


In (42), parameter U 0 is linked to the potential used for calculating the lattice thermal conductivity 

[ 1 , 2 ]. 

In a future paper we will explain how to solve iteratively the coupled equations (21”) and (24”). 
Once the deviation functions of phononic and electronic distributions have been obtained the 
thermal phononic and the electronic thermal conductivities can be calculated from (16) and (41). 
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ABSTRACT. The investigation of a complex problems with taking into account of a friction, oscillation and impact 
processes in mechanisms of piston machines, does possible the all-round decision of the problem of increase of their 
reliability and durability. In this work, based on the dynamic analysis of the crank-piston mechanisms the method for 
definition of the parameters of longitudinal vibration of a connecting rod of piston machines is developed. The 
dangerous sections of a "floating" connecting rod are determined. 


Introduction. The problem of increasing durability and reliability of units of machine parts on 
longevity criterion at the simultaneous reduce of their metal capacity is urgent. For the parts of 
Piston Machine traditionally applied in engineering practice calculations of durability and reliability 
are insufficient and illegal. 

Movement of systems under the influence of external forces is the basis of mechanical oscillations 
in the machines. Mechanical oscillations can cause significant harm, as they form the direct threat 
to the durability of extremely responsible constructions to which the piston machines refer. 
Mechanical oscillations can disturb normal conditions of the exploitation of machines. The main 
part of the damages in the machines and their details take place because of appearance of 
oscillations in them. Oscillations are raised periodically or by sudden applied forces. Under the 
influence of periodically variable forces and moments parts or units of piston machines make elastic 
oscillations, which become especially strong in the zone of resonances where frequencies of 
disturbed forces or moments coincide with the frequencies of the system oscillations. The forces 
influencing on details of crank piston mechanisms (CPM) of piston machines are variables (on 
direction and on value). That’s why probability of appearance of resonance regimes of piston 
machines increases with the raise of quickness of machines. 

As a result of improvement of work indices of PM the character of oscillations is complicated and 
their loading on the parts is increased. 

Calculations of oscillations of CPM parts have great significance in projecting and exploitation of 
PM. Reduction of oscillations in the parts and units provides high quality of work of PM. 

Oscillation processes mainly take place in the crankshafts, piston rods and connecting rods of KP 
piston machines. Besides it oscillations of the fundament and vibration of gas flow along the 
pipeline can also cause considerable harm to the work of machines. 

For calculation PM parts on strength and durability first we consider the problem of longitudinal 
and cross oscillation movements of elements of above mentioned details of PM. 

Oscillation control becomes inalienable condition for providing of high quality piston machines. It 
is carried out for designing and exploitation of PM [1, 2, 3, 4]. In practice reduction of oscillations 
in the parts and units of machines takes place as a result of as natural and artificial damping. The 
first is achieved as a result of internal friction in material and units of construction and external 
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friction as a result of interaction of oscillating parts and units with external medium; the second at 
the expense of use of anti vibrations, dampers. The task consists of theoretical and experimental 
determination of frequencies and forms of their oscillations, in creation of possibility of amplitude 
reduce in the resonances, in the choice of effective control measures with them in working range of 
frequency of machine rotation, and also in the analyses of possible estimation methods of level of 
oscillations danger [5, 6, 7]. 

Analyses of the mechanical motion of the connecting rod of PM. Connecting rod is one of 

heavy-loaded elements of PM. In horizontal machines the length of the connecting rod is L = 
(4.5^5)r, where r- is the radius of the crankshaft. Reducing L the length or height of PM decreases, 
but pressure on crosshead shoe or side surface of the piston increases. In selecting of construction 
and material of connecting rod, necessity of reduce of its mass in connection with necessary 
strength and rigidity should be considered. Connecting rods having forked crosshead are often used 
in vertical machines. Forked connecting rod is more complicated when it is produced, but in 
combination with corresponding crosshead of open-type it allows to draw near rod to the crosshead 
pin and reduce the height of PM. Usually in practice for achieving liquidous friction diametric 
clearance in the shell of crankshaft of the connecting rod is formed in the range (0,0007 - 0,12 )d and 
in bushing of crosshead (0,0010 - 0,001 8) d, where d - is internal diameter corresponding the shell 
and bushing. However, investigations show that providing of liquidous friction in the shown 
ki nematic pairs is practically impossible [8, 9, 10, 11]. 

When calculating the strength and durability oscillation movements of the connecting rod of PM are 
considered. As it is known there are clearances filled with lubricating oil between crosshead pin, 
crank pin and corresponding shells of connecting rod. Besides it movement of the connecting rod is 
determined by the totality of many factors. Due to the movement of the connecting rod as regards to 
cross head pin and crank pin becomes uncontrolled. This connecting rod conditionally is called 
“floating” [8]. 

Let’s consider oscillating movement of “floating” connecting rod. Movement of this connecting rod 
is determined by the forces influencing on all mechanism links considering clearances. Such 
movement of the connecting rod is kinematically uncontrolled. One of the main tasks of the 
calculation of the connecting rod of piston machines used in transport, oil, heat energetic industry is 
providing of its durability in the exploitation condition. Thus, the investigation of the problems of 
oscillation of connecting rod is very important for its calculation of durability [12, 13, 14, 15, 16]. 

Analysis of cross oscillations of “floating” connecting rod. In Fig. 1 the scheme of crank- 
crosshead mechanism consisting of crank OA, connecting rod BC, crosshead O , piston E and its rod 
O E, where clearances ( AB= ei, O C =<?2 ) are shown in the increased scale. All forces applied on 
connecting rod are also shown in this figure. 

The task about cross oscillation of “floating” connecting rod will be solved in the following 
assumption. Let’s suppose that mass in the connecting rod and stiffness of its rod are equally 
distributed between the heads and crank rotates equally with angular velocity co= ip/t Up- is the 
turning angle of crankshaft). 

As it is known the following forces influence on movement of the connecting rod: 1) normal and 
tangent component forces influencing crank pin on connecting rod shell Na, Fa', 2) normal and 
tangent component forces crosshead pin influencing on connecting rod shell No, Fj r ; 3) gravity 
force of the connecting rod P; 4) component of unit inertia forces of connecting rod elements q x ' n , 
q y m (coordinate axis x and y are shown in the figure). 

Accept the coordinate system Bqq, where axis Be, is directed perpendicularly to the connecting rod 
and the axis Bq - along the connected rod. 
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Fig.l. Crank-piston mechanism with acting forces on it. 
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Fig. 2. Element of connecting rod. 


Let’s isolate element of connecting rod K with length drj with abscissa q and consider its cross 
movement relatively to cross head pin (Fig. 2). Forces influence on this element: N and N+(dN/dq) - 
forces influencing correspondingly of lower and upper parts of connecting rod on element K; dP = 
mogdi 7 is the gravity force of element (mo - is the unit mass of the length of connecting rod, g - 
gravity acceleration of free fall); q™ intensity of the inertia force of the element in cross direction of 
connecting rod. 

The force N on the basis of Hook’s law is: 


, r du 
N = EF — 


di) 


( 1 ) 
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where u is the cross displacement of the considered element K of connecting rod during the 
oscillations of its balanced condition relatively to the centre of shell B, u =u (rj,t); 

F - is the square of its cross, which are accepted as constant quantities. 

Equation of motion of system is (Fig. 2): 


Or 


d 2 u 


dN 


m 0 dri—— = -N + N + —dri 
dt z or] 


q l v n 


m 0 gdr]cos[) 


d 2 u 

dt 2 




(2) 


where ft is the turn angle of connecting rod around the center of shell B; 
mo is the unit mass of the length of connecting rod, mo = pF, 
p is the is density of connecting rod material. 

Considering dependence (1) the following comes out of equation (2): 


2 d 2 u d 2 u 1 UH 

C o = Qn 

dr/ 2 dt 2 pF 


geos fd 


( 3 ) 


where c — is a velocity of sound spreading in the connecting rod material; 

E - is a modulus of elasticity. 

Substituting values of parameters in the right member of equation (3) and having spread out this 
function into a Fourier series, we will receive the differential equation of a longitudinal motion of a 
rod in relation to a neck of a crank shaft and a finger of piston. 


2 d 2 U d 2 U -T-n . , . . 

c~ — j r- = a 0 + > (a, cos not + b i sm not) 

dr/~ dr 


( 4 ) 


Number quantities of coefficients ao, cn, bi are located in concrete values of the given function 


1 % +g cos 
\Pf 


For solving the differential equation (4) let’s join it boundary conditions: 
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when r/=0, EF 


. = N a = -N a cos (a- P) + F a sin fa- p) 
orj 


when r/=L, 


EF 


du 

drj 



-N 0 , cos (9 - p) + FJ sinfff - p ) , 


( 5 ) 


where N Arj and N Q ^ - are accordingly longitudinal forces of action of a neck of a crank and a 
finger of piston on a connecting rod in the beginning (point A) and the end (point O l ) of this rod; 

L - length of a rod; 

a and 6- corners, between normal forces N a and ^ o' with a vertical axis (-y) which are defined 
from the dynamic equation of equilibrium of CPM. 

Having spread out the functions N At] and into a Fourier series, we obtain: 


N a n = A ( p + 1 (A- 1 ' cos icot + B c p sin icot) 
N r 0 , = + Z ( A f cos icot + Bf sin i cot) 


(6) 


Numerical values of factors A a , A i ; , A 0 , B t are determined on concrete values of 

forces Nati and Nov 

The solution of the differential equation (4) with taking into account the boundary conditions (5) 
and expressions (6) is found in a following form: 


u 


r A c coskL— A- 

0 7.0 = 2 [ ( \ / 

+ ( 


a. 


A? r 

cos &/7+ ' sin&77 , _ _ 

kEF sin kL kEF k 2 c 2 


)cos icot 


BP coskL- B? 


B cr b 

cos ktj + 1 sink rj + ' „ )sin icot I 

kEF sin kL kEF k 2 c 2 


( 7 ) 


id) 

where k = — . 

c 

The expression (7) describes relative cross oscillatory movement of “floating” connecting rod. It 
should be mentioned that for practical use in (6) it is enough to keep some numbers of series, that’s 
to say i = 1, 2. 

Differentiating (7) after some reduction we get the amplitude of the normal stress of relative cross 
deformation of connecting rod (i=l): 
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du 

°a= E ^ 

CTJ 


A-'coskL + Af 
EF sin kE 
B- r sin kL+Bf 
EF sin kE 


A cr 

sin kri + 1 

EF 

• 7 B T 

Sin AC 77 + — 

EE 


cos krj ) 2 + 
cos krj ) 2 


The results of calculations of normal stresses in different sections of connecting rod by this 
expression for piston compressor 505VP20/18 are given in the Table 1. 


Table 1. The results of calculations of normal stresses in different sections. 


>1 

F/8 

F/4 

3F/8 

F/2 

5F/8 

3F/4 

cr. 

2,41-10 7 

2,32- 10 7 

2,02- 10 7 

1,99-10 7 

1,84-10 7 

1,62-10 7 

N/m 2 


Thus the methods of account to the durability of connecting rod of piston machines has been 
worked out. 

Summary. Researches show that dangerous sections of a connecting rod in which there are the 
greatest normal pressure, those sections which are more close to a neck of the neck of crank shaft. 
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ABSTRACT. In light of the disastrous the 2011 Tohoku Pacific Earthquake, the government of Japan has conducted 
studies to revise the seismic design code, and elevated peak ground accelerations have been adopted. Consequently, 
revisions on existing design to comply with the updated code are required for public proj ects that are still undergoing. 
The design safety needs to be reassessed, and implementation of strengthening measures is required if deemed 
necessary. For liquefaction countermeasures, ground treatment techniques that could increase the density of soils are 
often the preferable alternatives. The treatment usually increases the in-situ SPT-N or CPT-q c values, which in turn 
would increase the resistance of soil against liquefaction. For many public infrastructures in Japan supported by bored 
piles embedded partly or entirely in sandy soils, reevaluation of design safety against soil liquefaction would be 
required. In an assessment of possible retrofitting countermeasures for an infrastructure foundation, ground treatment 
has been considered. In this case study, effect of ground treatment on response of piles in liquefiable soils was 
investigated with numerical analyses using FLAC. Results provide insights into this ground treatment effect and useful 
information for consideration in future design or decision making. 


Introduction. The 2011 Great East Japan Earthquake, with a magnitude of M w = 9.0, occurred in the 
Pacific Ocean about 130 km off the northeast coast of Japan’s main island on March 11, 2011. The 
hypocentral region of this quake was about 500 km in length and 200 km in width. The quake was 
followed by a huge tsunami that destroyed many cities and killed and injured many people along the 
Pacific Coast. The numbers of dead and missing persons as of July 11, 2012 were 15867 and 2909, 
respectively. The tsunami broke the emergency cooling system of a nuclear power plant in 
Fukushima Prefecture, and large areas of Japan have been plagued by radiation and a shortage of 
electricity ever since. In the geotechnical field, many houses and lifelines were damaged by soil 
liquefaction, landslides occurred, dams failed and river dikes settled not only in the Tohoku district 
of northeastern Japan, but also in the Kanto district, which surrounds Tokyo. Liquefaction occurred 
over a wide area of reclaimed lands along Tokyo Bay, although the epicentral distance was very 
large, about 380-400 km. 

During the 2011 off the Pacific Coast of Tohoku Earthquake, soil liquefaction caused extensive 
damage to residential lands and houses, as well as to infrastructures, such as roads, rivers, ports, and 
water supply/sewage systems, over a wide area along the Pacific Coast in Tohoku and in Kanto, 
including the Tokyo Bay area. Due to the large fault zone, the duration of the strong shaking was 
extremely long. According to Tokimatsu et al. [1], liquefaction induced damages in Urayasu City 
such as sand piping on ground surfaces and significant ground subsidence resulting in buildings 
settlement, tilt, and lateral movement from 3cm to 45cm, 2° to 3°, and 1 cm to 20cm, respectively, 
were recorded. 

Most of the foundations of major infrastructures located on eastern Japan are composed of pile 
foundations. Because the surface soils in this area are primarily alluvial with characteristics of 
composition, dense/loose extents and ground water levels prone to liquefaction during earthquake, it 
is obvious that a pile foundation situated in this area is subject to high risk of failure when 
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liquefaction occurs. The consequences may cause collapse of the superstructure. To avoid the 
damage of pile foundation and associated superstructure situated at the liquefaction-prone soil 
layers, prevention measure should be implemented in planning, design and construction, while one 
of the methods that have been widely applied in practice is ground treatment. 

This paper presents a potential to approach determine and evaluate the range of ground treatment in 
practice and the verification of the effectiveness of ground treatment with the behavior of the pile 
foundation. 

Methodology. The causes of liquefaction in sandy soils can be grouped into two categories: internal 
and external. The internal factors include soil density, fine contents, permeability, etc., while the 
external factors are related to the scales and durations of earthquakes. Liquefaction countermeasures 
can be developed in accordance with these two aspects and specific characteristics of local ground 
condition. Most of the current practices use SPT-N value (i.e. [2], [3], [4]) or CPT-g c value (i.e. [5], 
[6]) as baselines for evaluating the liquefaction potential. These baselines reflect the loose or dense 
extent and fine content of the ground soils of interest in which the denser the subsoil, the greater the 
values of these baseline factors and the lower the liquefaction potential. In gravel soils, liquefaction 
is in essence a function of void size and the properties of material filled-in rather than the above 
baseline factors. Thus, the direct use of the SPT-N value or the CPT-q c value in evaluating the 
liquefaction potential of gravelly soils is inappropriate. 

During liquefaction, the lateral resistance of the pile decreases and may result in significant lateral 
deformation. In some cases, buckling failure may also occur. To minimize the lateral resistance 
reduction and lateral deformation of pile foundations in such a way that the risk of buckling failure 
can be controlled or avoided, the ground treatment methods, such as low pressure grouting, high 
pressure grouting, compaction grouting and dynamic compaction, are usually adopted in practice. 
The liquefaction potential can be reduced by increasing the densification extent or shear strength of 
the soils. 

While the liquefaction of sandy soils occurs during an earthquake, the lateral earth pressure acting 
on the pile foundation decreases significantly as the effective stress reduces to zero, and the pile 
foundation will reach the maximum lateral deformation. With the dissipation of the excess pore 
pressure, the effective stress will recover and the soil will regain its shear strength. Nevertheless, 
this strength will not be the same as the one before the liquefaction. This recovered strength is 
generally termed the residual strength and can be estimated by using the reduction factor [7]. 
Results of centrifuge tests indicated that the liquefied fine sand has a residual strength of about 10 
percent of the initial p-y curve resistance, and other soil types with less liquefaction potentials are 
expected to have higher residual strength values [8]. 

Finn (2015) [9] used centrifuge tests to develop a dimensionless degradation parameter Cu, which 
was a multiplier to reduce the load p on p-y curves developed for piles in sand under static 
conditions to account for excess pore water pressure effects. As can be seen in [9], Cu can be lower 
than 0.1 for high values of excess pore water pressure ratio. This implies that the residual p-y 
resistance can be less than 1 0 percent of the initial resistance during liquefaction. 

Turner (2016) [10] applied centrifuge model tests to develop the multiplier used for reducing the 
load p of static p-y curves for a single pile and to account for the effect of relative density on 
liquefaction potential. It shows that the valves of the multiplier are generally between 0.1 and 0.2 
for fine sand at a relative density of about 35 percent, and between 0.25 and 0.35 for a relative 
density of about 55 percent, respectively. 

To estimate the lateral deformation of the pile foundation during liquefaction, the strength 
parameters of the liquefied soil are subject to reduction because of the residual strength of the 
liquefied soil. The extent of the ground improvement can also be determined in such a manner. 
Assuming that the soils do not liquefy after appropriate ground improvement, the lateral 
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deformation of the pile subjected to the same magnitude of earthquake should also be reduced. The 
amount of reduction depends on the strength of the improved soils. 

Researches on the effects of ground treatment types, sizes, and locations showed that there were 
associated results for embankment. Zekri et al. (2015) [11] studied and reported the effects of 
improved ground sizes and locations on the performance of a section of the Highway 1-57 bridge 
abutment. As shown from the results, the effect of the treatment size and location of an 
embankment underlain by a liquefiable soil layer indicate that a 24-m-wide treatment zone was 
most effective when it was located beneath the sloping portion of the embankment, as the treated 
zone location moves outward from beneath the sloping portion, predicted lateral displacement 
become progressively larger. 

The impact of different treatment types on the performance of an embankment is illustrated by 
centrifuge test results from Huang and Wen (2015) [12] and summarized in Adalier et al. (1998) 
[13]. Adalier et al. (1998) [13] made several observations on the effectiveness of the various ground 
treatment methods on improving the performance of the embankment. If the intent of the ground 
improvement is to minimize lateral displacement and vertical settlement of the embankment, 
Adalier et al. (1998) [13] suggests that the available methods in order to decrease effectiveness are: 
(1) sheet piles with tie rods, (2) densification or gravel buttresses, and (3) cement-treated blocks, the 
latter the less effective. Cooke and Mitchell (1999) [14] showed that the reduction of liquefaction- 
induced ground deformations to acceptable levels may require more than one improvement type, 
and a particular type of improvement may be effective for only one target reduction (i.e. 
acceleration, deformation, or pore water pressure) but less effective in improving others. 

The effect of the width of a densified sand zone on settlement of a supported shallow foundation 
structure was investigated using shaking table tests [15]. Results showed that for a given structure 
width, the increment of ratio of treatment zone width to structure width resulted in a decrease in the 
structure settlement ratio (measured settlement of structure divided by the liquefiable sand layer 
thickness). 

The effect of treatment depth on response of a footing supported on a densified sand zone within a 
liquefiable sand deposit was investigated using centrifuge tests [16]. The results showed that the 
magnitude of footing settlement could be reduced by increasing depth of treatment beneath the 
footing, however with the adverse effect of increasing the peak footing acceleration. 

Centrifuge model and field case history information was not available on the performance of deep 
foundations situated in improved ground zones during earthquake loading and liquefaction. Further 
research was needed on the performance of deep foundations in liquefiable soil deposits and the 
benefits of using ground improvement to reduce the risk of damage on deep foundations, 
particularly in areas prone to lateral spreading [14]. 

The objective of this paper is to determine the range and effect of ground treatment for existing pile 
foundations situated in treated soils with liquefaction potential for retrofitting countermeasure. 
Results of the study can be used as a reference for decision-making or design practice. The 
computation software used for this study is the FLAC 2D (version 4.0), developed by Itasca Inc., 
USA. Because the behavior of pile foundation studied herein is in essence a result of a complicated 
soil- structure interaction and the deformation of interest depends on applied earthquake force and 
ground condition, the following assumptions were made for that the physical realities can be 
described with appropriate simplification: 

1) During the earthquake, the pile foundation is subject to the same applied force before and after 
the soil liquefaction. 

2) The residual strength of the liquefied soil is a constant and independent of time. 

3) The displacements of the pile and the surrounding soils are continuous and compatible. 
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4) The soils are homogeneous and isotropic, linear elastic, and perfectly plastic before and after 
liquefaction, and after ground treatment. 

Results. A realistic pile foundation located in eastern Japan was studied in this paper. The on-site 
soils consist primarily of silty sand (SM) and silty clay (CL). The simplified soil profile and 
parameters are listed in Table 1. The peak ground acceleration (PGA) is 0.34g, and the groundwater 
table is about 0.1 m below the ground surface. 


Table 1. Summary of soil parameters used for the case study 


Depth(m) 

Thick(m) 

uses 

Classification 

SPT- 

N 

yt 

(kg/m 3 ) 

Su 

(kg/m 2 ) 

f 

n 

E 

(GPa) 

V 

Reduction 

factor 

10.1 

10.1 

SM 

10 

2020 


31.0 

17.10 

0.3 

1/3 

20.6 

10.5 

SM 

19 

1970 


31.5 

33.66 

0.3 

2/3 

23.6 

3.0 

CL 

15 

1900 

7300 


14.60 

0.495 

1 

29.6 

6.0 

CL 

11 

1920 

8600 


17.20 

0.495 

1 

49.1 

19.5 

CL 

18 

1880 

10600 


21.20 

0.495 

1 

56.6 

7.5 

SM 

27 

2000 


30.5 

48.96 

0.3 

1 

61.1 

4.5 

SM 

64 

2180 


32.5 

114.66 

0.3 

1 

72.6 

11.5 

SM 

49 

2050 


31.0 

88.02 

0.3 

1 


The results of liquefaction hazard assessment using “Assessment of Liquefaction Potential” [4] and 
“Evaluation of Liquefaction Index” [17] showed that the sandy soil layers within 20.6m from 
ground surface had low to medium liquefaction potential, and the associated reduction factors were 
respectively 0.33 and 0.67, referred to Akin et al. (201 1)[4] . During liquefaction, the maximum 
lateral displacement of 2.2cm at top of foundation piles is expected, and the shearing stresses 
exceed the shearing resistance of pile. 

In the analysis, high pressure jet grouting is assumed as the retrofitting measure of ground 
treatment, and the allowable lateral displacement of foundation piles is 1.66cm in the original 
design requirement of pile to avoid shearing failure during liquefaction in the surrounding soils of 
improved ground. 

The original analysis and design for the pile group were performed using the Group software 
(version 3.0), developed by Ensoft Inc., USA. For the case study, we used the FLAC software in 
stead to estimate range of ground treatment, and the displacement compatible principle was used in 
the analysis to bridge over the commercial softwares, FLAC and Group, for the analysis of pile 
foundation and effectiveness of ground improvement. Using FLAC, we simulate and determine the 
range of treated zone by changing the soil parameters in local treated region while satisfying the 
same displacement between pile head and pile cap analyzed by Group and FLAC, respectively. 

The analysis procedure is illustrated as follows: 

1) Using maximum lateral displacement as the control factor, the simulation was completed when 
the displacements of pile cap and pile head obtained from FLAC and Group, respectively, are 
identical. 

2) The activity forces applied to soil layers came from parts of pile cap and pile. The pile cap was 
assumed as a rigid body, so its lateral displacement was same as the pile head. By using the lateral 
displacement of soils before ground treatment, in the seismic situation, analyzed by Group for 
checking, the distribution of applied forces on pile foundation used as an initial condition in FLAC 
was calibrated with the displacement compatible principle of which the associated displacement 
field of pile foundation must be identical to that obtained from Group analysis. 

3) By conducting a parametric study for a treated zone based on the consideration of post ground 
treatment and seismic state, and numerically simulating soil displacements with input forces as 
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indicated above. Until the simulated lateral displacement is identical to the results obtained from 
Group, the improvement zone (i.e. zone with soil parameters changed) can be identified. 

According to the statements mentioned above, the analytical scheme and the results are described as 
below: 

1) Set up the semi-infinite numerical mesh (X68 x Y58), according to soil profiles and characteristics 
as shown on Table 1, and assign corresponding soil parameters to corresponding soil region, 
respectively. Mohr-Column model as the failure criterion is considered, and the scale unit is in 
KMS system (Fig. 1). 

2) The maximum lateral displacement of pile group obtained from the analysis of Group, prior to 
ground improvement in seismic conditions, is simplified as the control soil displacement curve 
(Fig. 2). 

3) Assuming that the displacement of pile cap ( s cap ) is equal to the displacement of pile head (s p u e ) 
gained from Group, and then the applied forces can be obtained with iteration until the s cap is 
identical to s p a e for this particular case (Fig. 3 and Fig. 4). Results of the computed maximum 
displacement for pile group (with pile cap) subjected to simulated lateral forces are in agreement 
with each other between Group and FLAC in the liquefaction without ground treatment state. 

4) With the applied forces mentioned above, the liquefaction conditions with treated ground, and 
the treated strength shown as undrained shear strength, s u , the improvement zone can be obtained by 
iteration until the maximum lateral displacement is almost identical to that obtained from Group 
(Fig. 5 and Fig. 6). 

The strength reduction from liquefaction generally causes increased lateral displacements. The less 
allowable lateral displacements of piles are, the larger the range of improvement zone is. Results of 
the computed maximum lateral displacements of pile group (with pile cap) subjected to simulated 
lateral forces are in agreement with each other between Group and FLAC in the liquefaction with 
ground treatment state. 

Results of analysis in this case study showed that the treated range was considerably large when the 
treated strength was equal to 12500 kg/m 2 in improvement zone, with width, W=15.7m, and depth, 
D=7m. The improvement zone is identified and the displacement vectors of improved zone has 
upward potential after ground treatment. 



Fig. 1. The initial state of the finite difference mesh generated with FLAC grid 
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Fig. 2. The maximum lateral displacement of pile group computed by Group. 



Fig. 3. The applied forces gained to analyze the case being studied ( Liquefaction without ground 
treatment). 
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Fig. 4. Maximum displacement for pile group (with pile cap) subjected to simulated lateral forces. 
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Fig. 5. Maximum lateral displacements of pile group (with pile cap) subjected to simulated lateral 
forces. 



Fig. 6. Improvement zone. 


Discussion. The following statements can be concluded from the analysis results stated above: 

1) When soils were liquefied, the displacement vectors of soils around the pile group exhibited 
downward movement (Fig. 7), which was in agreement with liquefaction phenomenon in practice, 
where the ground settlements were observed in liquefied soils. 

2) When soils were subject to lateral forces, the displacements in vertical direction could be 
developed. With the same treated strength and constant treated width, the vertical displacements of 
soils around the pile group would change from settlement into dilation with the increasing treated 

depth gradually, which agreed with real soil behavior in the same situation. In other words, only 
horizontal displacement would be developed when the treated depth increased to some critical value 
(Fig. 8). When the treated depth was insufficient, the improvement zone would sink, i.e. the treated 
effect would not be suitable. 

3) With the same treated strength and constant treated depth, the horizontal displacement and 
vertical displacement decrease with the increasing treated width gradually (Fig. 9). However, 
because the strength of soil in the improvement zone was higher than the unimproved liquefied soil 


MMSE Journal. Open Access www.mmse.xyz 
231 


Mechanics, Materials Science & Engineering, July 2016 - ISSN 2412-5954 


underneath, the soils around the improvement zone still settle and the treated effect would be 
limited. 



Fig. 7. Liquefaction induced soil settlements associated with downward potential as implied by the 
displacement vectors. 



Fig. 8. The computed displacements verse the depth of the improvement zone at a constant treated 
width of 15.7m. 
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Fig. 9. The computed displacements verse the width of the improvement zone at a constant treated 
depth of 7m. 


Summary. According to the study above, if simply consideration of effect of ground treatment, the 
suggestion to determine the range of improvement zone is that to assume the treated depth, which 
not more than depth of liquefiable soils, and then to decide the smallest treated width satisfied with 
design treated strength and vertical displacement, which not less than zero in the bottom of 
improvement zone. 

If consideration of adopting ground treatment to increase soil shear resistance in order to avoid 
shear failure of existing piles, the suggestion is that to determine design demands in terms of treated 
depth and treated strength, then to decide treated width of the improvement zone incorporating with 
the control of allowable lateral displacement of pile. Besides, it is need to recheck vertical 
displacement such that it is no less than zero. 

Although the effect of ground treatment in resistance of displacement is effective, but the 
corresponding cost is significant, most of the time the ground treatment countermeasure is not 
agreed by the client. Unless the other retrofitting measures are not working, the ground treatment 
would be limited to unformed countermeasure, and it is an inevitable problem in construction 
practice. 
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ABSTRACT. Occupational noise-induced hearing loss (ONIHL) is a form of sensorineural hearing loss that is caused 
by intensive and continuous exposure to noise. It is one of the most frequently encountered occupational diseases 
worldwide despite numerous available control measures. ONIHL is a preventable disease, however, once the damage to 
the inner ear structures has occurred no medical intervention can reverse it. 

Aim. The purpose of this study was to describe and analyse incidence of registered cases of ONIHL in relation to 
vibration disease and exposure to vibration among employees in Latvia between 2005 and 2014. 

Materials and methods. The data used in the study were acquired from the Latvian State Register of Patients with 
Occupational Diseases and afterwards analyzed with applicable statistical tests using both Excel and IBM SPSS 
programmes to compare epidemiological parameters between ONIHL, vibration disease (VD) and exposure to vibration 
and to identify the association between them. 

Results. In total data were obtained about 2302 patients with 2562 cases of occupational ear, nose and throat (ENT) 
diseases. Out of them ONIHL was registered in 1699 cases (819 cases were ONIHL in combination with VD). Most of 
the employees with ONIHL and ONIHL simultaneously with VD were males aged 55-64. There was found statistically 
significant association between ONIHL and VD (p<0.001; Cramer’s V=0.42; OR=32.08; 95% confidence interval (95% 
Cl) 19.62-52.45). Statistically significant association was encountered between ONIHL and exposure to vibration as 
well (p<0.001; Cramer’s V=0.46; OR=10.97; 95% Cl: 8.63-13.96). 

Conclusion. In total ONIHL was the most prevalent occupational ENT disease followed by chronic laryngitis, chronic 
pharyngitis and allergic rhinitis. Statistically significant association was found between ONIHL and VD, and ONIHL 
and exposure to vibration. Study revealed that hearing quality of workers employed in manufacturing; transport, storage 
and communication; construction and agriculture, hunting and forestry industries should be strongly controlled. 


Introduction. Occupational noise-induced hearing loss (ONIHL) is a form of sensorineural hearing 
loss that is caused by intensive and continuous exposure to noise [1]. ONIHL is one of the most 
prevalent occupational diseases that occurs in a wide variety of industries in both developing and 
industrialized countries [2, 3]. It has a gradual onset, therefore at the beginning hearing impairment 
may not be even noticed by an employee until a significant damage and reduction in hearing has 
occurred [4]. ONIHL is a preventable disease if numerous available control measures are used such 
as personal hearing protective equipment, isolation of noise source, design and manufacturing of 
low-noise technologies and many more [2]. However, once the damage to the structures of inner ear 
has developed no medical intervention can reverse this damage and permanent hearing loss occurs 
[1]. Additionally, continuous exposure to hazardous noise level may cause vestibular symptoms as 
well even before noticeable hearing impairment [4] . 

In general, the labyrinthine injury depends on the noise intensity, duration of the exposure and its 
pattern. The damage is more significant when the exposure is continues rather than intermittent 
even if the overall noise level and exposure time is the same [4]. This may be explained by the fact 
that in case of intermittent noise exposure, ear has a time to recover from the injury [3]. ONIHL 
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most frequently represents as symmetrical, bilateral hearing impairment not reaching total loss. The 
damage develops most rapidly within the first 10-15 years of exposure and thereafter progresses in 
a much reduced tempo [5]. Early in the course of the disease ONIHL has a characteristic pattern in 
the audiogram: loss mostly is limited to the 3, 4 and 6 kHz range and recovers at the 8 kHz. The 
most pronounced loss usually appears as a notch in the audiogram at the 4 kHz [3, 5]. However, it 
may appear in any of the aforementioned frequencies. The location of the notch is determined by 
multiple factors such as anatomical characteristics of an ear and frequency of the noise employee is 
exposed to [3]. If the exposure to the hazardous noise level continues other frequencies get involved 
as well, however, the most prevalent injury stays at the 3, 4 and 6 kHz [5]. Hearing loss due to 
hazardous noise level is usually not greater than 75 dB in high frequencies and 40 dB in lower, 
speech frequencies [1, 3]. Once an employee is removed from the noisy environment or the noise 
source is isolated the progression of ONIHL stops, but the injury caused so far does not reverse [1]. 

Recent evidences show that the co-exposure to vibration and co-morbidity with vibration white 
finger (VWF) increases the risk of the development of ONIHL and its severity [1, 6]. The exact 
mechanism of the effect of vibration on inner ear structures is not known yet [1]. Pyykkd et al. 
suggested that the effect of vibration on inner ear is due to vibration caused activation of 
sympathetic nervous system and subsequent vasoconstriction and reduction of blood flow in the 
labyrinth [7]. Apart from vasoconstrictive effects of vibration, a study by Sutinen et al. has shown 
that vibration has a direct effect on inner ear structures due to transmission of vibration to the 
temporal bone. Besides it was concluded that temporal bone vibration at higher frequencies resulted 
in more significant hearing deterioration, despite the fact that vibration at lower frequencies was 
much better transmitted to the temporal bone and its structures while vibration at high frequencies 
was heavily attenuated [8]. Seki et al. in an experimental study on guinea pigs suggested that 
relation between hearing loss and vibration might be due to vibration caused effect on blood vessels 
in the stria vascularis. It was noted that exposure to vibration caused damage to the blood vessels in 
the stria vascularis that increased their permeability and elicited degenerative changes in the 
intermediate cells of the stria vascularis [6, 9]. Zou et al. detected an increased expression of tumor 
necrosis factor - alpha (TNF-a) and vascular endothelium growth factor (VEGF) and their receptors 
in the cochlea of those guinea pigs that were exposed to vibration. None of these factors have been 
detected in normal cochlea, suggesting their role in the pathogenesis of the vibration caused damage 
and subsequent repair of the cochlea [10, 11]. Additionally, expression of TNF-a elicits recruitment 
of inflammatory cells into the cochlea that may cause further damage [12]. 

Aim. The purpose of this study was to describe and analyse incidence of registered cases of ONIHL 
in relation to vibration disease and exposure to vibration among employees in Latvia between 2005 
and 2014. 

Materials and methods. The data used in the study were acquired from the Latvian State Register 
of Patients with Occupational Diseases. All of the occupational diseases mentioned in the register 
were coded using International Classification of Diseases 10th edition (ICD-10). None of the names 
of the patients in the register were mentioned. 1 st revision of Statistical classification of economic 
activities in the European Community (NACE 1) was used to code the economic activities sectors, 
where patients were employed in. Only those employees whose occupational disease status was 
confirmed (further in the article patients) were included in the register. The confirmation of 
occupational diseases included scrupulous diagnostic procedures such as anamnestic data 
collection, including information about patients work conditions (information about exposure to 
hazardous work factors, total length of employment and the length of employment under harmful 
conditions), performance of specific diagnostic tests and exclusion of possible non-work related 
causative factors. The diagnosis of ONIHL was suspected in patients who complained about 
deteriorating hearing and tinnitus. During otoscopy no pathologies that could affect hearing were 
detected. Afterwards the diagnosis was confirmed by pure tone audiometry that depicted 
symmetrical, bilateral hearing loss of 20 dB or more in air and bone conduction at 0.5-2 kHz 
frequencies and 65 dB and more at 4 kHz frequencies. The diagnosis of vibration disease (VD) was 
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established in patients who were daily exposed to vibration and complained about numbness or 
tingling sensation in extremities, episodes of hand blanching when exposed to cold, intermittent 
vertigo, tinnitus, sleep disturbance and polyradiculoneuropathy syndrome. The diagnosis was 
confirmed after positive cold provocation test and neurometry or neurography for the nerves of 
hands and feet. Exposure to vibration and noise was established from anamnestic data, mandatory 
occupational health surveillance card and hygienic description of work environment that was 
performed by inspector of the State Labour Inspectorate of the Republic of Latvia. 

The data about patients with occupational ear, nose and throat (ENT) diseases between 2005 and 
2014 were obtained. Out of them patients with ONIHL and ONIHL in combination with VD were 
selected and further analysed. In total data were obtained about 2302 patients with 2562 cases of 
occupational ENT diseases. Out of them ONIHL was registered in 1699 cases (819 cases were 
ONIHL in combination with VD) (Lig. 1). In total there were 1423 male patients (61.8%) and 879 
female patients (38.2%). The mean age of all patients of both genders with occupational ENT 
diseases at the moment of diagnosis were 55.94 ± 7.01 years (the range of age 23-80 years) and the 
mode age was 56: for the male patients 57.15 ± 6.89 years and 59, and for the female patients 53.99 
± 6.75 years and 56, respectively. All the selected patients were divided and further analysed by 
gender, age and the economic activity sector they were employed in. Afterwards these groups were 
compared between each other. All the data used in the study were analysed by Excel programme 
and IBM SPSS using to the specific data parameters applicable tests (Pearson's Chi-squared test, 
Cramer’s V value and odds ratio (OR)). 


Latvian State Register of Patients with 
Occupational Diseases 

o 

Data about patients (in total N=2302) with 
registered occupational ENT cases (in total 
N=2562) 

o 


Analysed in detail 



Fig. 1. The selection of data from the Lah’ian State Register of Patients with Occupational Diseases 
(ENT - ear, nose and throat diseases; ONIHL - occupational noise-induced hearing loss; VD - 
vibration disease). 


Results. In total between 2005 and 2014 there were registered 1699 cases of ONIHL: 1307 cases in 
male patients (76.9% from all the registered cases of ONIHL) and 392 cases in female patients 
(23.1%). It was the most frequently registered occupational ENT disease (66.3% from all the 
registered cases of ENT diseases), followed by chronic laryngitis, chronic pharyngitis and allergic 
rhinitis. In total chronic laryngitis was registered in 380 cases (14.8% from all the registered cases 
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of ENT diseases): 103 cases in male patients (27.1% from all the registered cases of chronic 
laryngitis) and 277 cases in female patients (72.9%); chronic pharyngitis - 321 cases (12.5%): 73 
cases in male patients (22.7%) and 248 cases in female patients (77.3%); and allergic rhinitis - 114 
cases (4.4%): 21 case in male patients (18.4%) and 93 cases in female patients (81.6%). 

Out of 1699 cases of ONIHL 819 cases were in combination with VD (48.2% from all the 
registered cases of ONIHL): 793 cases in male patients (96.8% from all the registered cases of 
ONIHL in combination with VD) and 26 cases in females (3.2%). Pearson’s Chi-squared test 
showed that there is statistically significant association between ONIHL and VD (p<0.001). The 
strength of association between ONIHL and VD was measured by Cramer’s V. The strength of 
association was calculated as strong (Cramer’s V=0.42). Odds for patients with confirmed VD to 
acquire ONIHL was 32.08 times higher (Odds ratio (OR) = 32.08; 95% confidence interval 
(95% Cl): 19.62-52.45). 

Majority of patients with registered ONIHL in total had two occupational diseases (OD): ONIHL 
and another OD (N=887; 52.2% from all the patients with ONIHL). Out of them ONIHL in 
combination with VD was registered in 727 patients (82.0% from all the patients with two 
registered OD and one of them being ONIHL) (Table 1). 


Table 1. Total number of registered occupational diseases (OD) with one of them being 
occupational noise-induced hearing loss (ONIHL) in patients between 2005 and 2014 


Number of registered occupational diseases 
in patients with ONIHL 

Number of patients 

Percentage from all the patients 
with confirmed ONIHL (%) 

Only ONIHL 

52 

3.1 

ONIHL and another OD 

887 

52.2 

ONIHL in combination with VD 

727 

- 

ONIHL in combination with 2 OD 

295 

17.4 

ONIHL in combination with 3 OD 

205 

12.1 

ONIHL in combination with 4 OD 

148 

8.7 

ONIHL in combination with 5 OD 

75 

4.4 

ONIHL in combination with 6 OD 

23 

1.4 

ONIHL in combination with 7 OD 

8 

0.5 

ONIHL in combination with 8 OD 

5 

0.3 

ONIHL in combination with 9 OD 

1 

0.1 


The mean age of patients both males and females with ONIHL at the moment of diagnosis were 
56.93 ± 6.61 years and the mode age 56 (the range of age 26-80): in male patients 57.41 ± 6.74 and 
59 year and in female patients 55.35 ± 5.90 and 56 years, respectively. Most of the cases of ONIHL 
were registered in patients aged 55-64 years (N=941; 55.4% from all the registered ONIHL cases) 
(Table 2). 

The mean age of patients both males and females with ONIHL in combination with VD at the 
moment of diagnosis were 57.97 ± 6.64 years and the mode age 59 (the range of age 34-80): in 
male patients 57.93 ± 6.66 and 59 year and in female patients 59.15 ± 6.12 and 60 years, 
respectively. Majority of cases were registered in patients aged 55-64 years (N=474; 57.9% from all 
the registered cases of ONIHL in combination with VD) (Table 2). 

Most of the ONIHL cases were registered in patients employed in the following economic activities 
sectors (the 1st revision of Statistical classification of economic activities in the European 
Community (NACE) was used): 1) manufacturing (N=627); 2) transport, storage and 

communication (N=488); 3) construction (N=175); and 4) agriculture, hunting and forestry (N=149) 
(Table 3). 
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Table 2. Number of registered occupational noise-induced hearing loss (ONIHL) and ONIHL in 
combination with vibration disease (VD) cases and percentage in patients of various age groups in 
Latvia between 2005 and 2014. 


Age 

Total number of 
registered ONIHL 

cases 

Percentage from all 
the registered ONIHL 

cases (%) 

Total number 

registered ONIHL 
combination with 
cases 

of 

in 

VD 

Percentage from all 
the registered ONIHL 
in combination with 

VD cases (%) 

<35 

5 

0.3 

1 


0.1 

35-44 

48 

2.8 

19 


2.3 

45-54 

515 

30.3 

208 


25.4 

55-64 

941 

55.4 

474 


57.9 

65-74 

175 

10.3 

106 


12.9 

>74 

15 

0.9 

11 


1.3 


Table 3. Number of registered cases of occupational noise-induced hearing loss (ONIHL) in 
patients working in various economic activities sectors in Latvia between 2005 and 2014. 


Economic activity sector 

Total 

number of 
cases in 
the 

industry 

Percentage 
from all the 
registered 
cases of 

ONIHL (%) 

Number 
of cases 
in male 
patients 

Percentage 
from all the 
registered 
cases of 

ONIHL in 
the industry 
(%) 

Number 
of cases in 
female 
patients 

Percentage 
from all 

the 

registered 
cases of 

ONIHL in 
the 

industry 

(%) 

Manufacturing 

627 

36.9 

314 

50.1 

313 

49.9 

Transport, storage and 
communication 

488 

28.7 

467 

95.7 

21 

4.3 

Construction 

175 

10.3 

165 

94.3 

10 

5.7 

Agriculture, hunting and 

forestry 

Other: 

149 

8.8 

136 

91.3 

13 

8.7 

Electricity, gas and water 
supply 

57 

3.4 

51 

89.5 

6 

10.5 

Wholesale and retail 
trade; repair of motor 
vehicles, motorcycles and 
personal and household 
goods 

39 

2.3 

35 

89.7 

4 

10.3 

Public administration and 
defence; compulsory 

social security 

39 

2.3 

36 

92.3 

3 

7.7 

Other community, social 
and personal service 
activities 

29 

1.7 

23 

79.3 

6 

20.7 

Health and social work 

28 

1.6 

18 

64.3 

10 

35.7 

Mining and quarrying 

22 

1.3 

22 

100 

- 

- 

Education 

22 

1.3 

12 

54.5 

10 

45.5 

Real estate, renting and 
business activities 

14 

0.8 

14 

100 

- 

- 

Fishing 

6 

0.4 

6 

100 

- 

- 

Hotels and restaurants 

2 

0.1 

2 

100 

- 

- 

Not mentioned 

2 

0.1 

1 

50.0 

1 

50.0 

A total of ONIHL cases in 
2005-2014 

1699 


1302 

76.6 

397 

23.4 
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Co-existence of ONIHL and VD most frequently were registered in patients employed in: 
1) transport, storage and communication (N=339); 2) manufacturing (N=117) 3) construction 
(N=114); and agriculture, hunting and forestry (N=114) sectors (Table 4). 


Table 4. Number of registered cases of occupational noise-induced hearing loss (ONIHL) 
simultaneously with vibration disease (VD) in patients working in various economic activities 
sectors in Latvia between 2005 and 2014. 


Economic activity sector 

Total 

number of 
cases in the 
industry 

Percentage 
from all the 
registered 
cases of 

ONIHL (%) 

Number 
of cases in 
male 
patients 

Percentage 
from all the 
registered 
cases of 

ONIHL in 
the industry 
(%) 

Number 
of cases 
in 

female 

patients 

Percentage 
from all the 
registered 
cases of 

ONIHL in 
the industry 
(%) 

Transport, storage and 
communication 

339 

41.4 

331 

97.6 

8 

2.4 

Manufacturing 

117 

14.3 

107 

91.5 

10 

8.5 

Construction 

114 

13.9 

112 

98.2 

2 

1.8 

Agriculture, hunting and 
forestry 

Other: 

114 

13.9 

111 

97.4 

3 

2.6 

Electricity, gas and water 
supply 

28 

3.4 

28 

100 



Public administration and 
defence; compulsory social 
security 

22 

2.7 

22 

100 



Wholesale and retail 
trade; repair of motor 
vehicles, motorcycles and 
personal and household 
goods 

21 

2.6 

21 

100 



Health and social work 

17 

2.1 

15 

88.2 

2 

11.8 

Other community, social 
and personal service 
activities 

14 

1.7 

14 

100 

' 

' 

Mining and quarrying 

12 

1.5 

12 

100 

- 

- 

Real estate, renting and 
business activities 

9 

1.1 

9 

100 

- 

- 

Education 

5 

0.6 

4 

80.0 

1 

20.0 

Fishing 

5 

0.6 

5 

100 

- 

- 

Hotels and restaurants 

1 

0.1 

1 

100 

- 

- 

Not mentioned 

1 

0.1 

1 

100 

- 

- 

A total of ONIHL in 
combination with VD 
cases in 2005-2014 

819 


793 

96.8 

26 

3.2 


1147 patients with confirmed ONIHL admitted that they were daily exposed to vibration (67.5% 
from all the patients with registered ONIHL). Out of them 808 patients (70.4% from all the patients 
with ONIHL who had been daily exposed to vibration) were diagnosed VD as well (Fig. 2). 
Pearson’s Chi-squared test showed that there is statistically significant association between ONIHL 
and vibration (pcO.OOl). The strength of association between ONIHL and vibration was calculated 
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as strong (Cramer’s V=0.46). Odds for patients who were daily exposed to vibration during work 
hours to acquire ONIHL was 10.97 times higher (OR=10.97; 95% Cl: 8.63-13.96). 



Fig. 2. Number of patients with confirmed occupational noise-induced hearing loss (ONIHL) who 
were daily exposed to vibration and had simultaneously vibration disease (VD). 


Incidence of ONIHL per 100 000 employees in the corresponding year throughout the study period 
the highest was in male employees rather than in female employees. The highest incidence was 
detected in 2010 in both genders together and in male and female employees separately: 35.97 per 
100 000 employees of both genders together; 55.89 per 100 000 male employees and 18.08 per 
100 000 female employees. Incidence of ONIHL in combination with VD per 100 000 employees in 
the corresponding year throughout the study period the highest was in male employees with a peak 
in 2010 when 153 cases were registered. However, the incidence of ONIHL in combination with 
VD in female employees was considerably lower and no peak in incidence were detected. Incidence 
in female employees during the study period did not rise above 1.35 cases per 100 000 employees 
that was registered in 2011 and was the highest incidence detected in females. After 2010 when the 
highest incidence levels were registered for both ONIHL and ONIHL simultaneously with VD 
incidence decreased. In case of ONIHL the incidence level in the last years has stayed more or less 
the same, however, incidence level in case of ONIHL with VD slightly increased in 2013 in male 
employees and afterwards dropped once again. 
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Table 5. Incidence of registered occupational noise-induced hearing loss (ONIHL) cases and 
ONIHL cases simultaneously with vibration disease (VD) in employees in Latvia between 2005 and 
2014. 


Year 

2005 

2006 

2007 

2008 

2009 

2010 

2011 

2012 

2013 

2014 

Total incidence of 

12.86 

8.44 

15.04 

16.21 

33.57 

35.97 

19.61 

13.93 

14.43 

14.24 

ONIHL per 100 000 
employees in the 
corresponing year 
(absolute number of 
cases) 

(125) 

(87) 

(159) 

(171) 

(305) 

(306) 

(169) 

(122) 

(129) 

(126) 

Incidence of ONIHL 

20.74 

12.94 

23.33 

23.52 

51.03 

55.89 

33.16 

22.19 

24.74 

21.89 

per 100 000 male 
employees in the 
corresponing year 
(absolute number of 
cases) 

003) 

(68) 

(126) 

(125) 

(222) 

(225) 

(138) 

(95) 

(109) 

(96) 

Incidence of ONIHL 

4.63 

3.76 

6.38 

8.79 

17.53 

18.08 

6.96 

6.03 

4.41 

6.72 

per 100 000 female 
employees in the 
corresponing year 
(absolute number of 
cases) 

(22) 

(19) 

(33) 

(46) 

(83) 

(81) 

(31) 

(27) 

(20) 

(30) 

Total incidence of 
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Fig. 3. Incidence of registered occupational noise-induced hearing loss (ONIHL) cases per 100 000 
employees in Latvia between 2005 and 2014. 
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-•-Male employees -•— Female employees -•— Employees of both genders 


Fig. 4. Incidence of registered occupational noise-induced hearing loss (ONIHL) cases 
simultaneously with vibration disease (VD) cases per 100 000 employees in Latvia between 2005 
and 2014. 


Discussion. The Latvian State Register of Patients with Occupational Diseases contains data only 
about those employees who actively seek medical attention and undergo all the necessary 
procedures and diagnostic tests to register their disease as work factor or work environment caused 
a.k.a. occupational. The register does not contain data about all the employees with ONIHL or VD, 
most probably due to the fact that the onset of these conditions is gradual and imperceptible or the 
severity of symptoms of both ONIHL and VD is mild and intermittent at the moment before a 
significant damage has been caused to the structures of inner ear, blood vessels and peripheral 
nervous system. While symptoms stay mild and appear only occasionally, they might not 
significantly interfere with a patient’s daily routine, activities and work productivity. Due to 
aforementioned patients usually look for a doctor’s appointment only when the symptoms become 
obvious and severe. Another factor that might prevent patients from looking for a medical help is a 
possibility of their job loss if they are considered unfit. Due to these factors the true incidence rate 
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of ONIHL and ONIHL simultaneously with VD among the employees most probably was higher 
than calculated in the study. 

Increase in incidence of ONIHL and ONIHL simultaneously with VD between 2008 and 2010 most 
probably was due to economic instability in Latvia that began in 2008 and went on for the next 
couple of years. Due to this considerable number of employees lost their job positions. The number 
of appointments with occupational physicians by the contrary increased during this period of time. 
This might be explained by the fact that those employees who lost their jobs actively sought 
consultation with the occupational physician and were motivated to undergo all the necessary 
procedures and laboratory, radiological or other tests so that their medical condition provoked by 
hazardous work environment and factors could be officially registered as occupational disease. 
Once their condition were officially registered as occupational these former employees were able to 
claim and receive economic support from the government of Latvia. 

Prolonged exposure to noise and intensive noise level is a prevalent hazardous work factor 
encountered in many economic activities sectors despite numerous preventive methods and 
regulations [13]. A study by Tak and a study by Tak et al. revealed that the highest prevalence of 
ONIHL was found in employees working in mining, manufacturing, construction, transportation, 
agriculture, forestry and fishing, as well as trucking and repair services [14, 15]. In Latvia the 
mining industry is not developed, therefore this study showed that most of the employees with 
registered ONIHL cases came from manufacturing, transportation and storage, construction, as well 
as agriculture, hunting and forestry industries. These results correspond to the study by Tak. The 
majority of patients were males (76.9% from all the patients with registered cases of ONIHL) 
possibly due to the fact that the sample of patients had higher proportion of male patients, but also 
employees of male gender are more prevalent in those industries were ONIHL is most frequently 
registered in [16; 17]. A study by Tak et al. reported that the prevalence of ONIHL was higher in 
male patients rather than in females as well - 14.0% and 8.5%, respectively [15]. The same study 
showed that prevalence of ONIHL was the highest in middle aged patients (55-64 years) [15]. This 
fact corresponds with the results from this study, where in total 55.4% of all the ONIHL cases were 
registered in patients aged 55-64 years. 

Another risk factor that is widely encountered in those industries where employees are exposed to a 
long-lasting or intensive noise level, is vibration [7]. Daily exposure to vibration from vehicles and 
machines used during work and hand held vibratory tools are the leading cause of vibration disease 
[18]. Additionally, continues exposure to vibration is thought to effect inner ear and promote 
development of ONIHL. It has been previously concluded that employees who had claimed to have 
episodes of white fingers or had been diagnosed with HAV had an increased risk for the 
development of ONIHL [6, 7, 19-22]. The results of this study are consistent with the previous 
ones. Turkot et al. concluded that presence of VWF increased the risk for the noise-induced hearing 
loss (NIHL) 1.34 times (95% Cl: 1.21-1.49) [6]. Petterson et al. showed that among 133 
participants with NIHL 120 participants reported white finger (WF) episodes of them 49 
participants daily used hand held tools [19]. Another study by Petterson et al. further supports the 
link between noise, vibration and NIHL concluding that those employees who were co-exposed to 
noise and vibration have a greater risk for NIHL [7]. Study by Palmer et al. demonstrates that in 
those participants who reported WF episodes NIHL was twice as common, even among those 
participants who claimed never to be exposed to hand arm vibration (HAV) [6, 20]. An 
experimental study by Zhu et al. supports the hypothesis that combination of exposure of both noise 
and vibration causes a more significant temporary threshold shift (TTS) than exposure to a noise 
alone. The study demonstrated that those subjects who were exposed to noise and vibration 
simultaneously had a higher TTSs at 4 and 6 kHz than those who were exposed to a noise alone. 
Exposure only to HAV had no effect on TTS, therefore demonstrating that vibration augments the 
effects caused by noise [21]. A study by Petterson et al. has demonstrated similar results [22]. 
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Summary. Absolute majority of registered cases of occupational ENT diseases among employees 
in Latvia between 2005 and 2014 were ONIHL followed by chronic laryngitis, chronic pharyngitis 
and allergic rhinitis. Most of the patients with ONIHL and ONIHL simultaneously with VD were 
males aged 55-64. Statistically significant association was found between ONIHL and VD; and 
ONIHL and exposure to vibration. These results are consistent with previous studies and literature 
data. Due to association between hearing loss and VD and exposure to vibration it is of utmost 
importance to include in ONIHL prevention programmes and campaigns information about 
vibration and its effect on an employee’s health. Moreover, strategies and methods to decrease 
employees’ exposure to vibration or avoid it altogether should be studied and implemented in the 
daily life. 

ONIHL most commonly was registered in those employees who were daily exposed to intensive or 
continues noise; and noise and vibration simultaneously. The study demonstrates employees of 
which economic activities sectors are at the highest risk of the development of ONIHL or ONIHL 
simultaneously with VD and hearing quality of workers of which economic activity sector should 
be tightly controlled. 

The study showed that incidence level of ONIHL and ONIHL simultaneously with VD was higher 
in male employees and that socioeconomic processes in the country had a significant impact on it. 
Increase in incidence of ONIHL and ONIHL simultaneously with VD was caused not only due to 
worsened work environment when socioeconomic stability in Latvia decreased, but also due to 
increased visit rates with the occupational physician and higher motivation of patients to have their 
condition recognised as occupational. In such a way patients were able to claim economic support 
from the Latvian government. 

Lurther studies are necessary to comprehend the exact mechanism by which vibration effects inner 
ear structures and contributes to the development of ONIHL. 
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ABSTRACT. In the present study. Multiple Linear Regression Method and Adaptive Neuro-Fuzzy Inference System 
(ANFIS) are designed for output estimated Long Term Estimated Load for the Kingdom of Bahrain. Three variables 
used as inputs, which are Present Peak Load, Gross Domestic Product (GDP) and Population versus years. Obtaining 
the estimated Peak Loads calculated using the multi linear regression and ANFIS. The MATLAB Simulink 7.10 
package used to obtain the estimated peak load for the Kingdom of Bahrain. The models obtained using the multi linear 
regression and Neuro-Fuzzy techniques. Bahrain Population and GDP used in the Multiple Linear Regression Model. 
Different GDP growth scenario based on development in the country used and taken in consideration. The results used 
for the Peak Demand will compared with actual peaks data. The average percentage of error for each model calculated 
based on data used to generate the model, where the less average error model presented and recommended for the long- 
term load forecast for the peak load demand. 


Introduction. For the electricity sector decision makers, the energy trading and facility expansion 
are required. The electricity demand pattern is a multifaceted due to the different types of loads, 
weather conditions, and socio-economic factors. Therefore, finding an appropriate peak load- 
forecasting model for Bahrain Peak Demand of the electricity network is an important task for a 
network planning and power trading which interconnected to another five national networks 
through Gulf Cooperation Council Interconnection Authority (GCCIA) grid. This will help to plan 
for a reliable and economical operated network. 

Electricity becomes in the picture in Arabian Peninsula's when the oil discovered at Bahrain. The 
first electricity generating plant in Bahrain became operational in 1930. The growth in electricity 
demand increased since that time based on area where government was planning to develop and 
based on budget and availability of electricity generated. The electrical system security comes to the 
surface after the electricity blackout found on August 2004. Therefore, as part of development for 
Gulf Cooperation Council GCC Countries, the GCC electrical sectors decided to interconnect their 
networks based on number of studies [1]. Such studies used to be the bases to build the GCC states 
to receive the benefits of having the interconnection. The benefits of the interconnection 
summarized in the reduction of operating costs, sharing of operating and installed capacity reserves 
[2]. Since that time, Bahrain Electricity Network was interconnected to the largest transmission 
lines project in the region, which is connect the six countries (Kingdom of Saudi Arabia, Kuwait, 
Bahrain, Qatar, United Arab Emirates and Oman as shown in Fig. (1). The interconnection which 
was commissioned in 2009 opens the doors to plan for utilizing the interconnection in energy 
trading between GCC countries [3]. 


MMSE Journal. Open Access www.mmse.xyz 
248 


Mechanics, Materials Science & Engineering, July 2016 - ISSN 2412-5954 


Research Objective. The present study presents a pragmatic methodology used as a guide to 
construct Electric Power Peak Load Forecasting Model for Kingdom of Bahrain. There are many 
exogenous variables for the long-term load forecasting (LTLF) - like weather conditions, industrial 
development, Population Growth and social events in the country. For more simplicity, the Model 
using the main variables, which effect on the peak load demand and selected for the proposed 
Model. Therefore, Bahrain Population and Gross Domestic Product (GDP) selected as the variable 
elements in the Multiple Linear Regression Model and there will be a need to study the previous 
period deeply for Bahrain. 



Fig. 1. Geographical Layout of the GCC Interconnection. 


1. Load Forecasting Types. Electric Power Load Forecasting (EPLF) is an essential process in the 
planning of electricity utilities and the operation of their power systems. Perfect estimation for load 
forecasting will show the way to significant economic saving in operating and maintenance costs. 
Number of studies were carried out long time ago and the peak load for Kingdom of Bahrain 
modulated to forecast the peak load demand for the upcoming year [4]. These types of studies are 
helping in increasing the reliability of power supply and delivery system, which help to correct the 
decisions for future development. 

Electric Peak load demand is the highest recorded demand and supplied by generators. It recorded 
for different time horizon, which is hourly, daily, weekly, monthly, and yearly periods. EPLF has 
very different characteristics compared to a different type of energy commodity. This type of 
energy should consumed as soon as it was generating. Therefore, Electricity Load Forecasting for 
the peak load that made for various purposes classified into three categories. These three categories, 
which are the short-term, the medium-term and the long-term forecasts. These classifications based 
on range of the forecasted period. 

Regularly, the target of Short-Term Load Forecast (STLF) [5] is used to predict the load up to one 
week. It used for daily power system operation. Part of this classification is the very short-term load 
forecast (VSTLF) which is used for less than one day forecast and used to meet the load demand 
during the day in energy market [6,7]. 

The Medium-Term Load Forecast (MTLF) used to predict the load from one week to one year. The 
target of this type of forecasting is to enables electricity utilities and trading companies to estimate 
the load demand for less than one year and greater than STLF period. The MTLF helps the 
electricity sector’s companies to negotiate the contracts with other companies and to schedule the 
operations and maintenance [8]. 

The Long-Term Load Forecast (LTLF) is used to predict the load for more than one year [9], where 
it is usually used for period of 20 years [5], and 25 to 30 years for some cases. The target of this 
type of forecasting is to plan for the install capacity to build it in future for the expected load 
demand based on the projects and the master plan of the country. For example, the LTLF helps the 
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country in allocating and involving the independent power companies to participate in bidding in 
building power generation or to plan purchasing electrical energy for long period to manage the 
energy demand in more economic and reliable way. 

ANFIS is used in many research to identify the LTLF for the peak load demand [4, 10], where both 
used ANFIS for the Long-term load forecasting. Qamber forecast the Kingdom of Bahrain peak 
load using Neuro-Fuzzy, this paper considered as continuation for Qamber paper where another 
methodology used, new updated data and the results compared with the ANFIS modelling. Chen 
use collaborative fuzzy-neural approach for long-term load forecast. Adaptive neural fuzzy 
inference system had used to obtain long term forecasting results and the results compared to 
mathematical methods to show validity and error levels [11], where the partial consensus fuzzy 
intersection and radial basis function network (PCFI-RBF) approach is used. 

2. Load Forecasting Data. Weather conditions are the most significant factors that considered as a 
significant influence on the forecasting during the year. Generally, the weather condition is 
repeating its behaviour every year. The weather temperature varied during the period of the day, 
week, month and year, where the temperature is always in range of forty Degree Celsius during the 
peak time at Bahrain. The same thing is implementing for humidity, wet blab, wind direction, wind 
speed, weather pressure, etc. Therefore, these weather condition factors usually used for STLF and 
MTLF [12]. 

The models and methods applied for the LTLF is different from the other two forecasting categories 
because it depends on different input data. The factors affect in the load demand are including 
numerous of element from weather conditions, over seasonal effects, and socio-economic factors. 
The socio-economic becomes the available data, which used as selected data and used as input 
available at forecast the LTLF. 

The LTLF for peak load demand had used to estimate the future expected peak load to avoid 
spending money in capacity in case of overestimated peak load forecasted that did not utilized for 
long period and causes negative economic impact in the efficient use of national resources. In 
addition, underestimated peak load forecasted may lead to a shortage in energy available, which 
may causes a load shedding for the load supplying domestic or industrial area in case. 

In the developing countries like GCC countries, their peak load growth in electricity are mainly 
based on variables such as economic growth, population, and efficiency standards, coupled with 
other factors inherent in the mathematical development of forecasting models making accurate 
projection difficult [13,14]. 

The following elements are the main factors that affecting in the for peak load forecasted [15]: 

1. The gross domestic product (GDP) 

2. The population (POP) 

3. The GDP per capita (GDP/CAP) 

4. The multiplication of electricity consumption by population (EP) 

5. The power system losses (LOSS) 

6. The load factor (LF) 

7. The cost of one kilowatt-hour (the average rate per unit sale; R/S) (mill/kWh). 

3. Forecasting Process Methods and Model. There are number of methods could be used to model 
the long-term peak load of electricity network. Each method has advantages and disadvantages. The 
method chosen should be suitable for the target and data used for the study. There are many 
methods could be used for LTLF, where the most famous methods used are the Least Squares 
Regression Method, the simple linear regression, the multiple linear regressions, the quadratic 
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regression, the exponential regression, the intelligent methods including Fuzzy logic, Artificial 
Neural Network and Artificial Neural-Fuzzy method. 

Going back to the elements, which could considered in the model for peak load forecasting, the 
social behaviour can presented by the first four factors. These factors may vary from country to 
country. The last three factors interlinked with the electric power system characteristics, load 
demand and consumption. 

The multiple linear regression technique used the given elements affecting the LTLF are presented 
in equation (1). This equation could simplified by neglecting the last three factors, because the 
losses and load factor could considered as a fixed component, where the cost of energy fixed in 
Kingdom of Bahrain. The peak-load demand could formulated as a function of country dependency 
factors, which are the first four factors. The formula could written as follows [16]: 


P L = P 0 + Pi- (GDP) + P 2 ■ (POP) + P 3 ■ (EP) + P 4 ■ (GDP /CAP), (1) 


where GDP - the gross domestic product, 

POP - the population; 

EP - the multiplication of electricity consumption by population GDP/CAP: The GDP per 

capita. 

To have more focus on the elements that may affect the forecasted peak load demand, it needed to 
look into the behaviour of each element. Then we will be focusing on the elements that have the 
same behaviour of the peak load growth. Therefore, it needed to explore Bahrain data to decide on 
the element to use for load forecasting. 

Bahrain Peak load demand. 

The shape of the peak load demand is a very important item for any type of load demand forecast. 
Generally, Bahrain Peak load demand has continuously increases during the last 12 years where the 
average growth found 6.3% [16]. Figure (2) pointing out the Bahrain peak load demand in the last 
12 years which shows a growth of around 6% during the years before 2012 with high growth 
records during 2006, 2007 and 2010, where it reaches after that 10.8% of growth rate. The growth 
in the Bahrain peak load dropped to 0.3% in 2012 where it increased after that in the next year to 
1.3%. The growth in the peak load returned to its normal rate in year 2014 where the growth 
recorded was 7.5% at the peak load 3152MW. The other parameter shall be similar to peak load 
demand growth pattern presented in Figure (2). 

■ Peaks Bahrain Peak Load Demand 

3500 -i 



Fig. 2. Bahrain peak load demand during the last 12 years, Source: www.cio.gov.bh 


MMSE Journal. Open Access www.mmse.xyz 
251 


Mechanics, Materials Science & Engineering, July 2016 - ISSN 2412-5954 


Bahrain Gross Domestic Product (GDP). 

The GCC countries have almost similar Gross Domestic Product (GDP), which is a market value of 
all officially recognized final products and services produced by country in defend period. Figure 
(3) presents Bahrain GDP in the last 12 years, where the recorded growth illustrates three periods of 
growths, which faced a drop in growth at years 2009 and 2012. The average growth in GDP before 
2009 found about 15.1%, where it dropped to 11.1% during the years 2010 and 2011. More drop in 
the growth of the GDP recorded after 2011, where it found 5.2% averagely. Therefore, the GDP has 
similar growth pattern to the peak load demand and expected to have major impact on the peak load 
forecasting. 


Bahrain GDP(Billion$) 



Year 


Fig. 3. Bahrain GDP at last 12 years. Source: http://www.tradingeconomics.com, World Bank. 


Bahrain Population. 

The Population growth rates in GCC countries have been increases last decades very sharply. 
Besides, number of people living in the 

GCC countries to cover the shortage in workers in the region also increases dramatically. The 
population of Kingdom of Bahrain is as shown in Table (1) has high number of non-Bahraini 
nationality. The population of non-Bahraini nationality is 51.07% in 201 1. The data shows increases 
in both populations of Bahraini and non-Bahraini quantities since 1992. 

Figure (4) illustrates the population for Kingdom of Bahrain where it shows the continuity of 
population growth even after economical problem that the country faced. The average growth in 
Bahrain population before 2010 was about 7% yearly, where it dropped to 3.2% after 2011. 
Therefore, the population has similar growth pattern to the peak load demand and expected to have 
major impact on the peak load forecasting. 
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Table 1. The population of Kingdom of Bahrain. 


Year 

Popolation Type fcj® / 

Total 

Non Bahraini 

Bahraini 

j*jJX 

•UJ 






ZJj 

Jjk 

Both seats 

Females 

Males 

Both sties 

Females 

Males 

Both seats 

Females 

Males 

1992 

516,458 

217,559 

298,899 

188,232 

55,265 

132,967 

328,226 

162,294 

165,932 

1993 

530,225 

223,637 

306,588 

193,974 

57,359 

136,615 

336,251 

166,278 

169,973 

1994 

544,366 

229,892 

314,474 

199,887 

59,521 

140,366 

344,479 

170,371 

174,108 

1995 

558,879 

236,324 

322,555 

205,979 

61,752 

144,227 

352,900 

174,572 

178,328 

1996 

573,792 

242,937 

330,855 

212,262 

64,055 

148,207 

361,530 

178,882 

182,648 

1997 

589,115 

249,743 

339,372 

218,738 

66,431 

152,307 

370,377 

183,312 

187,065 

1998 

604,842 

256,742 

348,100 

225,407 

68,884 

156,523 

379,435 

187,858 

191,577 

1999 

620,989 

263,933 

357,056 

232,275 

71,409 

160,866 

388,714 

192,524 

196,190 

2000 

637,582 

271,335 

366,247 

239,361 

74,017 

165,344 

398,221 

197,318 

200,903 

2001 

661,317 

274,605 

386,712 

251,698 

71,895 

179,803 

409,619 

202,710 

206,909 

2002 

710,554 

292,358 

418.196 

283,307 

80,924 

202,383 

427,246 

211,433 

215,813 

2003 

764,519 

311,619 

452,900 

318,888 

91,087 

227,800 

445,632 

220,532 

225,100 

2004 

823,744 

332,549 

491,195 

358,936 

102,527 

256,409 

464,808 

230,022 

234,787 

2005 

888,824 

355,323 

533,501 

404,013 

115,403 

288,610 

484,810 

239,920 

244,890 

2006 

960,425 

380,141 

580,285 

454,752 

129,896 

324,856 

505,673 

250,245 

255,428 

2007 

1,039,297 

407,223 

632,074 

511,864 

146,209 

365,654 

527,433 

261,013 

266,420 

2008 

1,103,496 

426,906 

676,590 

561,909 

158,931 

402,978 

541,587 

267,975 

273,612 

2009 

1,178,415 

446,418 

731,997 

620,404 

170,418 

449,986 

558,011 

276,000 

282,011 

2010 

1,228,543 

464,186 

764,357 

657,856 

181,951 

475,905 

570,687 

282,235 

288,452 

2011 

1,195,020 

453,537 

741,483 

610,332 

164,727 

445,605 

584,688 

288,810 

295378 
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Fig. 4. Bahrain Population at last 12 years. Source: www.cio.gov.bh 


Bahrain GDP per capita 

The GDP per capita calculated by dividing the country’s gross domestic product, which adjusted by 
inflation and the total population. Bahrain GDP per capita from 2006 to 2014 illustrated in Figure 
(5). The GDP per capita was decreasing from year 2006 to 2012. Its behaviour where changed after 
2012, where it was found increasing rapidly in the last two years. The behaviour of Bahrain GDP 
per capita is not similar to the behaviour of peak load demand. Therefore, this element will ignored 
because of mismatching behaviour with peak load demand. 
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BAHRAIN GDP PER CAPITA 



^16528^J^ 


Jan/06 Jan/08 


V-TRAOiSOECONOMCS.COM i WOR 


Fig. 5. Bahrain GDP per capita [1 ]. 


Electricity consumption by population. 

This element neglected because the population element already chosen for the equation and the 
forecasted peak load demand directly related to the electricity consumption. Therefore, it is the 
same element required to be identify in the forecasted element. Therefore, these elements will 
eliminated from the given equation, which will be able to identify the forecasted peak load demand. 

Peak Load Forecast Model. 

Finally, the main elements as shown in Figure (6) can used to identify the forecasted load demand. 
These elements are the population and the GDP, which can formulated in equation (2) as follows: 


P l = P 0 + Pi-(GDP)+ P 2 -(POP). 


( 2 ) 


Figure (6) illustrates the relation between the GDP and Population with Power System Peak Load, 
where both behaviours are similar to the peak load demand. 



Bahrain Population 


a. 

a 

13 


'5 



Fig. 6. Relation between GDP and Population with Peak Load Demand. 


4. Results generated from this study. To find the coefficients of equation (2), the historical data of 
both GDP and population used for forecasting peak load demand. The curve fitting technique used 
to determine the coefficient found in equation (2). The result of curve fitting in equation (2) for the 
model is as follows: 
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Po = -156.2, Pi = 35.27, and P 2 = 0.001549. 


The result of subletting these coefficients in equation (2) presented in Table (2). Results of peak 
load forecasting are very close to the actual peaks recorded. The average error calculated for this 
type and presented in Table (2) that shows errors less than 2%. The level of error presented is 
acceptable error level. 


Table 2. Results of peak load forecasting and error recorded 


Year 

Peaks 

(MW) 

Calculated 
Peak using 
Model (MW) 

Errors 

2012 

2880 

2827 

-1.82% 

2013 

2917 

2975 

1.99% 

2014 

3152 

3110 

-1.34% 


O 



Years 


Fig. 7. Mid-Year Population Projections 
for Bahrain. Source: www.cio.sov.bh 


5. Forecasted Peak Load Demand using the Model. 

The forecasted peak load demand can calculated for the 
future years if we have the forecasted population and 
forecasted GDP of Kingdom of Bahrain. Mid-Year 
Population Projections for the Kingdom of Bahrain 
(2012 - 2032) was collected from central information 
organization which is presented in Figure (7). Three 
scenarios estimate for Bahrain GDP, which represents 
high growth, normal growth and low growth for 
Bahrain GDP. These scenarios will cover different 
trends of GDP growths. These scenarios will give more 
visibility for the decision maker to account for the risk 
of economy growth in the future forecasting of the peak 
load demand. The results of calculating the forecasted 
peak load demand illustrated in Figure (8). 

6. ANFIS for Estimated Peak Load Demand. Figure 
(9) illustrates the four layers connection for three inputs 
and one output. These four layers represent the Neuro- 
Fuzzy model, which will used to represent the 
developed estimated peak load model in this study. It is 
clear that the results obtained automatically through 
training of data performed in ANFIS (Adaptive Neuro- 
Fuzzy Inference System). Figure (10) shows the 
proposed model using the Neuro-Fuzzy, where the 
proposed model is three inputs and one output model. 
The three inputs are the year, population and GDP. The 
output is the peak load for the Kingdom of Bahrain. 
Therefore, the three inputs used as follows: 


1. Input 1: Year. 


2. Input 2: Population. 


3. Input 3: GDP. 
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Fig. 8. Bahrain three scenarios of load forecast for 2014 - 2024. 



Fig. 9. ANFIS Structure in Matlab with three Inputs and One Output. 
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Fig. 10. Artificial Neuro-Fuzzy Logic Model Using Long Term Load Forecasting. 


Figure (11) illustrates the actual data collected and presented for member states peak demand, 
where the estimated peak load demand for the coming years generated by Neuro-Fuzzy model. The 
output of the given model presents the Neuro-Fuzzy model average results error, which is equal to 
0.53% and it is less than the multi regression method, which is almost about 2%. The final 
membership functions for each input variable as shown in Figure (12-a). It shows the range of the 
years from 2003 until 2014. Figures (12-b), (12c) and (12-d) show the membership functions used 
for population, year and GDP, respectively. 
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Fig. 11. Actual Data Used Versus Output of the Neuro-Fuzzy Model. 
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Fig. 12 (a). Membership Function Used in the Neuro-Fuzzy Logic Model for Long Term Load 
Forecasting. 



Fig. 12 (b). Membership Function Used for the Population. 



Fig. 12 (c). Membership Function Used for the Year. 
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Fig. 12 (d). Membership Function Used for the GDP. 


The input-output surface of the model presented in Figure (13). This means that the number of 
membership functions chosen as three inputs, where the surface view between the inputs and the 
output illustrated in Figure (13). The input-output shown is a non-linear surface and illustrates how 
the model will respond to varying values of year. 



Years 


Fig. 13. Surface Sketch for the Output of the Neuro-Fuzzy Model. 
Input 1: Year, Input 2: Population, Output: Peak Load (MW). 


Summary. It is known, that the Peak load forecasting is one of the important tasks for decision 
makers in proposing the planning for periodical operations, energy trading and facility expansion in 
the electricity sector. Peak load demand forecasting is central and integral processes for this 
purpose. 

The multiple linear regression and Neuro-Fuzzy applied in the present paper to model the peak load 
for the Kingdom of Bahrain. Both techniques applied, where the average percentage errors 
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calculated from the results obtained and found to be close to 2% and 0.53% in multi linear 
regression and Neuro-Fuzzy, respectively. The obtained results demonstrate clearly that the 
obtained models effectively help in finding the estimated future loads and the Neuro-Fuzzy is the 
more accurate technique compared with the Multi Linear Regression requested by energy traders 
and decision makers. In addition, the present study indicates the high ability of Neuro-Fuzzy 
modelling the maximum load. The system does not require a large number of sample data. The 
models present the Electrical long term peak load demand forecasting using both the Neuro-Fuzzy 
and Multiple Linear Regression method, which both have an acceptable error percentage. 

The results present the peak load forecasted, taken in consideration the different expected growth in 
the GDP of the country. This type of forecasting will give more visibility for the decision makers 
and energy traders to take the correct decision for planning of the periodical operations, energy 
trading and facility expansion in the electricity sector. 
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ABSTRACT. Researched of plots and fences used during the reconstruction of real estate in the city Kiev and proposed 
taxation on public owned land for a period of reconstruction of the real estate. On the base of these calculations, 
demonstrate the feasibility of such a land taxation. 


Problem definition. Public lands should ensure the proper functioning of settlements. The current 
Land Code of Ukraine [1] does not explicitly state the total used land. However, according to the 
norms we talk about “objects for public purposes” (Article 38) and lands of public use in 
settlements (squares, streets, driveways, roads, embankments, beaches, parks, squares, avenues, 
cemeteries, places of disposal and waste management, and etc.) (Article 83). A characteristic 
feature of the total land use is its free nature of use for the personal needs of the entire population. 
The operation of this land is carried out by an unlimited range of subjects that are not related to 
each by reciprocal rights and obligations, in accordance with established procedure. Typically, they 
are owned either by state or municipal authorities and cannot be transferred to private ownership. 
On these lands, the construction of permanent buildings and premises that comply with the purpose 
of these lands, as well as temporary premises, without prejudice to the land with special destination. 
Ukrainian law provides the possibility of limiting the right to use these lands (particularly during 
construction or other works) by closing driveways, streets etc. But this requires a decision issued by 
an authorized state body or local administration authority. Improvement of these lands is performed 
by municipal authorities of local councils and their subordinate organizations and institutions. They 
are also responsible for the proper operation of these lands [2] . 

According to the current legislation of Ukraine [1,3] public land is exempt from land fee, but today 
there are cases where reconstruction of the existing building or facility occurs without registration 
of ownership or land use, and hence, without the development of land use documentation even 
though this land is occupied, especially by fence and no land tax for their use is charged. 

Funds obtained from land tax payment for the use of land during the period of reconstruction of 
houses will contribute to filling local budgets and an effective management of land in the respective 
region. 

The main material. When for allocation of a land plot for property construction special 
documentation for land management is elaborated, which clearly indicates the limits of the 
construction site and, if necessary, establishes a temporary rent for the land during the construction 
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period. Therefore, for this land, a land fee will be charged. Under Article 274 [3] the tax for land 
plots, provided after a normative financial estimation, shall be equal to 1% of the normative 
monetary value. For the estimation of the monetary value of land, the coefficient of functional land 
use - which reflects the relative profitability of economic activities - shall be applied. In respect of 
land occupied for the current building works and the land set aside for future building works, this 
ratio is 0.5 [4]. 

There are many cases when the reconstruction of the existing building or facility occurs without the 
registration of ownership or use of land, and hence, without the elaboration of land use 
documentation, even when the land for public use is fenced for a long period which may create an 
inconvenience for safe and regular movement of the city community. 

In Kiev and in Ukraine in general, the issue of reconstruction is very current, as a large number of 
houses both residential and non-residential need reconstruction. Kiev is growing and developing, so 
the construction works, of course, do not stand still - new comfortable residential areas, providing 
housing for the population are built and operated. There is also the old city where many buildings 
are cultural heritage, which need special care and reconstruction works. Also in Kiev, there are 
neighbourhoods of old buildings, which, due to financial problems cannot be demolished therefore 
they also should be reconstructed to ensure comfort and safety for the population. 

In addition, according to [5] the requirements of technical standards and maintenance regulations, 
as well as deadlines of cyclicality of reconstruction works of the housing stock in the next 20-25 
years, 5.3 thousand buildings with the total surface of more than 20 million m 2 need reconstruction. 
Out of this number, 4 thousand of very old buildings with the total surface of 11.8 million m 2 are 
planned for reconstruction, including 5 floors buildings from the first period of industrial housing 
construction - with the surface of 4.0 million m 2 . 

If during the period 2001-2010 (Table 1) historical buildings - mainly houses and five floor houses 
- were reconstructed, in the period 2011-2020, according to [5,6] reconstruction works 
(reorganization) will be performed for nine-storey buildings, especially panel houses built in the 
70s. During the reorganization works of 5-9-16 floors panel houses in the period 2011-2020, some 
mandatory activities related to the development of energy efficiency in the housing stock have also 
been planned. 


Table 1. The volume of long-term forecast of housing reconstruction in Kiev, Ukraine. 



Total 

2001-2010 

2011-2020 

Is subject for reconstruction (thousand m 2 /%), total 
including: 

11816.3/100 

2685,6/100 

9130,7/100 

- 5-floors buildings 

4005.0/34 

1511,7/56 

2493,3/27 

- other buildings 

7811.3/66 

1173,9/44 

6637,4/73 


If to make an estimation of the number of reconstructed objects or those that shall be reconstructed 
(Fig.l), as well as the surface of the public land that is occupied or could be occupied, without 
paying any land tax, it becomes obvious that the city budget is losing a lot of money. Therefore, it 
makes sense to examine this issue in detail. 
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Distribution of housing construction by year (quantity) 
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Fig. 1. Distribution of housing in Ukraine and in Kiev by year of construction [5], 


Reconstruction of buildings and structures may be necessary when changing the functionality of use 
for the existing buildings, when they are modernized or restored. The reconstruction works on 
buildings and structures may include changing the configuration and size of the existing facilities, 
construction of new facilities. Therefore, it will always be current issue in the development of the 
city. 

Also in accordance with [7] for any works aimed to change the appearance of the facade is 
mandatory to establish a temporary fence. The main purpose of all protection fences is to prevent 
the penetration of people on the protected territory, so that they do not cause harm to their health or 
property, which is located behind the fence. These constructions provide protection, as well as 
keeping people to a safe distance from the place where the works are held. All of fence 
constructions shall be adjusted for ease of installation, long life and reliability. 

According to [9], fences which are used in the reconstruction of real estate can be classified as 
follows (Fig. 2). 


lJv functioKty: 

1.1. Protective and Securiting (not less than 2m) 
1 2. Protective (not less than 1.6m) 
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Fig. 2. Types offences, which are used in the reconstruction of real estate. 
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By examining the examples of the use of temporary fencing for reconstruction of buildings in Kiev, 
it was established that (Fig. 3) for reconstruction works of buildings - as fences - functionality 
purposes protective security fences are used, which have selected elements, panels for constructive 
solution made of: 

- profiled metal sheets, on the 10 Upper Val street; 

- wood, on 8/12 Kostiantynivska street and 4 Kontraktova square; 

- profiled metal sheets and plastic netting fence, on 21/20 Vladimir street. 



N°1 Upper Val Street, 10 



N°2 Kostiantynivska Street, 8/12 



N°3 Kontraktova square, 4 

Fig. 3. Photo-fixation of temporary fencing for reconstruction in Kiev, Ukraine. 


We investigate the reconstruction of the Central Department Store (CDS) in Kiev, which is located 
the land from 2 B. Khmelnytsky street, in the Shevchenko district of Kiev, which represent part of 
the old city. This is one of two buildings in the Khreshchatyk ensemble, which survived in its 
original form after the Second World War. As a result of the reconstruction, the total store area will 
be doubled - up to 45.000 m 2 and an underground parking for 200 cars will be added. This can be 
achieved through the use of the courtyard and underground space. The facade of the building, built 
in 1939, will remain unchanged. Behind the historic facade of the Central Department Store a new 
building of the department store will be constructed. 

According to the data of automatic system of "Cadastre" software package the owner of the 
building is a legal entity - the company "Esta Holding". The land with an area of 4.721 m 2 is 
privately owned. The object of research is situated in the area where a large numbers of people is 
constantly moving, thus, for safety purposes (Fig. 4) a fence has been established. 
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Central City 
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installation of metal 
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facade 


Fixing of the facade 
occupied by 7 meter 
of pavement 


Sidewalk on the 
Khreshehatyk 
street (apassage 
width is 7m) 


Sidewalk on die B. 
Khmelnitsky street 
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Type of ownership 
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Fig. 4. Plot of land on 2 B. Khmelnytsky street, Kiev, Ukraine [8], 


In fact, the fence occupied a territory of public use, which is not regulated by any approved 
documents hence the territory has no status. Performing some estimative measurements of the 
territory of public use, which was fenced for the period of reconstruction, we found that the area has 
945 m 2 . Estimation of the normative monetary value of this land (Table 2). 


Table 2. The calculation of regulatory monetary value of a land plot. 


Indexes 

Basis 

Value 

Land area 

Contract of lease of land (draft) 

945 m 2 

Economic-planning zone 


the zone JSL 6 1 

The base cost of 1 m 2 of 
land 

[10] (Appendix 2) 

2341.81 UAH/m 2 

Factor for functional use of 

The procedure of regulatory monetary value of agricultural land 

0.50 

land 

and the settlements 


[10] (Appendix 4) 

- in the zone pedestrian accessibility of community centers 

1.20 

Local factors in the 
location a land plot within 
the economic -planning 
zones 

- in the zone highways of high city forming value 

- in the zone walking of high-speed urban and external passenger 
transport 

- without centralized gas supply 

- within the protected area 

1.20 

1.15 



0.95 



1.20 

Synthesis local rate 

1.20 x 1.20 x 1.15 x 0.95 x 1.20 

1.89 


Tax Code of Ukraine, art. 289. Letter of the State Agency of Land 
Resources of Ukraine on 10.01.08 

1.028 


Letter of the State Committee of Ukraine of 09.01.2009 

1.152 

Coefficient of indexing 
monetary valuation 

Letter of the State Committee of Ukraine of 1 1.01.2010 

1.059 

Letter of the State Tax Service of Ukraine of 19.01.201 1 

1 

Letter of the State Tax Service of Ukraine of 20.01.2012 

1 


Letter of the State Tax Service of Ukraine of 21.01.2013 

1 


Letter of the State Agency of Land Resources of Ukraine of 
01.10.2014 

1 

Regulatory monetary 
valuation 

945 x 2341.81 x 0.50 x 1.5 x 1.028 x 1.152 x 1.059 x 1 x 1 x 1 x 1 

2081547.3 UAH 

Land tax 

Land tax (if the lease) is 3% of the normative assessment 

62446.419 UAH 
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Thus, in accordance with the calculation, the normative monetary evaluation of the land of public 
use amounts to 2,081,547.3 UAH, and the land tax - 62,446.419 UAH. Since the reconstruction of 
the Central Department Store lasts already for 4 years, it is subject to a 3% land lease of the 
normative monetary value which amounts to 2,997,428.112 UAH, which is exactly the amount of 
budget loss in Kiev. 

Also, exploring the territory of the economic -planning zones no 61, which according to [10] is 
located in the Shevchenko District of Kiev, including the following streets: Khreshchatyk, 
Volodymyrska, Prorizna, Tereshchenkivska, B. Khmelnitsky, T. Shevchenko boulevard, 
Pushkinska street, 4 objects under reconstruction were identified (Fig. 5). We analyzed them in 
detail and calculated the land tax for that part of the public land that is actually occupied by a 
temporary fence. 



1. Prorizna street, 25 


Sland without public area - 240 m 2 
Sland with public area - 280 m 2 



2. B. Khmelnitsky street, 2 


Sland without public area - 4750 m 2 
Sland with public area - 5695 m 2 



Sland without public area - 1556 m 2 
Sland with public area - 1976 m 2 


4. T. Shevchenko 



Pmchult Art Ofint 
* PiwsyKApiUewrp 


M (315)P*Ut»»portu 


KNrtlichat)* • 



3. Khreshchatyk street, 50 


Sland without public area - 400 m 2 
Sland with public area - 430 m 2 


Fig. 5. Photo-fixation of objects for reconstruction in the economic-planning zone N°61 Kiev, 
Ukraine. 


Table 3. The calculation of land tax for the occupied land for real estate reconstruction. 


Indexes 

Value 

Address the objects 
for reconstruction 

Prorizna street, 
25 

B. Khmelnitsky 
street, 2 

Khreshchatyk street, 50 

T. Shevchenko 
boulevard, 4 

Area [8] m 2 

240 

4750 

400 

1556 

Area of land public 
use occupied fence 
for a period of 
reconstruction m 2 

40 

945 

30 

420 

Economic -planning 
zone 

the zone JV° 6 1 

The base cost of 1 m 2 
of land 

2341.81 UAH/m 2 

Factor for functional 
use of land 

0.50 
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Local factors in the 
location a land plot 
within the economic- 
planning zones 

- in the zone pedestrian accessibility of community centers = 1 .20; 

- in the zone highways of high cityforming value =1.20; 

- in the zone walking of high-speed urban and external passenger transport = 1.15; 

- without centralized gas supply = 0.95; 

- within the protected area = 1.20; 

Synthesis local rate 

1.20 x 1,20 x 1.15 x 0.95 x 1.20 = 1.89 

Coefficient of 
indexing monetary 
valuation 

Tax Code of Ukraine, art. 289. Letter of the State Agency of Land Resources of Ukraine 

on 10.01.08 (1.028); 

Letter of the State Committee of Ukraine of 09.01 .2009 ( 1 . 152); 

Letter of the State Committee of Ukraine of 1 1 .01 .2010 ( 1 .059); 

Letter of the State Tax Service of Ukraine of 19.01.201 1 (1); 

Letter of the State Tax Service of Ukraine of 20.01.2012 (1); 

Letter of the State Tax Service of Ukraine of 21.01.2013 (1); 

Letter of the State Agency of Land Resources of Ukraine of 01.10.2014 (1); 

1.028 x 1.152 x 1.059 x 1 x l x l x l 

Normative 
monetary 
evaluation, UAH 

88107.822 

2081547.294 

66080,8665 

925132,131 

Land tax, UAH / 
Month 

2643,234 

62446,419 

1982,426 

27753,964 

Land tax, UAH / 
Year 

31718,815 

749357,02 

23789,112 

333047,567 

The total amount of 
land tax for the year, 
UAH 

1 137 912,519 


It seems that only for few objects under reconstruction the city loses every year about 1,140,000.00 
UAH. At city level, these revenues in the local budget will be several times higher. 

Summary. Thus, on the base of these calculations proved as examples, we can demonstrate the 
feasibility of land taxation, occupied for the period of reconstruction of real estate. 

References 

[1] Land Code of Ukraine (2002). Verkhovna Rada of Ukraine; Supreme Council of Ukraine 
(VVR), 2002, N° 3-4, art. 27. Available at: http://zakon4.rada.gov.ua/laws/show/2768-14 

[2] Y.S. Shemshuchenko and others, 1998. The juridical Encyclopedia in 6, K. “Ukr. Encycl.” 
Available at: http://leksika.com.ua/1771 1216/legal/zemli zagalnogo koristuvannya 

[3] Tax Code of Ukraine (2012). Verkhovna Rada of Ukraine; Supreme Council of Ukraine (VVR), 
2012, N° 2755-VI. Available at: http://zakon4.rada.gov.ua/laws/show/2755-17 

[4] The order on the normative monetary value of agricultural land and human settlements (2006). 
Order of the State Committee of Ukraine, Ministry of Agrarian Policy of Ukraine, the Ministry of 
Construction of Ukraine, the Ukrainian Academy of Agrarian Sciences. (Official Bulletin of 
Ukraine), 2006, N° 15, p.154. Available at: http ://zakon3 .rada. go v . ua/law s/sho w/z03 8 8 -06 

[5] On the approval of the General Plan of Kiev and its planning projects for the suburban until 
2020 (2002). Decision of Kiev city council 2002 N° 370/1804. Available at: 
http://kmr.ligazakon.Ua/SITE2/l docki2.nsf/alldocWWW/56ElD135DED9D0B0C22573C00053FC 
A6?OpenDocument 

[6] Worleyparsons, ENSI, Local Development Institute, Institute of Housing Estimated study on the 
“Impact of new legislation on the construction industry and housing sector” (2012), p. 86. Available 
at: http://www.teplydim.com.ua/uk/news/view/350/otsnochne 

dosldjennya vpliv novogo zakonodavstva na budvelnu galuz ta jitloviyi sektor# 

[7] On approval of the maintenance, repair, reconstruction, restoration of facades of buildings in the 
city of Kiev (2003). Decision of Kiev city council 2003, N° 220/1094. Available at: 


MMSE Journal. Open Access www.mmse.xyz 

268 


Mechanics, Materials Science & Engineering, July 2016 - ISSN 2412-5954 


http://kmr.ligazakon.Ua/SrrE2/l docki2.nsf/alldoc 
WWW/59F485FD766981AAC22573C000530E70 

[8] Public cadastral map of Ukraine (2013) Available at: http://map.land.gov.ua/kadastrova-karta 

[9] Fences for inventory construction sites and sites of construction and installation works (1978), 
Specifications , GOST 23407-78, Moscow 

[10] On approval of the technical documentation on the normative monetary estimation of land in 
Kiev and Procedure of estimation (2007) Decision of Kiev city council 2007 N° 43/1877. Available 
at: http://search.ligazakon.ua/! doc2.nsf/linkl/MR071 188.html 


MMSE Journal. Open Access www.mmse.xyz 
269 


Mechanics, Materials Science & Engineering, July 2016 - ISSN 2412-5954 


The Benchmark Survey Methods of the Lecturers and Chairs Work in the 
Higher Educational Establishments, with Using the Cumulative Ranking Index 

Protsiv I.V. 1,a , Shevchenko O.V. 2b , Protsiv V.V. 3 


1 - Research fellow. Economics and National Economy Management Department, Oles Honchar Dnipropetrovsk 
National University 

2 - Ph.D. in Economics, assistant professor, chair of the International Tourism, Zaporizhzhya National Technical 
University 

3 - Professor, Head of the Mining Engineering Technology Department, National Mining University, Ukraine 
a - 4327313@gmail.com 

b - cheva-lenal979@mail.ru 

DOI 10.13140/RG.2.2.1002.41242 

Keywords: ranking, higher educational establishments. 



ABSTRACT. Approaches to ranking of the higher educational establishments’ staff and its chairs with a “Cumulative 
Ranking Index” and “Average Weighted Placement” methods. The method of ranking "by the integrated index rating" 
is quite difficult to calculate, so can be used by only using specialized computer programs in fairly large groups (up to 
1000 subjects), for example among the faculty. Such an approach encourages teachers to hard work at the same time in 
many ways, so it is better to use the method with "In sum places" and additional calculation "for the weighted average 
place". 


Introduction. The quality rating of the teaching staff is afforded by normative documents [1, 2, 3], 
The most thorough, comprehensive, profound and balanced is “Cumulative Ranking Index” method 
of ranking that allows to weigh the efficiency of the individual employees including the whole 
chairs, and to calculate a relative index of subject ranking against the average university level. It 
also helps to calculate the contribution of each subject into the general university result being the 
most correct summing up of ranking, however allows the possibility of win (obtaining the highest 
placements in ranking) in consequence of unnaturally high results in one or more indices, such as 
publication of 10 books by one lecturer in a reporting period (semester). 

Aim. To develop the methodology for the calculation of lecturers and chairs of the higher education 
establishments ranking by rating index, and to connect results with other counting methods. 

Analysis. Certainly, using the “total of placements” method there would be only top position by one 
or two indices, that wouldn’t significantly decrease the total of employee placements and wouldn’t 
give him the medal place at university. And most likely, such person couldn’t have good results at 
any other indices, because of lack of time for another work. 

That is why summing up with using every methods above will rate the employees (subdivisions) 
differently, and for more objectivity, there is a sense to do one more step of rating - by average 
placement using two methods, means by “average weighted placement”. Such approach gives a 
possibility to respect others, who work productive for all the rating indices, and those who 
concentrated on just a few of them reaching the highest achievements. In symbolic model 
description below using such conventional signs: 

Ki - number of university departments; 
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K k - - number of chairs on /-department; 

K k - - number of employees working on 7 -chair of /-department; 

K n -- number of indices that allows the /-department to act in rating; 

K n -. - number of indices that allows 7-chair of /-department to act in rating; 

K ! U j t - number of indices that allows the employees of 7-chair of /-department to act in rating; 

Cjj - total of established post deals on 7-chair of /-department; 

C ijt - total of established post deals (in general by university) of t-employee, who work in 7-chair of 
/-department; 

U kij - numerical value of k - index in 7-chair of /-department; 

U kijl - numerical value of k - index that has t-employee working on 7-chair of /-department; 

I kjj - coefficient of 7 - chair of /-department coefficient by k- index; 

I kj j t - coefficient of t-employee who works on 7- chair of /-department; 
k k - weight number (factor) by k - index in university; 

k nk - correction factor for the work priorities of departments by /c-indcx in university; 
k ck - correction factor for the work priorities of employees by k - index in university; 

K kij ~ positioning factor of 7- chair on /-department by k- index; 

K ki - positioning factor of 7-chair by k- index; 

P kjJ - cumulative ranking index (CRI) of 7- chair on /-department by /r-index; 

P (> - CRI of 7-chair on /-department at university; 

P ( - CRI of /-department by university; 

P, ;( - CRI of t-employee, who works on 7 -chair of /-department at university; 

h - inferior index shows the method by which the rating place of subject could be found, 1 - “by 
total of placements”, 2 - “by cumulative ranking indices”, 3 - “by average weighted placement”; 
adding to the last inferior index, as for example M i;71 - placement of t-employee, who works on 7- 

chair of /-department, is analyzed by “total of placements”. 

M^i - placement of 7-chair of i- department by /c-index, is analyzed by “total of placements”; 

M fal - placement of i- department by /c-index, is analyzed by “total of placements”; 

M /7//l - placement of t-employee of /-department by /c-index, is analyzed by “total of placements”; 
M jjh - placement of 7-chair of /- department at university; 

M i7j - placement of / - department at university; 

M ijth - placement of t-employee of /-department at university; 
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Generally, this method uses for ranking as of subdivisions, so employees, though there is a sense to 
consider it separately for each of them. 

The method of chair ranking and departments (subdivisions) by “cumulative ranking index”. To 
reduce the working results of each chair by k- index, means to find the numerator that belongs to 
each employee who works full hours (on 7-chair of i- department), uses the “Coefficient” term. It 
estimates like 




( 1 ) 


For the i-department “Coefficient” estimates like total of numbers by k- index of all its’ chairs. 


K 

I" 


kij 


I,, = 


7=1 




IC ( 


j = 1 


The mid “Coefficient” by k - index at university equals 


M K k 


K k / 

I2X 

j = 1 '=' 


IIC S 

7=1 >=1 


( 2 ) 


( 3 ) 


Farther, uses “Weight coefficient” term by k - index that is reciprocal to mid “Coefficient” by this 
index at university, like 


k k 



( 4 ) 


Now, calculate the positioning factor of 7-chair on i-department by A:- index as multiplication 
applicable to Coefficient, Weight Coefficient and correction factor for the work priorities 


Kkij ~ ^ kij k k k 11k ■ 


( 5 ) 


Then find the cumulative ranking index (CRI) of 7-chair on i-department as a quotient of 
positioning factor total’s cleavage (by which the chair ranks) and the number of indices. 
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ij 

p _ k = 1 

"" K n , y 


After, use calculated cumulative ranking indices of 7 -chair on i-department to ranging, means each 
chair gets a placement M (/ , that it has among the others in universities. The more P (/ - the higher 

placement has chair while ranging by index. Among the multitude of cumulative ranking indices P , 
the first place will get those chair, the index of which is corresponding to highest lower limit inf P . 

The last need is ranking the departments. Calculate the positioning factor of i-department by k- 
index, as product of corresponding Coefficient, Weight Coefficient and correction factor for the 
work priorities 


^ ki ~ IkfiJnk 


(6) 


Then, find the cumulative ranking index (CRI) of i- department as a quotient of positioning factor 
total’s cleavage (by which the chairs of this department are ranking) and the number of indices. 


K n; 


2X< 

P = k=l 


K ffi 


Do the ranking by calculated cumulative ranking indices of i-department, namely each department 
gets a placement M (2 that it has among the others in universities. The more P kj - the higher 
placement has department while ranging by index. Among the multitude of cumulative ranking 
indices P , the first place will get those chair, the index of which is corresponding to highest low 
limit inf P . 

To find the number of indices in which department takes a part, use the next formula: 


K 


m 


k k , 

IK„ # 


( 7 ) 


The employee ranking method by “cumulative ranking indices”. To reduce the working results of 
each employee by k- index, means to find the numerator that belongs to each t-employee who 
works on y-chair of i- department full hours a day, there are used the “Coefficient” term. It 
estimates like 


kijt 


n,„ 


kijt 


c. 


IJt 


( 8 ) 
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The mid “Coefficient” by k - index at university equals: 


^K'/ K k/ K(j) 

ZZZ" 

t = 1 j = 1 1=1 


kijl 


* K« K, 


ZZZc 

t = 1 7=1 1=1 


ijt 


(9) 


Farther, use “Weight coefficient” tenn by /c-index that is reciprocal to mid “Coefficient” by this 
index at university, like 


k k 



( 10 ) 


Now, calculate the positioning factor for t-employee of 7 -chair on i-department by /c-index as 
multiplication applicable to Coefficient, Weight Coefficient and correction factor for the work 
priorities. 


K 


kijl 


^ kijt^k k ck 


( 11 ) 


Find the cumulate ranking index (CRI) for t-employee of 7-chair on i-department as a quotient of 
positioning factor total’s cleavage (by which the employees of chair are ranking) and the number of 
indices. 




k = 1 


^ ni/r 


( 12 ) 


Later, rating is going based on calculated cumulate ranking indices for t-employee of 7-chair on i- 
department, namely, it helps to find placement at university for each employee M ;/f2 . The more P ijt 

- the higher placement has chair while ranging by index. Among the multitude of cumulative 
ranking indices P , the first place will get those employee, the index of which is corresponding to 
highest low limit inf P . 

Then, make ranking by “average weighted placement”. Firstly, find the arithmetic mean value, 
calculated for each rating subject “by total of placements” (make this calculation previously) and by 
“cumulative ranking indices”. For 7-chair of i- department it is 
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M 


ij 3 


2 


IX. 


h=l 


2 


For i-department it is 


(13) 


M„=^— (14) 


For t-employee of 7 -chair on i- department; 


IX.. 

(15) 


Ranking of subjects by “average weighted placement” happens according to the succeeded results - 
the highest place gets those who has the lowest average weighted placement. Means, in multiply of 
placements M the first one will get subject with the lowest average weighted placement that 
corresponds to the smallest least upper bound sup M . 

Using the methods above it’s possible to summarizing the ranking of subjects by categories (in this 
case there are seven as for employees, so for chairs and departments too). For this purpose used the 
summation of numerical indices and coefficients by categories and all calculations make as for 
conventional indices. 

Summary. Subject ranking method by “Cumulative ranking indices” is quite difficult to calculate 
so it can be used with a help by specialized computer programs at sufficiently large groups (up to 
1000 subjects), for example among the lecturers of university. Such approach doesn’t encourage 
lecturers to work hard at the same time by many indicators, so it is better to use with “total of 
placements” method and with additional calculation by “average weighted placement”. 
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